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A SiroRXJtod Easy Course of the Mathematical iScicnces 


c( 


has long considered as a desideratum, for the use of 

o 

Students, in the different schools of education; one that 
sliould hold a middle* rank hetueen the more volumin<;us 
and bulky collections of this kind, and the mere absuact 
and brii'f common-]>lacc forms, of principles and memo¬ 
randums. 

For long experience, in all Seminaries of Learning, ha.s 
shown, that such a work was \erv much wanted, and would 


prene a great and genera] benefit; as, for want of it, re¬ 
course has always been obliged to be had to a number of 
other books, by different authors; selecting a jiart from one 
and a ])art from another, as seemed most suitable to the 
purpf)se in hand, and rejecting the otlier jiarts—a practice 
which occasioned mucli expense and trouble, in ])rocuring 
and u.sing such a number of (nld volumes, of various forms 
and modes of composition ; besidi's wanting the benefit of 
uniforniitv and refeivnee, which arc found in a regular scries 
of conij'K)sition. 

To rtanove these inconveniences, the Author of the pre¬ 
sent work has been induced, from time to time, to compose 
various parts of this Course of Mathematics; winch the 
e\])erience of many years’ use in the Academy has enabled 
him to adapt and im]irove to the most useful form and 
(juantity, for the benefit of instruction there. And, U' rend, 
that benefit more eminent and lasting, the Master (lent l al 
of the Ordnance has been pleased to give it its pt\'-'i“iit forii;, 
by ordering it to be enlarged and jirinted, for 1 lie use of tlm 
Koyal Military Academy. 






As this work liuh been iomjX)sc*cl exprcj^y with the inten¬ 
tion of adapting it t<i tlu* piirjMiscs of uclnig^cul education, 
it is not designed to Imld out the expectation of an entire 
new mass of inventions and discoveries : but rather to collect 
and arrange the most useful known princi[)les oi' iiinthe- 
inatics, dis|x>sed in a convenient practical form, demonstrated 
in a }»lain and concise way, and illustrated witli suitable ex- 
am})les; njecting whatever seemed to bi“ niiifters of mere 
curiosity, and retaining only such j)arts or branches, as have 
a dii'oct tc'iukncy and application to stune useful purjxjse lit 
life or profession. 

It is however expected that mueli that is new will be found 
in many parts of these Mdumes ; as well in tht* matter as in 
the arrangement and inamier of demonstration, throughout 
the whole work, especially in the gcometrv, wliiili is ri‘n- 
dered mueli more easy and simple tlaan heretolbre ; and in 
the conic sections, wlilch are liere trcateil in a manner at 
once new, easy, ami natural; so mucli so indeed, that all the 
pro}u)sitions and their demonstrations, in tlie ellipsis, aie the 
\ery same, word for word, as those in the livperbola, using 
onU, in a \erv' few places, the word .sa?/?, for the word iJiffcr- 
incr : also in many of the meclianieal and phikjsophical ])arts 
which follow, in the second volume. lu the eonie sections, 
to«), it may l)e ol)scr\e(l, that the first theorem of each sec¬ 
tion only is [)roved from the cone itself; all the rest of the 
theorems being deduced from ibe first, or from each other, 
in ;i \( rv jiluin and simple manner. 

IJesides re\ising most of the rules, and introducing every- 
\ Ik re new cxam}jles, this sixth edition is much enlarged iti 
St \t ral j'laces; particularly by extending the tables of squares 
ai.tl eiibes, sqtiare U)ots and cube roots, to 1000 numbers, 
V. liuh will be found of great u.se in many calculations; al.so 
l>\ tile i:ibk> of logaiillmis at the end of the first volume, 
e.id (»r legal ithms, sines, and tangents, at the end of the 

(e!H! . 'luinc , by tke atidilioii of Cardan’s rules for re- 
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Mjiviiig cubic e(|uations: with tables and rules for an¬ 
nuities ; and many otlier improvements in difierent parts of 
the M'ork. 

Thougli the several parts of this Course of Mathematics 
are ranged in tlie order naturally required by such elements, 
yet students may omit any of the particulars that may be 
thought the Icr'ist necessary to their several purposes; or they 
may study and learn various parts in a different order from 
their ])resent arrangement in the book, at the discretion of 
the tutor. 


In thiseightli edition, the Editor hasmadc no infringements 
upon the original jdan of his valued friend, the Author. He 
lia> sini])l\ introduced such improvements as were con.sistent 
\\ith that j)lan, and which, from twenty-two years’ experience 
in the Royal Military Academy, he is convinced will be 
beneficial. The principal alterations and improvements in 
the second volume are specified in the jn-efacc to that 
\olimie. In the present, the Editor has introduced what he 
regards as a better rule for (’om])oiind Projiortion ; and he 
has suj)j)lied some defects in the doctrine of Progressions and 
Seiies. He has also greatly corrected the table of Cube 
i(H>ts; and has given what he hopes will be found improved 
demonstrations of several pro])ositions in the (leomctry: 
a.'nong these will be found some notes in reference to the 
doctrine and treatment of inconnneiisurables. The Table of 
l..ogarithmic Sines and Tangents, which used to stand at 
the end of the second volume, is now placed immediately 
afti*r the Table of I.ogarithms at the end of the first. 


Ui)val IVIiliUrv Acadomy, Wool wall, 
Sqilciiibci 15, 
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MATHEMATICS, &c. 


<;i Ni.i! \L riiiNcii'Lr.s. 

1. (^i AN'J'JTV, or .M.vi. M'JTjtj-., is any llial will 

lulniit ol'iiicrca^L' or tlccivasL-; or that is capablo of any sort 
of calculation or uicnsuraiion; such as niunbcrs, lines, space, 
time, motion, weiulu, \-c. 

IMatju.m M il s the science wiiicli ti\.ils of all kinds 
of ([iiantlty whate\er, that can he mnnhercd or measured — 
Th.it part which treats of nunihcrin^ is called Anthmctic; 
and that which concerns measuring', or figured extension, 
is called Gcnmcfn/ —\ol only these two, \n\\. Ali^i'hra and 
.I'lihi tuiis, which are coinersant about multitude,magnitude, 
form, and motion, being the foundation of all the other 
])arts, are called Pure or Abstract Maihemtitk&; because 
they investigate and demonstrate the properties of abstract 
numbers and magnitudes of all sorts. And when these two 
j>arts are applied to partieular or practical subjects, they 
constitute the branches or parts called Mixed MatJiemai'ns. 
—Mathematics is also distinguished into Spenilathc and 
Fraclical: viz. Spccu/athr, when it is concerned in di>- 
covering properties and relations; and Practical, when 
applied to practice and real use concerning physical objects. 

The peculiar topics of investigation in the four j)rincipai 
departments of pure mathematics may be indicated by foji 

VOL. I. 



GENERAL PRINCIPLES. 


WOltbi: viz. arithmcttc by number, geometry by ai- 

gthra by generality, JIujriojts by motion. 

3. In mathematics are several general terms or principles; 
such as, Definitions, Axioms, Propositions, Theorems, Pro¬ 
blems, Lemmas, Corollaries, Scholia, &c. 

4. A Definition is the explication of any term or word in a 
science; showing the sense and meaning in vvhich tlic term 
is employed.—Every Definition ought to be ck'ar, and ex¬ 
pressed in words that are common and perfectly well under¬ 
stood. 

5. A Proposition is something ])roposcd to be demon¬ 
strated, or something required to be done ; and is accordinglv 
either a Theorem or a IVoblem. 

0. A Theorem is a demonstrative Ih-oposition; in which 
some property is asserted, and the truth of’it recpiiretl to ht' 
proved. TIuis, when it is said tliat, Tl»e sum of the three 
angles of a plane triangle is equal to two right angles that is 
a Theorem, the truth of which is demonstrated by Geometry. 
—A set or collection of such Theorems constitutes a 'Theory. 

7- A Problem is a proposition or a question re(|uiring 
something to be done; either to investigate s(»mc truth t)r 
property, or to perform some operation. As, to find out the 
quantity or sum of all the three angles of any triangle, or to 
draw one line perpendicular to another. — A Liniiteil Pn)- 
hlem is that winch has but one answer or solution. An Un¬ 
limited Problem is that which has inminu-rahle answers. 
And a Determinate Problem is that which has a certain 
number of answers. 

8. Solution of a Problem, is the resolution or answer 
given to it. A Numer'ical or Xujuernl Solution, is the 
answ'cr given in numbers. A (Jcometrieal Solution, is tlu* 
answer given by the ]>rinciples of Geometry. And a Me¬ 
chanical Solution, is one wdiich is gained by trials. 

9* A Lemma is a preparatory proposition, laid down in 
order to shorten the demonstration of the main proposition 
which follows it. 

10. A Corollary, or Consectary, is a consequence drawn 
immediately from some proposition or otlier premises. 

W. A Scholium is a remark or observation made u)K)n 
some foregoing proposition or premises. 

12. An Axiom, or Maxim, is a self-evident proposition; 
requiring no formal demonstration to prove its truth; but 
received and assented to as soon as mentioned. Such as. 
The whole of any thin^ is greater than a part of it; or. The 
whole is equal to all its parts taken together: or. Two 
(juantities that are each of them equal to a third quantity, 
arc equal to each other. 



GENERAL PRINCIPLES. 
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13. A Postulate, or Petition, is something required to be 
done, which is so easy and evident that no person will 
Iiesitatc to allow it. 

14. An Hypothesis is a supposition assumed to be true, 
in order to argue from, or to found upon it the reasoning 
and demonstration of some proposition. 

15. Demonstration is the exjilecting the several arguments 
and proofs, and laying them together in proper order, to 
show the truth of the projxisition under eon.siaeration. 

16. ^ Direct, Posith^e, or Ajjirviativc Demonstration, is 
that which conc ludes with the direct and certain proof of the 
proposition in hand- 

17. An Indirect, or Negative Demonstration, is that which 
shows a proposition to be true, by proving that some ab¬ 
surdity would necessarily Ibllow if the proposition advanced 
were false. This is also sometimes called Reduetio ad Ah- 
snrdmn; b(x.'ause it shows the absurdity and falsehood of 
all suppositions contrary to that contained in the projiosi- 
tion. , 

18. Method is the art of'disposing a train of arguments in 
a proper order, to investigate either the truth or falsity of a 
l^roposition, or to demonstrate it to others when it has been 
found out.— This is either Analytical or Synthetical. 

19. Anah/sis or the Analytic Method, is the art or mode 
of finding out the truth of a proposition, by first supposing 
the thing to be done, and then reasoning back, step by step, 
till we arrive at some known truth. This is also called the 
Method of' Inzuntion, or Resolution; and is that which is 
commonly used in Algebra. 

20. Synthesis, or the Synthetic Method, is the searching 
out truth, by first laying dow n some simple and easy prin¬ 
ciples, and then pursuing the consequences flowing from 
them till we arrive at the conclusion.—This is also called 
the Method of Composition ; and is the reverse of the Ana¬ 
lytic method, as this proceeds from known principles to an 
unknown conclusion; while the other goes in a retrograde 
order, from the thing sought, considered as if it were true, 
lo some known principle or fad. Therefor^ when any 
truth has been found out by the Analytic method, it may be 
demons!r;i‘cd by a process in the contrary order, by Syn¬ 
thesis : ami in the solution of geometrical propositions, it is 
very i.istri’ctive to carry through both the analysis and the 
synthesis. 



AIUTHMETK'. 


AritHiMI-.tic is tlu* art or sclcnoe of mimheriiij;; beiiij* 
that branch of Mallieinatics wliicli treats of the nalniv and 
pro|>ertie> of numbers.—Wlien it treal.s of uhole nninluTs, 
U is ealled Vuloar, or Common Arithmci'ic ; but wlien ol' 
broken numbers, or parts of numbers, it is called Fractions. 

Uiiitif, or an i nity is that bv whieb every thin;? i.s called 
one; bein;? the beginning of number ; as, one man, one l)all, 
one gun. 

Number is cither simjdy one, or a com}>oiind <»r several 
units; as, one man, tliree men, ten men. 

An Intc^rr, or IITio/V \utubi'?\ is .some certain precise 
quantity of units; as. one, three, ten.—These are so ealled 
as distlnguislied from Fractions, ccliieh are broken num¬ 
bers, or ))arts of numbers; as, one-half, two-thirds, or ihive- 
fourths. 

A Prime Number is oik* which has no other di\isor than 
unity ; as o, o, 7, 1“, 19, ^v'c, A Composite \tonhcr i.s 
one which is the jiroduct of two or mc*re numbers ; a.s 1-, (>, 

8, 9, b\S. kc. 


NOTATION AND NUMEUATIOX. 


Tiiksk rnle.s teach liow to denote <ir (\press any jn'o 
po.scd numher, either by words or characters: or to read 
and write down any sum or number. 

The Numbers in Arithmetic are e\pressed by the follow¬ 
ing ten digits, or Arabic numeral figures, Avhich w'crc intro¬ 
duced into Europe by the Moors, about eight or nine 
Inmdrcd \ears since; viz. 1 one, tw'o, .9 three, 4 four. 
.7 five, () six, 7 seven, 8 ' ight, 9 nine*, 0 cipher, or nothing, 
'j ,’;c.se characters or figures were formerly all called by the 
general name of Ciphers i whence it came to ])ass that lln‘ 
art of Arithmetic was then often called Cipherin’^. I'he 
first nine are called Significant Figures, as distinguidicil 
I’rom the cipher, which is of itself quite insignificant. 

Ijeiide- this value of tho.se figures, they liavealso anotlu i . 
uhich depends on the place they stand in wlien joiikd to- 
gedier; as in the following table: 
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tn 

ns 

a; 

i-i 

'TS 

a 

p 

K 


ifi 

c 

u 


H 


L-. 0 8 7 0 5 4 3 2 

9 8 7 (> .5 4. 3 

9 8 7 0 5 4 

9 8 7 0 5 

9 8 7 (» 

9 8 7 

9 8 

9 


1 

2 

3 

4 

iJ 

0 

7 

8 
9 


II l ie, anv If^ure in the fir.st place, reckoning from right 
to Id!, ilcnote.s only its own simple value; but that in the 
second place, denotes ten times its simple value; and that in 
the third ))lace, a hundred times its simple value; and so on : 
the \alae of any fieore, in each successive place, being always 
ten times it', ftjrmc.' value. 


'riiM';, in ti e niM.d . i 1790, the 6 in the first place denotes 
only six units, nr simply six; 0 in the second place signifies 
nine tens, or ninety, 7 in the third ]<lace, seven hundred; 
and t!ie 1 in the fouf h ^acc, one tlioi:,-and : so that the 
.vnole .iiiiuher is read cite thousand, -n lomdrcd and 

ninety N, 

d • to the cipher, U th 'Ughk signilV,nothin;- of i.r ^ ‘ yd 


bcj g ^^oined on Ine righi-rmnd aid© t» odicr hguri.'^ ;t in¬ 
creases ihcic value in the Aame ten-fold proportion : Lhus 5 
signifies only five; but ^ 5 tens, or fill. ; a id ^uO 

1 I'Vt ho 1 r* d , and stj on, 

I r I’no more easily ftailing ofWge ndinber.-., ilw , 've 


Mito periods atid^ilalf- 


,>e'.ting O' three figures; ^fhS nanie'C 


i>eripd4 

nanie'W 


etich h;df-|X'riotl eim- 


lieing 


i.nit.s; ol t!ie second, millions; of thegl^th" dlllHons of 
m. vinv, or bi-million', , ouuacled to bilHtmsi'of the feurth, 
1 ' III of millions of iiniiions, or tri-mihioh!8;*’cbntractcd to 


> .>. > , and SI' on. Also the first partijif altfy period is so 
• 1 \ e./.i - ,u It, and ihe latter part .so many thoiisards. 
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ARITHMETIC. 


The following Table contains a summary of the whole 
doctrine. 

Periods. iQuodril.;l^riliions; Billions; Millions; Units. 
Half-per. th. un^ th. un. th. un. th. un. th. un.. 


Figures. 123,456; 789,098; 766,432; 101,234; 567,890. 


Kumebation is the reading of any number in words that 
is proposed or set down in figures; which will be easily done 
by help of the fiillowing rule, deduced from the foregoing 
tables and observations—viz. 

Divide the figures in the pressed number, os in the sum* 
mary above, into periods ana bmf-periods; then begin at the 
left-hand side, and read the figures with the names set to 
them in the two foregoing tables. 


EXAMPLES. 


Express in words the foUoDiing numbers; viz. 


34 

150S0 

18405670 

96 

72003 

47050023 

3H0 

109026 

30902.5600 

7<>4 

483500 

4723507689 

6134 

2600639 

274856390000 

9028 

7523000 

6578600307021. 


Notation is the' setting down in figures any r 

Ml words; which is done by setting down llieiigmc > 
.nsii j I ni’ tile wor:^ - or names belonging to them in ll.c snni- 
iriuiN above; supplying the vacant places witli clpliers wlicrc 
\vords do not occur. 


EXAMPLES. 

Set .1 own in figures the following numbers : 
rifty-seven. 

J’wo hundred eigbty-siA. 

Nine thousand two nundred and Urn. 

'^*'w <'nty-scven thousand five Imi' h .d and ninoty-lou” 

Siv li .uidred and forty thousaiKl, Tom and eighty one. 

'J. millions, two u oidred sixty thoit^unil ere hioidrd 

i.ud 
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Four hundred and million^ two.hundr^And 

thousandv one hunured and ninety-two. 

Twenty-seven thousand and eight millions, ninety-six thou- 
\ Sana two hiiodsetl and four. 

Two hundred thou^ai i and five hundred..and.dfoy millions, 
one hundred and K thousand, and sll|,^n.th^ 
Twenty-one billions, eight hundred and toi millions, sixty- 
four thousand, one hundred and fifty. 

OK THE ROMAN NOTATION. 

The Romans, like several other nations, e^rressed their 
numbers by certain letters of the ilphabct. Romans 

used only seven numeral lettiirs, being the 7i? following 
capitals : viz. i for<inc,* \ tor>iiej :% for ter: . i. for ; 
c for an hundred; u for /jVv* hundred; M ior a thousand: 
The other ninnhers they expressed by various Tej^etitions 


1 

z=: 

I 

2 

— 

II 

3 


r.i 

4 

— 

III! or 1 V 

» 

it 


V 

(, 

- _ _ 

^ 1 

1— 

4 

_ 

> n 

H 


\ >11 

9 

:— 

ir 

10 

zzz 

X 

r>() 

HZ 

I. 

100 


v' 

'500 


D <n 1 > 

1000 


M or C1.1 

20* »0 

— 

MM 

'■•otv) 

— 

V or • 

<;r>oo 


Vf 


\ or ccj.f.r 


lOtKlO ^ 
olK)0() s= { i O! . 

(moo = Ix 


> o> 


As often as any charat ter is re¬ 
peated, so many times is i?i 
value repeated. 

A less character before a greater 
diminishes its value. 

A less character after a greater 
increases its value. 


P'or every o annexed, this bc- 
comca 7.0 times as many. 

Jiur C' ery o and j, ’plac^ one 
^ at Ouch end, it becomes 10 
time- as much. 

A bar over any number in- 
creast s it 1000 fold. 


10 »KV(«jO 

2000000 

kc. 


c or cci 1.'». 
M or r rcciJaic) 


MM 

£(c. 



AlUtnilSTTC« 


kxhanatiok of certaw 


CBARA(^KiM^' 


Ther^ iil.& various characters or marks iMod in AntluaMtio» 
and Aijj^bMkto ^eifSle several 4j|peratic^ and pro- 

posiiiouis ot' which a^iw^JidiMr: 

4- signifkf/Tjj^ pr addition., 

M lamna, or suhtractaqg^.^ 

OP mmkipUcation. 

- - division. 



Thus, 


proportioii. 

Cf^ualit y. 
squar«=^TOOt. 
cube rcx>t, Hue. 

diffl bciwi'fen two nnrulKrs when it i.- not 
known which is (Ik- greater. 


it 4- $, denotes that fJ is to be added to 
C -- 2, denotes 'hat 2 is to be taken rrom (i. 

7 X S. or T . ^3, denotes that 7 is be midtipli' vi by 3. 

8 4-4, denotes tUit 8 is u> be db ideti by 4. 

2 ‘ 3 . 4 : a, >liows that 2 is to 3 a> + i* to 6*. 

d 4- 4.r;10, shows that the s»mi ol'.C a;ui t is #.t|ual lo 10. 


i 

^8,or 8% denotes the s-ri,iiS'e root ot'tht' ^'uittbei J: 

j^5, or denotes the ». nH,)i ot' thf nuuibt,. .> 

7% denotes tliat the nuinter 7 to hx i|. 

8*, dcuotes. that tlie nuuiujr^'^ito b«. cubtxh 
^tc. ■ 


M, 

ADDTTIOK 

AniriTjfOK i‘j .oijeC(*r»G or ptu -ji.g of,f<*vera! 
ojgelher, in orthjj: jr; 6nd tov ii iuP', ..n the lolal of 

the whole. This is doiK- tollow-, ' ' 

. S«3t or plact! Uie numbers unch r each other, S(' ) ach 

iigvire may staiid exactly under the %ure!>bf the i^anit’ viti-Mv*, 



ADDijtMSr. 

dmt is» in^ inidar miits^ tens under teo% huoMdi^iaid^ 
hundredii^ &e. and draw a line under llie West iWAi^i in 
separ^ the givei; l^nahirB from their sum, when it is 
•*—Thm add up llgiires in the column or row of units, 

and find how 4 nany tens are contained in that sum.—Set 
down exactlyvWow^ 'what remiuns more than those tens, or 
if nothing remilins, a cipher, and carry as many ones to the 
next row m are tens?—Next add up the second row, 

togethtV wi^ fiie number carried, tn tlic same nianltbras the 
fin^ proceed till .thf whole is finished, setting 

do^ filii tci^l amount of tHc iast row. 


TO PROVE AOUTTION. 


/Vr.?/ Method. —Bojpu at the <op, and add together all the 
rows of numbers downwards, in the saine manner as they 
were before added uj)wards; then if the two sums agree, it 
may be presumr i the work is right.—This method of proof 
is only doing the same work s Wicl over, a fittle varied. 

Second Met?ujd .—Draw a Unr Ifeiow the uppermost num¬ 
ber, and supp(>se it c ut off.—Then add all tne rest of the 
n mibcrs together in djc usual way, and set their sum under 
r'u<; nuniber to be j/roved.—Lastly, acM this last found niim- 
ber and ihe upp4.Tin»>8t hr* tog^dier; then if their be 
the same as found by the nrst additioh, it may be pre- 
Mt'ued the wJrk is r’ghl:.— brdi? method of proofis Ibun ied 
on the p' »in .ixium, that “ *1 ne whole is equal to all its parts 
luktrfi u.4gtLher." - - ; - 


Thi. Mt'^hnd. — Add tll^e figure^ in 
the iin» together, and find 

ho'v uiai y jiifits are contained in 
the r sj;)Ti. ...:|lcject those nmes, 

‘‘i.wn the ii inahider tou-ards the 
light h»|id dir^ytly- even with the 
hiions it\. dm anrtfifx^ 

example."-*^ tn^sanie each of 
the pro|m«ed ]/aes of numbet*!, set- 
tirt!!.? jiTiese exccsseK cd’ nines in a co- 


example I. 

3407 i 5 

651 ^ .§ B 

SSflS * 6 

tSsot 

w 



U»nm oi]ii|the right-hand,, as here 5. ,j, 6. Then, if the excess 
‘I’s \n this sura, found as before, be ecj[ual tU excess 
K O’i in cIk’ total sirra 1 8304, tlir work is prohah^j^ right.—- 
j' 'iR. the sura of the right-hand cokr^^ fi, h Ifi, th^ 
«' > *.®» of which above ft i4* -7. s»tm of fiimicc'c ht 



tlie Ban total 18304, is 16, tinejneBB of'whiclidboTa On 
alBa 7, the sane as the Ibnoer*. 


OTHER EXAlfTLBS. 


2. 

8. 

4. 

12B45 

12845 

12845 

67890 

67890 

876 

98765 

9876 

9087 

46210 

543 

ilB 

011 

12345 

21 

284 

67S0C 

9 

1012 


30m‘» 90684 S3610 


290100 

78389 

11265 

302445 

90684 

23610 


* This method i proof depends on p property of the number 
Oy wbicli, except the namber 3, belongs to no other digit what¬ 
ever; namcl), that ^ny nnmbet divided by 9, will leave the 
same remainder as the snm of its hgures are digits divided by 

9 which may be demonstrated in this manner. 

Dep igireUion. Let there any number proposed, as 40 jB. 
This, urated intf; several parts, becomes 4000 + 600 + 50 
+ ‘. our 4000 — 4 X 1000 =: 4 (999 + 1) =: (4 x 99f‘> 

f 4 hi like Manner 60u - x 09) 4- 6; andiO= (5 x 
•4 o, Thi otore tnc gi*en nnrriber 4050 r: (4 x 9^)) -f- 4 + 
(Ox '9' f 0 r O) t- "» -h8=(4 X 999) ^-lOx 99) + 
(j X 9; ,-4-4 0 - -r c , and 46?8-i- 9=:(4 v )QL + u X 99 + 
5 X 9 + 4 -I- b 1 - 5 b) -a- p. Bat (4 A • + I® X 99; + 
{5 A. If ev’deotJv , msible b) J, without a Mms ,.der, Hiere- 

10 c i*" tK gn cu number 4058 be rh\ ided f, it *ii* • ave th 
'Mue remainder a«4-4-6-f-5-f8 dividei .iv Ajwl the sa/ne, 
it is evnleXt, will hold for any I'ther mmibet whatever 

In 'kc manner, the same {loperty may lir shown to ‘•’-loflir to 
the number 5 ^ but the pr ference is '"pi eUy Iw num¬ 
ber 0, on account of its being more , ei.ir u* m practir “ 

New, from the deraonstratior i nve giveo, tin ic4|f of the 
rule Itself is evident: for the excels nty'-a m two « nf iro pum- 
bers being taken sepfirately, and the excess of 9 talteo d«o out 
of the sum of the former excesses, it plaia that thii? lust ex¬ 
cess mpft be e^uat to the excess < f V s fonts) rd ,0 %Sie tot*! 
sum of all tfecfle nuijtben*, all the paiw t kcj. lugcther beiwf 
eijuipil to thj) wMo.— Fills rule wao pr^t given by i>r* Wallis in 
hm Arithm^ir piibUbhed lu the year 1657. 
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Ex.5. Add 342 a; 9024 ; 5106; 8890; 1204, together. 

Ans. 27650. 

6. Add 509267 ; 235809 ; 72920 ; 8392 ; 420 ; 21; and 

9, together. Ans. 826838. 

7. Add 2; 19; 817; 4298 ; 50916 ; 730205; 9180634, 

together. Ans. 9966891* 

8. How many days are in the twdve calendar months ? 

Ans. 365. 

9 . How many days are there from the 15th day of April to 
tile 24th day of November, both days included F Ans. 224. 

10. An army consisting of 52714 infantry *, or foot, 5110 

horse, 6250 dragoons, 3927 light-horse, 928 artallery, or 
gunners, 1410 pioneers, 250 sappers, and 406 miners: what 
is the whole number of men F Ans. 70995. 


OF SUBTRACTION. 

Subtraction teaches to find how much one number ex¬ 
ceeds another, called their difference^ cfc the remainder, by 
taking the less from the greater. The method of doing 
which is as follows : 

Place the less numbor under the greater, in the same 
manner as in Addition, that is, units und^ units, tens under 
tens, and so on; and draw a line below them.—B^in at the 
right hand, and take each figure in the lower line, or num¬ 
ber, from the figure above it, setUng down the remainder 
below it.—But if the figure in the lower line be greater 
than that above it, first borrow, or add, 10 to the upper one, 
and then take the lower figure from that sum, setting down 
the remainder, and carding 1, for what was borrowed, to 
the next lower figure, with which proceed as before; and so 
oil till the whole IS finished. 


* The wliole body of foot soldiers is deaoted by the word 
Inf ant r I/; and all those that charge on horseback by the word 
Cavalry .—Some authors conjecture that the term infantry is 
derived from a certain Infanta of Spain, who, finding that the 
army commanded by the king her father had been defeated by 
the Moors, assembled a body of the people together on foot, with 
wliich she engaged and totally routed the enemy. In honour of 
this event, and to distinguish the foot soldiers, who were not be¬ 
fore held in much cstimatiou, they received the name of l&huatry, 
from her own title of Infanta, 



AUITUMETIC. 




TO PROVE SUBTRACTION. 

Add the remainder to the less number, or that which is 
just alKjvc it; and if tlic sum be equal to the greater or up¬ 
permost number, tlie work is riglit *. 



EXAMPLES. 



1. 

From 5386427 
Take 2164315 

From 5386427 
Take 4258792 

From 

Take 

1234567 

702373 

Rem. 3222112 

Rem. 1127G35 

Uem. 

531594 

Proof. 5386427 

Proof. 5386127 

Proof. 

1234567 

4. From 5331806 take 5073918. 

5. From 7020974 take 2766809. 

6. From a503402 take 574271. 

Ans. 

Ans. 

Ans. 

257888. 

4254165. 

7929131. 


7. Sir Isaac Newton was born in the year 164i2, and he 
died in 1727 : how old w'as he at the time of his decease? 


Ans. 85 years. 

8. Homer was born 2560 years ago, and Christ 1827 years 
ago: then how long liefore Christ was the birth of Homer? 

Ans. 733 years. 

9. Noah's Hood happened about the year of tlie world 

1656, and the birth of Christ about the year 4000: then how 
long was the flood before Christ? Ans. 234*1 years. 

10. The Arabian or Indian method of notation was first 

known in England about the year 1150 : then how long is 
it since to this present year 1827 ? Ans. 677 years. 

11. Gunpowder was invented in the year 1330: how long 
was that before the invention of printing, which was in 1441 ? 

Ans. Ill years. 

12. The mariner's compass was invented in Europe in 
the year 1302 : how long was that before the discovery of 
America by Columbus, which happened in 1492? 

Ans. 190 years. 


* The reason of this method of proof is evident for if the 
diflerence of two numbers be added to the less, it must mani¬ 
festly make up a sum equal to the grcutcr. 
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OF MULTIPLICATION. 

Multiplication is a compendious method of Addition, 
teacliing how to find tlie amount of any given number when 
repeated a certain number of times j as, 4 times C, wliicli 
is 24. 

The numlier to be multiplied, or repeated, is called the 
Multiplicnyid .—The number you multiply by, or the number 
of repetitions, is the Multiplier .—Anci the number found, 
being the total amount, is called the Product. —Also, both 
the multiplier and multiplicand are, in general, named the 
Tcrm.^ or Factors. 

Bel’orc proceeding to any operations in tliis rule, it is 
necessary to learn off very j>erfectly the following Table, of 
all the products of the first 12 numbers, commonlv called 
the Multij)licalion Table, or sometimes Pythagoras's Table, 
from its inventor. 


M U L 'IT 1 ■ L ie A T10 \ T AIIL E. 


1 



B 

5 


B 


■ 

10 

11 


o 

1 

6 

8 

10 

12 

14 

16 

18 

( 

I 

20 

o.'» 

24 

3 

G 

9 

12 

15 

18 

21 

B 

B 

30 




8 

12 

16 

20 

24 

28 

32 

36 

40 

44 


5 

10 

1.5 

20 

m 

30 

35 

40 

45 

50 

55 

60 

(> 

12 

18 

24 

30 

36 

42 

48 

54 

60 

66 

72 

7 

14 

21 

28 

35 

42 

49 

56 

63 

70 

77 

84 

8 

16 

24 

32 

40 

48 

56 

64 

72 

80 

88 

”96 

m 

18 

27 

36 

45 

54 

63 

72 

81 

90 

99 

108 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

11 

22 

33 

44 

55 

66 

77 

88 

99 

110 

121 

132 

12 

24 




72 

84 





144 
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ARITHMETIC. 


To multiply any Given Number by a Single Fi^urc^ or by 
any Ntmhet' not exceeding iJi. 

* Set the multiplier under the units figure or right-hand 
place, of the multiplicand, and draw a line below it.—Then, 
beginning at the right-hand, multiply every figure in this 
by the multiplier.—Count how many lens there are in the 
product of every single figure, and set down the remainder 
directly under the figure that is multiplied; and if nothing 
remains, set down a cipher.—Carry as many units or ones as 
there are tens counted, to the prtxluct of the next figures; 
and proceed in the same manner till the whole is finished. 


KXAMPLl 

Multiply 9STfio4t‘3f?l() the Multiplicand. 
Uy _ - - _ - 2 the iMultlplier. 

19753()8()420 the Product. 


To multiply by a dumber consisting of Several Figures. 

t Set the multiplier below the multiplicand, placing them 
as in Addition, namely, units under units, tens under tens. iv c. 
dr.awing a line below it.—Multiply the whole of the imdti- 
plicand by each figure of the multiplier, as in the last article ; 


* The reason of this rule is the same 
as for the })rocess in Addition, in niiich 
1 is carried for every 10, to the next 
place, gradually as the several products 
are produced one after another, instead 
of setting them all down l)elow c<acli 
other, as in the annexed example. 


oOjR 

4 


= S X i 

= 70 X 4 

2400 = 600 X 4 

2(;000 = .'■j(KX) X I 


22712 = .'5678 x 4 


t After having found the product of the multiplicand by the 
first figure of the multiplier, as in the former case, the multiplier 
is supposed to be divided into parts, and the product is found 
for the second figure in the same manner : hut as this figure 
stands in the place of tens, the product must be ten times its 
simple value; and therefore the first figure of this product must 
he set in the place of tens; or, which is the same tlung, directly 
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setting down a line of products for each figure in the multi¬ 
plier, so as that the first figure of each line may stand straight 
under the figure multiplying by. Add all the lines of pro¬ 
ducts together, in the order in which they stand, and tneir 
sum will be the answer or whole product required, 

TO PROVE MULTIPLICATION* 

TiiPiiE arc three different ways of proving multiplication, 
w'hich arc as below: 

First Method .—Make the multiplicand and multiplier 
change places, and multiply the latter by the former in the 
same manner as before. Then if the product found in this 
way be the same as the former, the number is right. 

Second Method.—* Cast all the ffs out of the sum of the 
figures in each of the two factors, as in Addition, and set 
down the remainders. IVIultiply these two remainders to¬ 
gether, and cast the 9’s out of the product, as also out of 


nnder the figure multiplying by. And proceeding in tliis 
manner separately with all 

the figures of the multiplier, 1234307 the multiplicand, 

it is evident that we shall 4507 

nnilti|>ly all the parts of the - 

nndtiplicand by all the parts 80411)09= 7 times the mull, 

of the multipruT, or tlie whole 7407■1-02 = 00 times ditto, 

of the multiplicand by the 0172S35 = 500 times ditto, 

w holeof theniultiplier: there- 4938208 =4000 times ditto. 

fore these several products - - 

being added together, will be 3()38207 t89=45G7 times ditto. 

equal to the whole required — - - 

product; as in the e.xample annexed. 

* 'riiis nietliod of proof is derived from the peculiar property 
of the number 9, mentioned in the proof of Addition, and the 
reason for the one includes that of the other. Another more 
ample demonstration of this rule may, howmver, be as follows : 
—Let p and q denote the number of 9's in the factors to be 
multiplied, and a and 6 what remain ; then Pp + ^ and 9Q + h 
will be the numbers themselves, and their product is (9p X Qo) 
-f (Pp X t>) -i- (Uq X a) -h (a X 6)} but the first three of these 
products arc each a precise number of Q’s, because their fac¬ 
tors arc so, either one or both : these therefore being cast 
away, there remains only a X h; and if the 9’s also be cast out 
of this, the excess is the excess of p's in the total product: but 
a and b are the excesses in the factors themselves, and a x b h 
their product; therefore the rule is true. This mode of proof, 
however, is not an ample chock against the errors that might 
arise from a transposition of figures. 
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AKITIIMETIC. 


the whole product or answer of the question, reserving the 
remainders of these last two, which remainders must l>e ec^ual 
when the w'ork is right.—Xo/e, It is common to set the lour 
remainders within the four angular spaces of a cross, as in 
the example below. 

Third Method .—Multiplication is also very naturally 
proved by Division ; for the product divided by citlicr of the 
factors, will evidently give the other. But this cannot be 
practised till the rule of division is learned. 


EX A-Mim.es. 


Mult. 3542 


or Mult. 6196 

by 6196 

IVoof. 

by 3542 

OAOf.O 

/V 1 

\2 / 
5V>4 

12392 

31878 

/K 

24781 

3542 


.30980 

21252 


18588 

21946232 Product. 


21946232 


OTHER EXAMPLE.^. 


ISIultiply 1234567S0 by 3. 
IVlultiply 123156789 by 4. 
IVIultiply 123456789 b}' 5. 
Multiply 123456789 by 6. 
Multiply 123456789 by 7. 
Multiply 123456789 by 8. 
Multiply 123456789 by 9. 
Multiply 123456789 by 11. 
Multiply 123456789 by 12. 
Multiply 302914603 by 16. 
Multiply 273580961 by 23. 
Multiply 402097316 by 195. 
Multiply 82164973 by 3027. 
Multiply 7564900 by 579. 
Multiply 8496427 by 874359. 
Multiply 2760325 by 37072. 


Ans. 370370367. 

Ans. 4938271.'i(). 

Ans. 617283‘n5- 
Ans. 740740734. 

Ans. 864197523. 

Ans. 9876.11312. 

Ans. llllllllOl. 
Ans. 1358024679. 
Ans. 1481481468. 
Ans. 4846633648. 
Ans. 6292362103. 
Ans. 78408976620. 
Ans. 248713373271. 
Ans. 4380077100. 
Ans. 7428927415293. 
Ans. 102330768400. 
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CONTRA< TIOXS IX MULTIPLICATIOX. 

I. When there arc Ciphers in the Factors. ^ 

If the ciphers be at the right-liand of the numbers; mul¬ 
tiply the other figures only, and annex as many ciphers to 
the right-hand of the whole product, as arc in both the fac¬ 
tors.—When the clpliers arc in the middle parts of the mul¬ 
tiplier; neglect them as before, only taking care to place 
the first figure of every line of products exactly under the 
figure you arc multiplying with. 

EXAMPLES. 

1 . 

Mult. 9001G35 Mult. 390720400 

by - 70100 by - 40G000 

9001635 23443224 

63011445 15628816 

631014613500 Products 158632482400000 

3. Multiply 81503600 by 7030. Ans. 572970308000. 

4. Multiply 9030100 by 2100. Ans. 18963210000. 

5. Multiply 8057069 by 70050. Ans. 564397683450. 

II. When the Multiplier is the Product of tu'o nr more 
Numbeis in the Table ; then 

* Multi[)ly by each of tho.se parts separately, instead of 
the whole number at once. 

EXAMPLES. 

1. Multiply 51307298 by 56, or 7 times 8 
51307298 

7 

.359151086 

8 

2873208688 


• The reason of this rule is obvious enough j for any number 
multiplied by the component parts of another, most give the 
same product as if it were multiplied by that number at once. 
Thus, in the 1st example, 7 times the product of 8 by the given 
number, makes 56 times the same number, as plainly as 7 times 
6 make 56. 

VOL. 1. c 
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2. Muliiplv 31704592 by 36. Ans. 1141365312. 

3. JIiiltiplv2i)753H04 by 72. Ans. 2142273888. 

4. Multiply 7128368 by 96. Ans. 681323328. 

5. Multiply 160430800 by 108. Ans. 17326526400. 

6. Multiply 61835720 by 1320. Ans. 81623150400. 

7. There was an army coin|X)sed of 104 * battalions, each 

consisting of 500 men ; what was the number of men con¬ 
tained in the whole? Ans. 52(MX). 

8. A convoy of ammunition f bread, consisting of 250 

waggons, and eaeli waffgon containing 320 loaves, having 
been intercepted and taken by the enemy, what is the niim- 
l)er of loavt's lost r ‘ ‘ Ans. 80000. 


OF DIVISION. 

Division is a kind of compeiulloiis method of Subtrac¬ 
tion, teaching to find bow often one number is contained in 
another, or may be taken out of it; which is the siime thing. 

4'he number to be divided is ealled the Dividend .— 
Tile number to divide by, is the Dirisor .—And the number 
of times the dividend contains the divisor, is called the 
Quotient .—Sometimes there is a Iteniaiuder left, after the 
division is finished. 

The usual manner of placing the terms, is, the dividend 
in the middle, Iniving the divisor on the left hand, aiul the 
cjuotieiit on the right, each separated by a cur\c line; as, 
to divide 12 by 4, the quotient is 3, 


Dividend 12 

Divisor 4) 12 (3Quotient; 4sublr. 

showing that the number 4 is 3 times — 

contained in 12, or may be 3 times 8 

subtracted out of it, as in the margin. 4 subtr. 

^ Rule .—Having placed the divisor ' — 

before the dividend, as alxive directed, 4 

find how often tlie divisor is contained 4 subtr. 

in as many figures of the dividend as — 

are just necessary, and place the num- 0 

her on the right in the quotient. Mill- — 


* A battalion is a body of foot, consisting of 500, or (500, or 
700 men, more or less. 

f The ammunition bread, is that which is provided for, and 
distributed to, the soldiers; the usual allowance being a loaf of 
0 pounds to every soldier, once in 4 days. 

t [ii this way the dividend is resolved into parts, and by trial is 
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tiply the divisor hy this nvimhcr, and set the product under 
the figures of the dividend before-mentioned.—Subtract this 
product from that part of the dh’idend under which it stands, 
and bring down the next figure of the dividend, or more if 
necessary, to join on the right o/the remainder.— Divide 
this number, so increased, in the same manner as before; 
and so on, till all the figures are brought down and used. 

Note, If it be necc-ssary to brinfr down more fiffurcs than 
one to any remainder, in order to make it as large as the 
divisor, or larger, a cipher must be set in the quotient for 
every figure so brought down more than one. 


TO I’UOVK OlVISION’. 

* IMiri.Tini.Y the (juotientby the divisor; to this product 
adil the riTiiainder, il‘there be any ; then the .sum will be 
equal to the dividend, when the work is right. 


found how oftiMi tlie divisor is contained in each of those paits, 
one after iiii«»tlicr, arranging tlje several figures i)f the quotient 
one after another, into one number. 

tt'heii there is no remainder to a division, the quotient is the 
wliole and jierfect answer to the question, iiut wlicn there is a 
remainder, it goc^ so much towards another time, as it ap- 
proaclies to the tlivisor : so, if the remainder he half the divisor, 
it will go the half of a time more ; if the -Ith part of tlic divisor, 
it will go (»iic-f!>ijrth of a time more; and so on. Tliercfore, to 
comj)lete the tjuotient, set tlie lemaiiider at the end of it, above 
a small line, and the divisor below’ it, thus forming a fractional 
[)art of the w liole <|uoticnt. 

* This method of proof is plain enough : for since the quo¬ 
tient is the number of times the dividend contains the divisor, 
the quotient multiplied l>y the divisor must evidently he c<pial 
to the dividend. ■« 

There arc several other methods sometimes used* for proving 
Division, some of the most useful of which are as follow : 

Second Method .—Subtract the remainder..from the dividend, 
and divide what is left by the «iuotient ■, so sit^l the new' quo¬ 
tient from this last division be cqoal to th&forihep'divisor, when 
the work is right. ^ 

Third Method.—^jjm together the remainder and all the pro¬ 
ducts of the several ^^tleu.t figures by'thc divisor, according to 
the order in which they stand in d^^work ; and the sum w’ill be 
equal to the dividend, when the worois right. 

c 2 
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EVAMl'LES. 


1. (^UOt. 

3 ) 1234567 ( 411522 
12 mult. 3 

3 1234566 

3 add 1 

4 1234567 

3 - 

- Proof. 

15 

15 

6 

6 


2. Qunt. 

37) 12345678 ( 333666 
111 37 

124 2335662 

111 looms 

- rcm. 36 

135- 

111 12,145678 

246 PnM)f. 

OOQ 

247 

ooo 


7 258 

fi ooo 

Rcm. 1 Rem. 36 

3. Divide 731460S5 by 4. Ans. 18^86521 [. 

4. Divide 5317986027 by 7. Aus. 759712289 J. 

5. Divide 570196382 by 12. An.s. 47516365 . 

6. Divide 74638105 by 37. Ans.2017246,V- 

7. Divide 137896254 by 97. Ans 1 421610.^^. 

8. Divide .3,5821649 by 764. Ans. 46886^;^^. 

9. Divide 72091365 by 5201. Ans. 13861 * . 

10. Divide 4637064283 by 57606. Ans. 80496|^ 1°'^. 

11. Siipiwsc 471 men are formed into ranks of 3 deep, 

what is the number in each rank Ans. 157. 

J 2. A party, at the distance of ,378 miles from the head 
quarters, receive orders to join their corps in 18 days : what 
number of miles must they march each day to obey their 
orders.^ Ans. 21. 

13. The annual revenue of a nobleman being 37960/.; 
how much per day is that equivalent to, there being 365 
days in the year ? Ans. 104/. 

CONTEACTIONS IN DIVISION. 

There are certain contractions in Division, by M’hich the 
operation in particular casjjs may be performed in a shorter 
manner : as follows: 


A ^ 
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I. Divhwn bif any Small MumbeVy not greater than 12, 
may be expeditiously performed, by multiplying and sub¬ 
tracting mentally, omitting to set down the work except 
only the quotient immediately below the dividend. 


3) 56103961 4) 

Quot. 187013201 

6) 38672940 7) 


9) 13981962 11) 


iXAMPLES. 


52619675 

5) 1379192 

81396627 

8) 23718920 

57614230 

12) 27980373 


II. ^ IVhcn Ciphers arc annexed fo the Divisors cut off 
those ciphers from it, and cut off the same number of figures 
from the right-hand of the dividend; then divide with the 
remaining figures, as usual. And if there be any thing re¬ 
maining alter this division, place the figures cut off from the 
dividend to the right of it, and the vliole will be the true 
remainder; otherwise, the figures cut off only will be the 
remainder. 


EXAMPLES. 

1. Divide 3704196 by 20. 2. Divide 31086901 by 7100. 

2,0) 370119,6 71,00) 310869,01 (4378);^*. 

Quot. 185206;^ 

268 

213 


556 

497 

599 

568 


31 


* This method serves to avoid a needless repetition of ciphers, 
which would happen in the common way. And the truth of the 





22 


AKITHMIiTK . 


3. Divide 7380‘)(J4 by 23000. Ans. 320^“’4J. 

4. Divide 2304109 by 5800. Ans. 397yg §’2. 

III. When ihc Divisor is the exact Product of two or 
more of the small Numbers not greater than 12: * Divide 
by each of those niuiibers separately, instead of the wliolc 
thvisor at once. 

Ao^c. There are conimonlv several remainders in work¬ 
ing by this rule, one to each division; and to find the true 
or whole remainder, the same as il' ihe division bad been 
performed all at once, proceed as follows: INIulliply tlie last 
remainder by the ])receding dixisor, or last but tme, and to 
the product add the prccetling remainder; imiltiidy this sum 
by the next preceding divisor, and to the jiroouct add the 
next preceding remainder; and so on till you have gone 
backward through all the divisors and remainders to the 
first. As in the example following : 

i;\AMi>Li:s. 

1. Divide 310108,>5 bv 5() or 7 litnes 8. 

7 ) 31016S35 () the last rem, 

- mult. 7 precetl. divisor. 

8 ) 4435262—1 first rem. — 

-1 

554107—6 second rem. add 1 the 1st rem. 


Ans. 5514074 ’ 43 whole rem. 


principle on which it is fonnclcd, is eviflent j for, cutting off the 
same number of cipheis, or figiirc.s, from each, is the same as 
dividing each of them by lO, or J(X), or lOOn, ^Src. according to 
the number of ciphers cut off j and it is evident, that as often us 
the whole divisor is contained in the whole dividend, so often 
roust any part of the former be*contained in a like part of the 
latter. 

* This follows from the second contraction in Multiplication, 
being only the converse of it; for the half of the third part of any 
thing, is evidently the same as the sixth part of the w hole ; and 
80 of any other numbers.—The reason of the method of boding 
the whole remainder from the several particular ones, will best 
appear from the nature of Vulgar Fractions. Thus, in the first 
example above, the first remainder being 1, when the divisor is 
7, makes 4 > fids must be added to the second remainder, (i, 
making 61 to the divisor 8, or to be divided by 8. But 6f =:: 


6x74-1 



and this divided by 8 gives—^ 

7 ^ B 


43 

50 ’ 



REDUCTION. 


23 


2. Divide 7()I451)(; by 73. Ans. 97434^1. 

3. Divide 5130053 by 132. Ans. 

4. Divide 83016572 by 240. Ans. 345902-’^V- 

IV. Common Division may he performed more conciselyy 
by omitting the several products, and setting down only tlic 
remainders; namely, multiply the divisor by the quotient 
figures as before, and, without setting down the product, 
subtract each figure of it from the dividend, as it is produced; 
always remembering to carry as many to the next figure as 
were borrowed before. 

EXAMPLES. 

1. Divide 3101679 by 833. 

833) 3104679 (3727g-VV 
6056 
22.57 


.5919 


88 


2. Divide 79165238 by 238. 

Ans. 332627,SV* 

3. Divide 2f) 137062 by 5317. 

Ans. 51794-M ?. 

1. Divide 6201.5735 bV 7803. 

Ans. 7947-)-|2t. 


OF REDUCTION. 

RKurt'TiON is the changing of numbers from one name 
or denomination to another, without altering their value.— 
This is chiefly concerned in reducing money, weights, and 
measures. 

When the numbers are to be reduced from a higher name 
to a lower, it is called liednetion (k.sccndm^-; but when, 
contrary wise, from a lower name to a higher, it is Reduction 
ascending. 

Before we proceed to the rules and questions of Reduction 
it will be proper to set down the usual tables of money, 
weights, and measures, which are as follow: 

OF MONEY, WEIGHTS, AND JMEASUIIES. 

TABLES OF MONEY. 

2 Farthings = 1 Halfpenny | qrs d 
4 Farthings = 1 Penny d 4=1 s 

12 Pence r: 1 Shilling .v 48 = 12 rr 1 <€ 

20 Shillings = 1 Pound T 960 = 210 = 20 = 1 
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SENCE 

TABLE. 


SHILLINGS TABLE. 


is 

s 

d 

S 


d 

20 

— 

1 

8 

1 

is 

12 

00 


o 

6 

2 


24 

4f0 

_ 

3 

4 

3 

— 

30* 

50 


4 

2 

4 


48 


— 

5 

0 

5 


00 

70 

— 

o 

10 

6 

—- 

72 

80 


0 

8 

7 

— 

84 

00 


7 

() 

8 


90 

100 

—i- 

8 

4 

.9 


108 

110 

_ 

9 

o 

10 


120 

120 


10 

0 

11 

— 

132 


IVole. —£ denotes pounds, s slullin^s, and d denotes pence. 

^ denotes 1 fartldng, or one ijiiarter (»f any tiling. 

S denotes a halfpenny, f>r the half of an\ thing, 
denotes 3 fai things, or three (juarters of any thing. 

The full weight and value of the English gol»l and silver coin^ 
both old and new, are as here below. 


Gold. 

• 

Value.' JVeiofil. I 

SiLVEK. 

Vtditc. 

oidrrv 

New JVt. 


£ 

s 

didn't 


s 

d dvot 

\ 

5-'' 

dwt 


Guinea 

i 

1 

O' 5 

LV Grow n 

5 

0,19 


18 

‘^1*1 

Half do. 

0 

10 

6j 2 16] 

Half-crown 2 


1 9 

lO] 

!; 


Third do. 

0 

7 

01 1 19,1 

jShilling 

1 

0 

! ^ 

21 

3 


Double Sov.2 

0 

oilO 6+j- 

Sixpence 

o 

b 

1 

22'. 

1 


Sovereign 

1 

0 

o; 5 3-,V 







Half do. 

u 

10 

Oi 2 13-1^ 

i 


I 






The usual value of gold is nearly 4/ an ounce, or '2d a grain ; 
and that of silver is nearly 5s an ounce. Also the value of any 
quantity of gold, was to the value of the same weight of stand¬ 
ard silver, as to 1, in the old coin ; but in the new coin 

they arc as 1 t ^ to 1. 

Pure gold, free from mixture with other metals, usually ciilled 
fine gold, is of so pure a nature, that it will endure the fire 
without wasting, though it be kept continually melted. But 
silver, not having the purity of gold, w ill not endure the fire like 
it: yet fine silver will waste but a very little by being in the fire 
any moderate timej whereas copper, tin, lead, 8i,c. will not only 
waste, but may be calcined, or burnt to u powder. 

Both gold and silver, in their purity, are so soft and flexible 
(like new lead, &c.) that they are not so useful, cither in coin 
or otherwise (except to beat into leaf gold or silver), as when 
they are alloyed, or mixed and hardened with copper or brass. 
And though most nations difler, more or less, in the quantity of 
such alloy, as well as in the same place at difTcreiit times, yet in 
England the standard for gold and silver coin has been for a 
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TROY WEIGHT *. 

Grains - - marked ^7* dwt 

24 Grains make 1 Pennyweight dwt 24= 1 oz 

20 Penny weigh tsl Ounce oz 480 = 20= 1 ib 

12 Ounces 1 Pound lb 5760= 240=12=1 

Py this weight arc weighed Gold, Silver, and Jewels. 

apothecaries’’ weight. 

Grains - - marked 

20 (rrains make 1 Scruple .ye or 3 

3 Scruples 1 Dram dr or 3 

8 Drams 1 Ounce oz or J 

12 Ounces 1 Pound lb or Jh 


20 = 1 = dr 

GO = 3=1 

480 = 24 = 8 = 1 lb 
5760 = 288 = 96 = 12 = 1 

3'his is the same as Troy weight, only having some dif- 
lereiit divisions. Apothecaries make use of this weight in 
coiiiponnding their medicines; but they buy and sell their 
Drugs by A\oirdupois weight. 

long time :is follows—viz. That 22 parts of fine gold, and 2 
parts of copper, being j^clted together, shall be esteemed the 
true stand.ird for g<dd com : And that 11 ounces and 2 penny¬ 
weights of fine silver, and IS pennyweights of copper, being 
incited together, be esteemed the true standard for silver coin, 
called Sterling silver. 

In the old coin the pound of sterling gold was coined into 424 
guineas, of 21 shillings each, of which the pound of sterling silver 
V. as divided into 62. I'he new coin is also of the same quality 
or degree of fineness with that of the old sterling gold and silver 
above described, but divided into pieces of other names or 
v.alncs; viz. the pound of the silver into 66 shillings, of course 
each shilling is the 66th part of a pound ; and 20 pounHs of the 
gold into 934 ^, pieces called sovereigns, or the pound weight 
into 46;jj; sovereigns, each equal to 20 of the new shillings. So 
that the weight of the sovereign is 46|JJths of a pound, which is 
equal to pennyweights, or equal to 5 dwt. 3-j^ gr. very 

nearly, as stated in the preceding tabic. And multiples and 
parts of the sovereign and shilling in their several proportions. 

* The original of all weights used in England, was a grain or 
corn of wheat, gathered out of the middle of the car, and, l)eing 
well diied, 32 of them were to make one pennyweight, 20 pen- 
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AVOIRDUPOIS WEIGHT. 


Drams 

- » w « 

marked 

dr 

16 Drams 

make 1 Ounce 


oz 

16 Ounces 

- - 1 Pound 

« 

lb 

28 Pounds 

- 1 Quarter 

• • 

qr 

4 Quarters 

1 Hundred 

weight 

l"Wt 

20 Hundred Weight 1 Ton 

- 

ton 

dr 

oz 



16 = 

1 lb 



256 = 

16 = 1 

qr 


7168 = 

448 = 28 = 

1 cic/ 


28672 = 

1792 = 112 = 

4=1 

toi 

578410 = 

85810 = 2240 = 

11 

o 

II 

X 

- 1 


By this wciglu arc weighed all things of a coarse or dropsy 
nature, as Corn, Bread, Butter, ('lieese. Flesh, Grocery 
W ares, and some Liquids ; also all metals, except Silver 
and Gold. 

o; dzet gr 

Noic, that 1/^ Avoirdupois = M 11 15^ Troy 
lo;:; - - = 0 18 51- 

Idr . . =01 8.1 


LONG MEASURE. 


8 Barley-corns make 1 Inch 

In 

12 Inches - 

1 Ffjot 

Ft 

3 Feet - - . 

1 Y^ard - - 


6 Feet 

1 Fathom 

Fth 

5 Yards and a half 

1 Pole or Rod 

PI 

40 Poles 

1 Furlong • - 

Fttr 

8 Furlongs 

1 Mile 

Mile 

Smiles 

1 League 

Lea 

Miles nearly 

1 Degree - 

Deg or ®. 


nyweights one ounce, and 12 ounces one pound. But in later 
times it was thought sufficient to divide the same pennyweight 
into 24 equal parts, still called grains, being the least weight 
now in common use j and from thence the rest are computed, 
as in the Tables above. 
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In 

Ft 



12 = 

1 

Yd 


36 = 

3 = 

1 

PI 

198 = 

16' = 

- 

1 Fur 

7920 = 

660 = 

220 =: 

40 = 1 Mile 

63360 = 

5280 = 

1760 = 

320 = 8 = 1 


CLOTH MEASURE. 


2 Inches and a quarter make 1 Nail 

Nl 

4 Nails 

1 Quarter of a 

Yard Qr 

3 Quarters 

1 Kll Flemish 

- E F 

4 Quarters 

1 Yard 

- Yd 

5 C4uarters 

1 Ell Fuiglish 

- EE 

4 Quarters 1^ Inch 

1 Ell Scotch 

- ES 


SQiJAKE MEASURE. 


141 

Square Inches make 1 Sq Foot 

- Ft 

9 

Square Feet 

1 S(j Yard 

- 17/ 

30;- 

Square Yards - 

1 Sq Pole 

- Pole 

40 

Square Pd!es 

1 Rood 

- Jld 

4 

Roods 

1 Acre 

- Acr 


Sq Inc Sq Ji^ 

14-4. = 1 Sq Yd 

1296 = 9 = 1 Sq PI 

69204 = 272^-= 90| = 1 Rcl 

1568160 = 10890 =1210 = 40 = 1 
6272640 = 43560 = 4840 = 160 = 4 = 


M'r 

1 


By this measure, Laud, and Husbandmen and Gardeners' 
work are measured; also Artificers’ work, such as Board, 
Glass, Pavements, Plastering, Wainscoting, Tiling, floor¬ 
ing, and every dimension of length and breadth only. 

When three dimensions are concerned, namely, length, 
breadth, and depth or thickness, it is called cubic or solid 
measure, which is used to measure Timber, Stone, &c. 

The cubic or solid Foot, which is 12 inches in length and 
breadth and thickness, contains 1728 cubic or solid inches, 
and 27 solid feet make one solid yard. 
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DRV, OR CORN MEASURE. 

2 Pints make 1 Quart Qt 


2 Quarts 

• 

Pottle 


Pot 

2 Pottles • 

- 

Gallon 


Gal 

2 Gallons - 


l\^ck 


Pec 

4 Pecks 


Bushel 


Jiu 

8 Bushels 


Quarter 


Qr 

5 Quarters 

1 

Wey, Load, or Ton 

!Vej/ 

2 AVeys - 

1 

l^ast 

- 

Last 

Pts Gal 





8 = 1 

Pcc 




16 = il - 

1 

Hu 



64 = 8 = 

4 : 

= 1 

Qr 


512 = 64 = 

32 : 

= 8 = 

1 IVcu 



2560 = 320 = 160 = 40 = 5 = 1 ' Last 

5120 = 640 =z 320 = 80 = 10 = 2 = 1 

lly this are measured all dry wares, as, Corn, Seeds, 
Hoots, Fruits, Salt, Coals, Sand, Oysters, &c. 

The standard Gallon dry-measure contained 268:J cubic or 
solid inches, and the corn or Winchester bushel 2 I 0 O 5 cid)ic 
inches; for the dimensions of the V\’inchester bushel, by the 
old Statute, were 8 inches deep, and 18' inches wide or in 
diameter. But the Coal bushel was to be 19i inches in dia¬ 
meter ; and 36 bushels, heaped up, made a Tondon chaldron 
of cojils, the weight of which was 3^6 Ib Avoirdupois, or 1 
ton 8 cw't nearly. See, however, page 30, 

ALE AND BEER MEASURE. 


2 Pints make 

- 

1 Quart 

Qt 

4 Quarts - 

• 

1 Gallon 

Gal 

36 Gallons 


1 Barrel 

Bar 

1 Barrel and a 

half 

1 Hogshead 

Hhd 

2 Barrels 


1 Puncheon - 

Pun 

2 Hogsheads 

- 

1 Butt 

Butt 

£ Butts 

• 

1 Tun 

Tun 

Pts Ql 




2 = 1 

Gal 



8 = 4 = 

1 

Par 


288 = 144 = 

36 = 

1 md 


432 = 216 = 

54 = 

11 - = 1 PtiU 


864 = 432 = 

108 =1 

3=2= 1 



Note. The Ale Gallon contained 282 cubic or solid inches, 
by which also milk was measured. 
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WINE MEASURE. 


2 Pints make 

4 Quarts 
42 Gallons 

63 Gallons or 1 ^ Tierces - 
2 Tierces - - - 

5 Hogsheads 

2 PijKJS or 4 Hhds 


1 Quart - Qi 
1 Gallon > GaZ 
1 Tierce - Tier 
1 Hogshead - II//d 
1 Puncheon - Pufi 
1 Pipe or Butt Pi 
1 Tun - T/m 


Pis 

Qf 




2 = 

1 Gai 




8 = 

4 — 1 Tier 




336 n 

168 = 42 = 1 

llhd 



504 = 

252 = 63 = 4 = 

1 

Pun 


672 = 

336 = 84 = 2 = 

H 

= 1 

Pi 

1008 = 

504 = 126 = 3 = 

2 

= n = 

1 Tun 

2016 = 

1008 = 252 = 6 = 

4 

= 3 = 

2 - 1 


Kofr, by this arc measured all Wines, Spirits, Strong- 
waters, C’yder, IMcad, Perry, Vinegar, Oil, Honey, &c. 

The old Wine Gallon contained 231 cubic or solid inches. 
And it is remarkable that these Wine and Ale Gallons have 
the same proportion to each other, as the Troy and Avoir¬ 
dupois Pounds have; that is, as one Pound Troy is to one 
Pound Avoirdupois, so is one Wine Gallon to one Ale 
Gallon. 


OF TIME. 


60 Seconds or 60" make 
60 Minutes 
24 Hours 
7 Days 
4 Weeks 

13 Months I Day 6 Hours,! 
or 365 Days 6 Hours / 

Sec Min 

60 = 1 
3600 = 

86400 = 

604800 = 

2419200 = 

31557600 = 


1 Minute - Jkf or ' 

1 Hour - Hr 

1 Day - Day 

1 Week - Wic 

1 Month - Mo 

1 Julian Year Yr 


Hr 

1 Dau 
14 = 1 JVk 

168 = 7=1 Mo 

672 = 28 = 4 = 1 


60 = 

1440 = 

10080 = 

40320 = 

525960 = 8766 = 365i 


1 Year 
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m Da Hr Mo Da Hr 
Or 52 1 6 = 13 1 6 = 1 Julian Year 

Da Hr M See 

But 365 5 48 45.^ = Solar Year 


IMPERIAL MEASURES. 

By the late Act of Parliament for Uniformity of Wciglits 
and Measures, which commenced its operation on the 1st of 
January, 1826, the chief part of the weights and ineasurcs 
arc allowed to remain as they were; tlie Act simply }>re- 
scribing scientific modes of determining them, in case they 
should be lost. 

The pound trot/ contains 5760 grains. 

The pound avoirdupois contains 7000 grains. 

The imperial gallon contains 277*274 cubic indies. 

The corn hushelf eight times the above. 

Hence, with respect to Ale, Wine, and Corn, it will be 
expedient to possess a 

TABLE OF FACTORS, 

For converting old measures into new, and tlie contrarv. 



By decimals. 

j By vulgar Irac- 
! lions ncarlv. 

Corn 

Measure 

Wine 

Measure. 

Ale 

Measure. 

Corn 

Mca- 

'sure. 

>\’ine 

Mea¬ 

sure. 

Ale 
M en¬ 
sure. 

n. 

To convert old . 
measures to new. i 

•83311 

I-OITOJ 


it 

To convert new i 
measures to old. S 

1 -SOOi-J 

•38321 

j M 

* 1 



N. B. For reducing the prices, these numbers must all 
be reversed. 


RULES FOR REDUCTION. 

I. IfJien the Numbers are to he reduced from a Higher 
Denomination to a Loa er: 

Multiply the number in the highest denomination by as 
many of the next lower as make an integer, or 1, in that 
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higher; to this product add the number, if any, which was 
in this lower denomination before, and set down the amount. 

Reduce this amount in like manner, by multiplying it by 
as many of the next lower as make an integer of this, taking 
in the odd parts of this lower, as before. And so proceed 
through all the denominations to the lowest; so shall the 
^number last found be the value of all the numbers which 
were in the higher denominations, taken together*. 


EXAMPLE. 

1. In 1231/ 15s Idy how many farthings? 
I s d 
1234 15 7 
20 


24G95 Shillings 

12 


29G347 Ponce 
4 


Answer 11853tS8 Farthings. 


II. JVhin the Numbers are to he reduced from a Louer 
Dcnominatio7i to a Jli^her : 

Divide the given number by as many of that denomina¬ 
tion as make 1 of the next higher, and set down what re¬ 
mains, as well as the quotient. 

Divide tlic quotient by as many of this denomination as 
make 1 of the next higher; setting down the new quotient, 
and remainder, as before. 

Proceed in the same manner through all the denomina¬ 
tions to the highest; and the quotient last found, together 


* The reason of this rule is very evident •, for pounds are 
brought into shillings by multiplying them by ‘20 ; shillings into 
pence, by multiplying them by 12j and pence into farthings, by 
multiplying; by 4 ; and the reverse of this rule by division.—And 
tile same, it is evident, will be true in the reduction of numbers 
consisting of any denominations whatever. 
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with tlio several roniaiiulers, if any, will lie of the same value 
os the first number projiosed. 


2 . Reduce 
pence. 


EXAMPLES. 

n8o388 farthings into pmnds, shillings, and 
4) 1185388 


12 ) 290347 ^/ 

2,0) 2k>9,5.s'—7^/ 
Answer 12,34/ 15.9 Id 


3. Reduce 24/to farthings. A ns. 2,3010. 

4. Reduce 357587 farthings to jx)unds, is:c. 

Ans. 351/13.V O'. 

5. How many farthings are in 30 guineas r Ans. 30288. 

6 . In 36288 farthings how many guineas ? Ans. o 6 . 

7. In 5911) 13 dwts 5 gr how many grains ? Ans. 340157. 

8 . In 8012131 grains how many pounds, &.c. 

Ans. 131K) lb Ho/ 18dwt 19 gr. 

9. In 35 ton 17 cwt 1 qr 23 lb 7 oz 13 dr how many dram?, ? 

Ans. 20571005. 

10. How many barley-corns will reach rouiul the earth, 

supposing it, according to the best calculations, to be 2.500() 
miles ? Ans. 475200()(K)0. 

11. How many seconds are in a solar year, or .365 day.s 

5 lirs 48 min 45^ see ? Ans. 31.556925 

12. In a lunar month, or 29 ds 12 hrs 44 min 3 sec, how 

many seconds? Ans. 2551413. 


COMPOUND ADDITION. 

Compound Addition sho\ys how to add or collect several 
numbers of different denomiimtions into one sum. 

Rule. —Place the numbers^, tliat those of the same de¬ 
nomination may stand directly under each other, and draw a 
line below them. Add up the figures in the lowest deno¬ 
mination, and find, by Reduction, how many units, or ones. 
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of the next higher denomination are contained in their sum. 
—Set down the remainder below its proper column) and 
carry those units or ones to the next denomination, which 
add up in the same manner as before.—Proceed thus through 
all the denominations, to the highest, whose sum, together 
with the several remainders, will give the answer sou^t. 

The method of proof is the same as in Simple Aduition. 


EXAMPLES or MONEY. 



1. 



o 

4Va 


1 

.V 

d 

1 


d 

7 

13 

3 

u 

4 

5 

3 

5 

lOL 

8 

19 

Oi 

() 

18 

m, 

i 

7 

8 

u 

0 

2 

hi 

21 

2 

9 

4 

0 

3 

4 

W 


17 

15 

4; 

0 

4 

3 

39 

15 
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2 

6? 




39 15 

n 






h. 



G. 


1 

s 

d 

/ 

s 

d 

14 

0 

n 

37 

15 

8 

8 

15 

3 

14 

12 

9^J 

62 

4 

7 

17 

14 

9 

4 

17 

8 

23 

10 


23 

0 

43 

8 

6 

0 

6 

6 

7 

14 

0 

5k 

91 

0 

lOJ 

54 

2 



VOL. 1. 



3. 



4. 


1 

s 

d 

1 

s 

d 

15 

17 

10 

53 

14 

8 

3 

14 

G 

fW 

0 

10 

2? 

23 

6 

2f 

93 

11 

6 

14 

9 

4i 

7 

5 

0 

15 

6 

4 

13 

2 

5 

6 

12 

qj 

0 

18 

7 





4 . 



8 . 


/ 

.V 

d 

/ 

5 


G 1 

3 

21 

472 

15 

3 


16 

8 

9 

2 


29 

13 

lOf 

27 

12 

64 

12 

16 

2 

370 

16 

2i 

0 



13 

7 

4 

24 

13 

0 

6 

10 

5} 

5 

0 

• 

lOf 

30 

0 

llj 



U 



AniTHMETir. 


Exam. 9. A iK>blenian, going out of town, is informed by 
bis steward, that liis butcher’s bill comes to 197/ 13i’ l\d\ 
his baker’s to 59/ 05 ; his brewer’s to 85/; his wine- 

merchant’s to 103/ 13s; to his corn chandler is due 75/ Grf; 
to his tallow-chandler and cheesemonger, 27/15# 11and 
to his tailor 55/ 3# also for rent, servants’ wages, and 
other charges, 127/ 3#: Now, supposing he would take 100/ 
w’ith him, to defray his charges on the road, for what sum 
must he send to his banker P Ans. 830/ 14# Ojd. 


10. The strength of a regiment of foot, of 10 companies, 
and the amount of their subsistence*, for a month of 30 
days, according to the annexed Table, are required ? 


Numb. 

Ibnik. 

Subsistence for a ^Nlontli. 

1 

(olnricl 

£27 0 0 

1 

Lieutenant (’oloncl 

11) 10 0 

1 

Major 

17 5 0 

/ 

t'aptains 

7H 15 0 

11 

Lieutenants 

57 15 0 

0 

Lnsigns 

40 10 0 

1 

C’liuplain 

7 10 0 

1 

Adjutant 

4 10 0 

1 

Quartcr-Mastei 

5 5 0 

1 

Sin neon 

4 10 0 

1 

Surgeon’s Mate 

4 10 0 

30 

Serjeants 

45 0 0 

30 

Corporals 

30 0 0 

20 

Drummers 

20 0 0 

2 

Fifes 

2 0 0 

mm 

Private Men 

292 10 0 

507 

Total. 

L050 10 0 


* Subsistence Money, is the money paid to the soldiers weekly ; 
which is short of thcir'full pay, because their clothes, accoutre¬ 
ments, &c. are to be accounted for. It is likewise the money 
advanced to officers till their accounts arc made up, which is 
commonly once a year, when they are paid their arrears. The 
followiiifT Table shows the full pay and snl»sistencc of each rank 
oti the Kmrlisli cstahlislirncnt. 










COMMISJ^IONED OFP’K'FRS REGLAIENTAL PAY. 1»24. 


fOMPOI’XD ADPITION 



\?ter T j ears sfr\ice.M i per rticiTi. ] Alter 3 years set vice.10 per >Ueni< 

— Zi) ditto. JS 10 ditto. i — 10 ditto 13 ditto 

i — .to ditto Ij ditto 















































































. ARITHMETK. 
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EXAMPLES OF WEIGHTS, MEASURES, 

TROY WEIGH’l. APOTHECARIES’ WEIGHT. 


1. 2. a. 4. 


11) 

oz 

dwt 

oz 

dwt 


lb 

oz 

dr 

sc 

oz 

dr 

sc 

Rr 

17 

3 

15 

37 

9 

3 

3 

5 

7 

2 

3 

5 

1 

17 

7 

9 

4 

9 

5 

3 

13 

7 

3 

0 

7 

3 

2 

5 

0 

10 

7 

8 

12 

12 

19 

10 

6 

o 

16 

7 

0 

12 

9 

5 

0 

17 

7 

8 

0 

9 

1 

2 

7 

3 

2 

9 

176 

2 

17 

5 

9 

0 

36 

3 

5 

0 

4 

1 

2 

18 

23 

11 

12 

3 

0 

19 

5 

8 

6 

1 

36 

4 

1 

14 


AYOIKDL POIS WEIGHT. LONG .MEASL'KE. 



o. 



6. 


7. 


8. 

lb 

oz 

dr 

cwt 

(jr lb 

mis fur pis 

yds 

feet inc 

17 

10 

13 

15 

2 15 

29 

3 14 

127 

1 5 

5 

14 

8 

6 

3 24 

19 

6 29 

12 

2 9 

12 

9 

18 

9 

1 11 

7 

0 24 

10 

0 11) 

27 

1 

6 

9 

1 17 

9 

1 37 

54 

1 n 

0 

4 

0 

10 

2 6 

1 

0 3 

o 

2 7 

6 

14 

10 

3 

0 3 

4 

5 9 

Hi 

23 

0 5 



CLOTH ML'ASLRi:, 


LA NO MI ASl'RL. 


9. 



10. 

11 

• 

12. 

yds 

tp- 

Ills 

el cn 

qrs Ills 

ac 

ro p 

ac 

ro p 

‘20 

3 

1 

270 

1 0 

oox 

3 37 

19 

0 16 

13 

1 

2 

57 

4 

16 

1 25 

270 

3 29 

9 

1 

C> 

18 

1 2 

7 

2 18 

6 

3 13 

217 

0 

3 

0 

3 2 

4 

2 9 

23 

0 34 

9 

1 

0 

10 

1 0 

42 

1 19 

7 

2 16 

55 

3 

1 

4 

4 1 

7 

0 6 

75 

0 23 


WINE MF.ASl’KE. 

13. 14. 

t hds gal iuls gal pts 

13 3 15 15 Cl 5 

8 1 37 17 14 13 

14 1 20 29 23 7 

25 0 12 3 15 1 

3 19 16 8 0 

72 3 21 4 96 6 


AI.F AMI BEER MEASL'RI. 

15. 16. 

hds gal pts hds gal pts 
17 37 3 29 43 5 

9 10 15 12 19 7 

3 6 2 14 16 6 

5 14 0 6 8 1 

12 9 6 57 13 4 

8 42 4 5 6 0 



< OMPOUNI) srUTRAC rrON. 
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COxMPOUxM) SUBTRACTION. 


Compound Subtraction shows how to find the difference 
between any two numbers of diJFerent denominations. To 
perform which, observe the following Rule. 

* Place the Jess number below' the greater, so that the 
parts of the same denomination may stand directly under 
each other; and draw a line below them.—Begin at the 
right-hand, and subtract each number or part in the lower 
line, from the one just above it, and set the remainder 
straiglit below it.—But if any number in the lower line be 
greater than that above it, add as many to the upper number 
as make 1 of the next higher denomination ; then take the 
lower number from the upper one thus increased, and set 
down the remainder. Carry the unit borroAved to tlie next 
number in the lower line; after which subtract this number 
from the one above , as before; and so proceed till the 
whole is finished. Then the several remainders, taken to- 
gether, will be the whole difference sought. 

The method of prtx)fis the same at- in Simple Su))traction. 


LXA.AIPLES Ol MONEY. 




1. 



o 



3. 


4. 



1 

s 

d 

i 

i’ 

d 

1 

s d 

/ 

.y 

d 

b'rom 

79 

17 

O'? 

103 

3 

24 

81 

10 11 

254 

12 

0 

Take 

35 

12 


71 

12 

5'/ 

29 

13 3] 

37 

9 

4 

Hern. 

44* 

5 

U 

31 

10 

8f 






Proof 

79 

17 


103 

3 

n 







5. What is the difference between 7fW5^Jand 19/ 13s 10</ ? 

Alls. 53/ 6s l\d. 


* The reason of this Rule ivill easily appear from what has 
been said in Simple Subtraction j for the borrowing depends 
on the same principle, and is only different as the numbers to 
be subtracted are of different denominations. 
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\KIT11MKTI( . 


Ex. (i. A lends to a 100/, how nuich is « in debt alter a 
lias taken goods of him to the amount of 73/ ISI 5 4|^/ ? 

Ans. 26/ 

7 . Suppose that my rent for half a year is 20/and 
tliat I liave laid out for the land-tax 14 a‘ 6d, and for several 
repairs 1/35 3|</, what liavc I to pay ol’my half-year’s rent ? 

• Ans. 18/14.S CffA 

8. A trader, failing, owes to a 35/ 75 6d, to 11 91/ 13.v 

to c 53/ 7 .Id, to 1 ) 87/5v, and 40 r: 111 /3a 5jjd. When 
this happened, he had hv him in cash 23/ 7^ 5d, in wares 
53/11 a 10]d, in holl^ehu]d furniture 63/17s 74 ^, and in 
recoverable book-deht.s 25/ 7* od. Wliat will his creditors 
lose by him, suppoising these things delivered to them? 

' Ans. 212/5i3.W. 

LXAMri.LS Ul VVI U.UTS, Ml.\sl KLs, <§r. • 

I liUH U IK.n I . A I'U'I li I ( .\U1 I .S U'l.lUH J . 

1. 2. 3. 

lb o/dwtgi* ll> oz dwt gi lb 0 / dr scr gr 

From 9 2 12 10 7 10 4 17 73 4 7 0 14 

Take 5 4 6 17 3 7 16 12 29 5 3 4 19 


Item. 


l^rool 



woiuei i'(n 

VV 1 1. 

.ill 



; 0 S (. 

-M 1 A vt III 





k 


5. 



6. 



7. 



C 1 

Ill’s lb 

lb 

oz 

dr 

m 

fu 

!»• 

yd 

ft 

in 

From 

5 

0 17 

71 

5 

9 

14 

3 

17 

■96 

0 

4 

'lake 

0 

3 10 

17 

9 

18 

7 

6 

11 

72 

0 

9 

Hem. 












Proof 














i I U 'l 11 .VI J 

ASL HI 




1 A -V J) 

MtASL ilfc. 




8, 


9. 



10. 



11. 




qr 111 

vd qr 

111 

yc 

nj 

P 

ac 

ro 

P 

I’rom 

17 

2 1 

9 

0 

2 

17 

1 

11 

57 

1 

16 

Take 

9 

0 2 

7 

0 

1 

16 

2 

8 

22 

3 

29 


Hem. 


I’root 



COM 1*0L’ N1) :M P r,TU'Ln: ATlOX. 
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WINE MEASURE. 


ALE AND BEER MEASURE. 



12. 

13. 


14. 

15. 


t hd gal 

hd gal pt 

hd ga! pt 

hd gal pt 

From 

17 2 23 

5 0 

4 

14 29 3 

71 16 5 

Take 

9 1 36 

2 12 

6 

9 35 7 

19 7. 1 

Hem. 


• 




Proof 







DRY MEASl-'lir. 



TIME. 


16. 

17. 


18. 

19. 


ia qr bu 

bu gal 

I’f 

mo we da 

ds hrsmin 

From , 

.947 

13 7 

1 

71 2 5 

114 17 26 

Take 

6 3 5 

9 2 

7 

17 1 6 

72 10 37 

Hem. 







l^rool’ 


.‘20. The line of defence in it certain polygon being 23(> 
yards, and that part ol’ic wliich is terminated by tlie curtain 
and slioulder b«ing 110 yards 1 foot 1- inches ; ^\hat then was 
the leiimh of tlie face of the bastion ? Ans, S9 vds 1 li 8 in. 


( OMFOUND MULTIPLICATION. 


CoMror.M) Multii’LU'Ation shows how to find the 
amount ol any given number of different denominations re- 
])cated a certain proposed number of times; which is per¬ 
formed by the following rule. 

Set the nnikiplier under the lowest denomination of the 
multiplicand, and draw a line below it.—Multiply the num¬ 
ber in the lowest denomination by the multiplier, and find 
how many units of the next liighcr denomination are con¬ 
tained in the product, setting down what remains.—In like 
manner, multiply the number in the ne.vt denomination, and 
to the product carry or add the units, before found, and find 
how many units ol‘ the next higher denomination are in this 



AftlTUMETIC. 


4(> 

amount, which carry in like manner to the next product, 
setting down the overplus.—Proceed thus to tlie highest 
denomination proposed: so shall the last product, with the 
several remainders, taken as one compound number, be the 
whole amount required.—The method of Proof, and the 
reason of the Rule, are the same as in Simple Multifdication. 

EXAMPLES or MONEY. 

1. To find the amount of 8 lb of Tea, at 5s. Hid per lb. 

.¥ d 

5 8 * 

8 


JL'2 5 8 Answer. 





/ 

s 

d 

2. 

4 lb of Tea, at 75 8d per lb. 

Ans. 

1 

10 

8 

3. 

6 lb of Butter, at 9^d per lb. 

Ans. 

0 

4 

9 

4. 

71b of Tobacco, at Is 8|'/ per lb. 

Ans. 

0 

11 

Ui 

5. 

8 stone of Beef, at 2s 7.^d per st. 

Ans. 

1 

1 

0 

fi. 

10 cwt cheese, at 2/17sl0d per cwt. 

Ans. 

28 

18 

4 

7. 

12 cwt of Sugar, at .‘J/Tv 4d per cwt 

Ans. 

40 

8 

0 


(.0NTUACTI0N!>. 

I. If the multiplier exceed 1*2, multiply successively by 
its component parts, instead of the whole number at once. 

EXAMPLES. 

1 15 cwt of Cheese, at 175 fid per cwt. 

/ .s d 
0 17 6 

3 


2 U 6 


13 2 6 Answer. 


/ s d 

2. 20 cwt of Hops, at 4/ 7« 2d f)er cwt. Ans. 87 3 4 

3. 24 tons of Hay, at 3/ Is 6d jier ton. Ans. 810 0 

4- 45 cUs of Cloth, at Is fid per ell Ans. 3 7 6 



COMPOUND MUl/riFLlCATlON. 
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I 8 d 

Ex. 5. 63 gallons of Oil, at 3<2 per gall. Ans. 7 19 

6. 70 barrels of Ale, at l/4!«per barrel. Ans. 84 0 0 

7. 84 quarters of Oats, at 1/ \2sSd per qr. Ans. 137 4 0 

8. 96 quarters of Barley, at lZ3s 4(iper qr. Ans. 112 0 0 

9. 120 days’ Wages, at 5s 9d per day. Ans. 34 10 0 

10. H'ireamsofPajier, atl3tf4a per ream. Ans. 96 0 0 

II. If the multiplier cannot be exactly produced by the 
multiplication of simple numbers, take the nearest number 
to it, either greater or less, which can be so produced, and 
multiply by its parts, as before.—Then multiply the given 
multiplicand by the difference between this assumed number 
and tlie multiplier, and add the product to that before 
found, when the assumed number is less than the multiplier, 
but subtract the same when it is greater. 

KX.VMPLES. 

1. 2U yards of Cloth, at SsO^d.pcr yard. 

I s d 
0 3 Oi 


0 15 3^ 

n 


3 16 6| 

3 Of add 


J,‘Q 19 7^ Answer. 


EXAMPLES OF WF.IGIITS AMD MEASURES. 

2. 29 quartcrsofCorn,at2Z5s3idperqr. Ans. 65 12 I0| 

3. 53 loads of Hay, at 3Z. I5s2dpcr Id. Ans. 199 3 10 

4. 79 bushels of Wheat, at 11s 5fdpcr bush. 

Ans. 45 6 10^ 

5. 97 casks of Beer, at 12s 2d per cask. Ans. 59 0 2 

6. 114 stone of Meat, at I5s 3|d per st. Ans. 87 5 

1. 2. 3. 

lb oz dwt gr lb oz dr sc gr cwt qr lb oz 

28 7 14 10 2 6 3 2 10 29 2 16 14 

5 8 12 



AHll'HM ETK-. 




4. 

nils fu pis yds 
22 5 29 6 
4 


yds qrs iia 
126 3 1 


7 


6 . 

ac ro po 
28 3 27 
9 


< . 


tuns hhd gal pts 
20 2 26‘ 2 
3 


we 

21 


8 . 

(|r bii j>e 
2 5 3 


a 


9. 

inu we da ho min 
172 3 5 16 49 

10 


( OMPOU^’D DIVISION. 

Compound Div'ision teache^ how to divide a number ol 
several denominations by any given number, or into any 
number of equal parts; us follows: 

Place the divisor on the left of the dividend, as in Simple 
Division —llegin at the left-hand, and divide the number of 
the highest denomination by the divisor, setting down the 
ijuotieal in its proper place.—If there be any rt maiiider after 
this division, reduce it to the next lower denomination, 
\\hich add to the number, if any, belonging to that denomi¬ 
nation, and divide the sum by the divisor.—Set down again 
this quotient, reduce its remainder to the next lower deno¬ 
mination again, and so on through all the denominations to 
the last. 


EXAMPLES OP MONEY. 

J. Divide 237/ 8s 6e/ by 2. 

/ A // 

2) 237 8 6 


.,£’1 IB 14 3 the Quotient. 



COMWUNli DIVISION. 




I .V d 

2. Divide 132 12 l^MiyS. 

3. Divide 507 3 5 by 4. 

4. Divide C32 7 by 5. 

5. Divide 690 14 3| by 6. 

6. Divide 705 10 2 by 7. 

7. Divide 760 5 6 by 8. 
H. Divide 761 5 7| by 9. 
9. Divide 829 17 10 by 10. 

UK Divide 937 8 Sibyll. 
11. Divide 1145 11 4l bv 12. 


OO.S'TKACTIONS. 

I. if the dfvlisor exceed 12, find what simple numbers, 
multiplied together, will produce it, and divide by them 
.‘'cparatcly, as in Simple Division, as below. 


KXA.VirLES. 


1. What is Cheese per cwt, if 16 cwt cost 25/ 1 Is 8(i.^ 

I s d 

■1) 25 14 8 

4 >) 6 8 8 

.i' 1 12 2 the Answer. 


/ d 

2. If 20 cwt of Tobacco come to 1 . lo 4 

150/ 6^ 8f/, what is that per cwt ! ) ‘ 

3. Divide 98/8s by 36. Ans. 2 14 8 

4. Divide 71/ 13s lOd by 56. Ans. 1 5 7i 

5. Divide 44/ ‘Is by 96. Ans. 0 9 2-^ 

6. At 31/ 10s per cwt, how much per lb? Ans. 0 5 7^ 

II. If tlie divisor cannot be produced by the multiplica¬ 
tion ol' small numbers, divide by the whole divisor at once, 
after the rnunner of Long division, as follows. 


I s d 
Ans. 144 4 01 
Ans. 126 15 10^ 
Ans. 126 9 6 
Ans. 115 2 14 
Ans. 100 15 Si 
Ans. 95 0 8 
Ans. 84 11 8 
Ans. 82 19 9 
Ans. 85 4 5j 
Ans. 95 9 3* 
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ARITHMETIC. 


EXAMPLES. 

1. Divide 591 65 Sfd by 19. 

I s d I s d 

19) 59 6 3f (3 2 5{ Ans. 

57 


2 

20 


10 (2 
38 

8 

12 

99 (5 
95 

i 

19 (I 
I s d 

2. Divide 39 14 5i by 57. 

3. Divide 125 4 9 })y 

L Divide 542 7 10 by 97. 

.5. Divide 123 11 2[- by 127. 


EXAMPLES OF WEIGHTS AND MEASURES. 

1. Divide 171b 9 oz 0 dwts 2 gr by 7. 

Ans. 2 lb 6 oz 8 dwts 14 gr. 

2. Divide 17 lb 5 oz 2 dr 1 scr 4 gr by 12. 

Ans. 1 lb 5 oz 3 dr 1 scr 12 gr. 

3. Divide 178 cwt 3 qrs 14 lb by 53. Ans. 3 cwt 1 qr 14Tb. 

4. Divide 144 mi 4 fur 20 po 1 yd 2 ft 0 in by 39. 

Ans. 3 mi 5 fur 26 poO yds 2 ft 8 in. 

5. Divide 534 yds 2 qrs 2 na by 47, Ans, 11 yds I qr 2 na. 
(). Divide 77 ac 1 ro 33 fx> by 51. Ans. 1 ac 2 roM po. 

7. Divide 2 tu 0 hhds 47 gal 7 pi by 65. Ans. 27 gal- 7,pi. 

8. Divide 387 la 9 qr by 72. Ans. 5 la 3 qm 7 bii, 

9 . Divide 206 mo 4 da by 20. Ans. 7 mo 3 we 5 d(». 


i s d 
Ans. 0 13 11J 
Ans. 2 18 3 

Ans. 5 11 10 



RULE OF THREE. 
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THE GOLDEN RULE, OR RULE OF THREE. 

The Rule of Three teaches how to Hnd a iourth pro* 
portkmal to three numbers ^ven: for which reason it is 
sometimes called the Rule ot Proportion. It is called the 
Rule of Three, because three terms or numbers are given, 
to find a fourth. And because of its great and extensive 
usefulness, it is oflen called the Golden Rule. This Rule 
is usually by practical men considered as of two kinds, 
namely, Direct, and Inverse. The distinction, however, as 
well as the manner of stating, though retained here for prac¬ 
tical purposes, does not well accord with the principles of 
premortion; as will be shown farther on. 

The Rule of Three Direct is that in which more requires 
more, or less re(juires less. As in this; if three men dig 21 
yards of trench in a certain time, how much will six men dig 
in the same time ? Here more requires more, that is, 6 men, 
which are more than three men, will also perform more work, 
in the same time. Or when it is thus; if 6 men dig 42 yards, 
how much will 3 men dig in the same time ? Here then, 
less requires less, or 3 men will perform proportionably less 
work than 6 men, in the same time. In both these cases 
then, the Rule, or the Proportion, is Direct; and the stating 
must be 

thus, as 3 : 21 :; 6 : 42, or as 3 : 6 :: 21 : 42. 

And, as G : 42 :: 3 : 21, or as 6 : 3 :: 42 : 21. 

But the Rule of Three Inverse, is when more requires less, 
or less requires more. As in this: if 3 men dig a certain 
quantity of trench in 14 hours, in how many hours will 6 
men dig the like quantity ? Here it is evident that 6 men, 
being more than 3, will perform an equal quantity of work 
in less time, or fewer houi*s. Or thus: if 6 men perform a 
certain quantity of work in 7 hours, in how many hours will 
3 men perform the same ? Here less requires more, for 3 
men will take more hours than 6 to perform the same work. 
In both these cases then the Rule, or the Proportion, is 
Inverse; and the stating muiM; be 

thus, as 6 : 14 :: 3 : 7, or as 6 : 3 :: 14 : 7. 

And, as 3 : 7 :: 6 : 14, or as 3 : 6 :: 7 : 14. 

And in all these statings, the fourth term is found, by 
multiplying the 2d and 3a terms together, and dividing the 
product by the 1st term. 

Of the three given numbers: two of them contain the 
supposition, and the third a demand. And for stating and 
working questions of fliese kinds, observe the following 
general Rule: 
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State the question by setting down in a stra%ht Kne the 
three given numbers, in the following manner, viz. ao that 
the 2nd term be that number of supposition which is of the 
same kind that the answer or 4th term is to be; making the 
other numl)er of supposition the 1st term, and the demanding 
number the 3d term, when the question is in direct propor¬ 
tion ; but contrariwise, the other number of supposition the 
8d term, and the demanding number the 1st term, when the 
question has inverse proportion. 

Then, in both cases, multiply the 2d and 3d terms to¬ 
gether, and divide the product by the 1st, which wdll give 
the answer, or 4th term sought, viz. of the same denomina¬ 
tion as the second term. 

Kote, If the first and third terms consist of different deno¬ 
minations, reduce them Ijoth to the same: and if the second 
term be a compound number, it is mostly convenient to re¬ 
duce it to the lowest denomination mentioned.—If, after 
division, there be any remainder, reduce it to the next lower 
denomination, and divide by the same di\isor as before, aiul 
the quotient will be of this last denomination. Proceed in 
the same manner with all the remainders, till they be re¬ 
duced to the lowest denomination which the second admits 
of, and the several quotients taken together will he the an¬ 
swer required. 

Note also, Tile reason for the foregoing Rules will appear, 
when we come to treat of the nature of Projiortions.—Some¬ 
times two or more statings are nccc.^sary, wliich may always 
be known from the nature of the question. 

EXAMPLES. 

1. If 8 yards of Cloth cost 1/ 4.^ what will 90 yards cost.^ 
yds 1 s yds 1 s 
As 8:1 4;:90:14 8 the Answer. 

20 

24 

96* ' 


144 

210 

8)2304 


2,0) 28,8s 


XI4 8 Answer, 
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Ex. 2. An engineer having raised 100 yards of a certain 
veork in 24 days with 5 men; how many men must he em¬ 
ploy to finish a like quantity of work in 15 days.^ 

ds men ds men 
As 15 : 5 :: 24 : 8 Ans. 

5 


15) 120 (8 Answer. 
120 


3. What will 72 yards of cloth cost, at the rate of 9 yards 

for 5/ 12^ ? Ans. 44/. 16^?. 

4. A person's annual income being 140/; how much is 

that per day ? Ans. 8.v. 

5. If 3 paces or common steps of a certain person be equal 
to 2 yards, how many yards will 160 of his paces make ? 

Ans. 106 yds 2 ft. 

6. What length must be cut off a board, that is 9 inches 

broad, to niakc a s(juare foot, or as much as 12 inches in 
length and 12 in breadth contains.^ Ans. 16 inches. 

7. If 750 men require 22500 rations of bread for a 

month ; how many rations will a garrison of 1200 men re¬ 
quire.? Ans. 36000. 

8. If 7 cwt 1 qr of sugar cost 26/ 10^ 4rf; what will be 

the price of 43 cwt 2 qr.s ? Ans. 159/ 2#. 

9. The clothing of a regiment of foot of 750 men amount¬ 

ing to 2831/ 5.9; what will the clothing of a body of 3500 
men amount to.? Ans. 13212/ lO.v. 

10. How many yards of matting, that is 3 ft broad, will 
cover a floor that is 27 feet long and 20 feet broad ? 

Ans. 60 yards. 

11. What is the value of .six bushels of coals, at the rate 

of 1/145 6d the chaldron.? Ans. 5s 9d. 

32. If 6352 stones of 3 feet long complete a certain quan¬ 
tity of walling; how many stones of 2 feet long will raise a 
like quantity ? Ans. 9528. 

13. What must be given for a piece of silver weighing 
73 lb 5 oz 15 dwts, at the rate of ds 9d per ounce .? 

Ans. 253/10s 0-Jd. 

14. A garrison of 536 men lining provision for 12 

months; how long will those provisions last, if the garrison 
be increased to 1124 men ? Ans. 174 days and 

15. What will be the tax upon 763/ 15s at the rate of 

3.9 6d per pound sterling.? Ans. 133/ 13.9 l^r/. 
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16. A certain work being raised in 13 days, by working 4 

hours each day; how long would it have been in rainng by 
working 6 hours per day ? Ans« 8 days. 

17. What quantity of com can I buy for 80 guineas, at 

the rate of 6s the bushel ? Ans. 39 qrs 3 bu. 

18. A pei^n, failing in trade, owes in all 977/; at which 

time he has, in money, goods, and recoverable debts, 480/ 6f 
3“d; now supposing these things delivered to his creditors, 
how much will they get per pound ? Ans. 8s 

19. A plain of a certain extent having supplied a body of 
3000 horse with forage for 18 days; then now many days 
would the same plain nave supplied a l)ody of 2000 horse ? 

Ans. 27 days. 

20. Suppose a gentleman's income is 600 guineas a year, 
and that he spends iiSs 6d per day, one day wth another; 
how much will he have saved at the year's end ? 

Ans. 164/ 12s 6d. 

21. What cost 30 pieces of lead, each weighing 1 ewt 12Ib. 

at the rate of 16s 4-d the cwt ? Ans. 27/ 2s 6d. 

22. The governor of a besieged place having provision for 
54 days, at the rate of lAlb of bread; but being dejsirous to 
prolong the siege to 80 days, in expectation of succour, in 
that case what must the ration of bread be ? Ans. 1 ^'^Ib. 

23. At half-a guinea per week, how long can I be hoarded 

for 20 pounds ? Ans. 

24. How much will 75 chaldrons 7 bushels of coats come 
to, at the rate of 1/ 18.s 6d jicr chaldron ? 

Ans. 125/ 19s 

85. If the penny loaf weigh 8 ounces when the bushel of 
wheat costs 7s 3d, what ought the penny baf to weigh when 
the wheat is at 8s 4d ? Ans. 6 oz dr. 

26. How much a year will 173 acres 2 roods 14 |x>les of 
land give, at the*rate of 1 / 7s 8<i per acre ? 

Ans. 240/ 2s 7^d. 

27. To how much amounts 73 pieces of lead, each weigh¬ 
ing 1 cwt 3 qrs 7 lb, at 10/ 4.s per fotlier of 19i cwt.^ 

Ans. 69/ 4s 2d l74q* 

28. How many yards of stuff, of 3 qrs wide, will Kne a 
cloak that is If yards in length and 3^ yards widc.^ 

Ans. 8 yds 0 qrs 2j. nl. 

29. If 5 yards of cloth cost 14s 2d, what must be given for 
9 pieces, containing each 21 yards 1 quarter ? 

Ans. 27/ Is 10^//. 

30. If a gentleman's estate be worth 2107/ 12s a year; 
what may he spend per day, to save 500/ in the year ? 

Ans. 41. 8s 1-Jx%d. 
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31. Wanting just an acre of land cut off from a piece 

which is 134- poles in breadth, what length must the piece 
be ? Ans. 11 |X) 4 yds 2 ft O 44 - in. 

32. At 7s 94 ^ per yard, what is the value of a piece of 
cloth containing 53 ells English 1 qr ? Ans. 251 18s \\d. 

33. If the carriage of 5 cwt 14 lb for 96 miles be 1/ 125 6d; 
how far may 1 have 3 cwt 1 qr carried for the same money ? 

Ans. 151 m 3 fur 3-fV poh 

34. Bought a silver tankard, weighing 1 lb T 0^14 dwts; 
what did it cost me at 65 4d the ounce r Ans. 6 / 45 ^\d. 

35. What is the half year’s rent of 547 acres of land, at 

155 6 d the acre? • Ans. 211/ 19s 3«/. 

36. A wall that is to be built to the height of 36 feet, was 

raised 9 feet high by 16 men in 6 days; then how many men 
must be employed to finish the wall in 4 days, at the same 
rate of working ? Ans. 72 men. 

37 . What will be the charge of keeping 20 horses for a 
year, at the rate of 14i£/ per day for each horse? 

Ans. 441/ O 5 lOd. 

38. If 19 ells of stuff that is 4 yard wide, cost 395 6 d; 

what will 50 ells, of the same goodness, cost, l>cing yard 
wide? Ans. 7/65 344^. 

39. How many yards of paper that is 30 inches wide, will 
hang a room that is 20 yards in circuit and 9 feet high ? 

Ans. 72 yards. 

40. If a gentleman’s estate be worth 384/ 16s a year, and 

the land-tax be assessed at 2s per pound, what is his net 
annual income? Ans. 331/ I 5 94d* 

41. The circumference of the earth is about 25000 miles; 

at what rate per hour is a person at the middle of its surface 
carried round, one whole rotation being made in 23 hours 
56 minutes? Ans. 10444^^^ miles. 

42. If a person drink 20 bottles of wine per month, when 

it costs 85 . a gall; how many bottles per month may he 
drink, without increasing the expense, when wine costs IO 5 
the gallon ? Ans. 16 bottles. 

43. What cost 43 qrs 5 bushels of corn, at 1 / 8 s fid the 

quarter ? Ans. 62/ 35 

44. How many yards of canvas that is ell wide will line 
50 yards of say that is 3 quai'ters wide? Ans 30 yds. 

45. If an ounce of gold cost 4 guineas, what is the value 

of a grain ? Ans. 2~od. 

46. If 3 cwt of tea cost 40/ 125; at how much a pound 
must it be retailed, to gain 10/ by the whole ? Ans. 3 t4t®- 

VOL. I. E 
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COMPOUND PROPORTION. 

i 

Compound Phoportion is a rule by means of which the 
student may resolve such questions as require two or more 
statings in simple proportion. 

The general rule for questions of this kind may be ex¬ 
hibited in the following precepts: viz. 

1. Set down the terms that express the conditions of the 
question in one line. 

2 . Undereach conditional term, set its corresponding one, 
in another line, putting the letter q in the (otherwise) blank 
place of the term required. 

3. Multiply the producing terms of one line, and the 
jwoduced terms of the other line, continually, and take the 
result for a dividend. 

4. Multiply the remaining terms continually, and let the 
product be a divisor. 

5. The quotient of.this division will be q, the term re¬ 
quired *. 

Note. By produchifr terms are here meant whatever 
necessarily and jointly produce any effect; as the cause and 
the time; length, breadth, and depth; buyer and his 
money; things carried, and their distance, &c. all neces¬ 
sarily iiiseparuble in })roducing their several effects. 

In a question where a term is only understood, and not 
expressed, that term may always be expressed by unity. 

A quotient is represented by the clividend put above a 
line, and the divisor put below it. 


^ EXAMPLES. 

1. How many men can complete a trench of 135 yards 
long in 8 days, when 16 men can dig 54 yards of the same 
trench in 6 days ? 

M D Yds 

16 .... 6 ... . 54 

o .... 8 *... 135 


* This rule, ii'hich is as applicable to Simple as to Compound 
Proportion, was given, in 1706, by W. Jones, Esq. F.R.S., the 
father of the late Sir W. Jones. 
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Here 16 men and 6 days, are the producing icnns of the 
first line, and 133 yards, the produced term of the other. 
Therefore, by the rule, 

16x6x135 2.X135 „ 

8x54 “ 9 

tlie number of men required. 


ANOTHER tiUESTION. 

If a garrison of 3600 men have .bread for 35 days, at 
24 07. each a day: How much a day may be allowed to 
4800 men, each for 45 days, that the same quantity of bread 
may serve ? 

men oz days breatf 

3600 . . 24 . 35 . . 1 

4800 . . Q . 45 . . 1 

3600 x 24 x 35 

“ = 4800x4^ 


AN EXAMPLE IN SIMPLE PROPORTION. 

If 14 yards of cloth cost 21/, how man)’ vards niay be 
bought for 73/ 10^ 

man £ yds. 

1 .. 21 .... 14 

1 . . 73i . . . . Q 

a = — i of 73f = 49 yards, Answer. 

2. If 100/ in one year gain 51 interest, what will be the 

interest of 750/ for *7 years? Aus. 262/10.?. 

3 . If a family of 8 persons expencf 200/ in 9 months; 
how much will serve a family of 18 people l*i months.'* 

Ans. 600/. 

4. If 27s be the wages of 4 men for 7 days; what will be 

the wages of 14 men lor 10days? Ans. 6 / 15j. 

3. If a footman travel 130 miles in 3 days, M'hen the days 
are 12 hours long; in how many days, of 10 hours each, 
mi^ he travel 360 miles ? ' ' Ans. 9t|. days, 

o. If 120 bushels of corn can serve 14 horses 56 days; 
how many days will 94 bushels serve 6 horses ? 

Ans. 102?4 days. 
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7. If 3000 lbs of beef serve 340 men 15 days; how many 
lbs will serve 120 men for 25 days? Ans. l7o4 lb HtV oz. 

8 . If a barrel of beer be sumcient to last a family of 8 

persons 12 days; how many barrels will be drank by 16 
persons in the space of a year ? Ans. 60^ barrels. 

9. If 180 men, in 6 days, of 10 hours each, can dig a 

trench 200 yards long, 3 wide, and 2 deep; in how many 
days of 8 hours long, will 100 men dig a trench of360 yards 
long, 4 wide, and 3 deep? Ans. 484 days. 


OF VULGAR FRACTIONS. 

A Fraction, or broken niiniber, is an expression of a 
part, or stime parts, of something considered as a whole. 

It is denoted by two numbers, placed one below the other, 
with a line between them : 

Thus, \ ivhich is named 3-fourths. 

4 denominator J 

I’he denominator, or number placed below the line, shows 
how many equal parts the whole quantity is divided into; 
and it represents the Divisor in Division.—And the Nu¬ 
merator, or number set above the line, shows how ninny of 
these parts are expressed by the Fraction: lieing the re¬ 
mainder after division. —Also, both these numbers are in 
general named the I'erms of the Fraction. 

Fractions are either Proper, Improper, Simple, Com¬ 
pound, Mixed, or Complex. 

A Proper Fraction, is wben the numerator is less than the 
denominator; as, or or &c. 

An Improper Fraction, is when the numerator is equal to, 
or exceeck, the denominator; as, 4 » o** 4 » t* I” 

these cases the fraction is called improperf because it is equal 
to, or exceeds unity. 

A Simple Jf’raction, is a single expression, denoting any 
number of parts of the integer; as, 4 , or 

A Compound Fraction, is the fraction of a fraction, or 
two or more fractious connected with the word ^between 
them ; as, 4 of f, or 4 of 4 of 3, &c. 

A Mixed Number, is compost of a whole number and a 
fraction together; as, 3|, or 12|, &c. 

A Complex Fraction, is one that has a fraction or a mixed 
number lor its numerator, or its denominator, or both; 

2 4 3| 

as * , or I, or —, or —, &c. 
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A whole or integer nunil)er nmy be expressed like a frac¬ 
tion, by writing 1 uelow it, ab a denotninator; so 3 is -f, or 
4 is 4, &c. 

A fraction denotes division; and its value is equal to the 
quotient obtained by dividing the numerator by the deno¬ 
minator ; so is equal to 3, and y is equal to 4^. 

Hence then, if the numerator lie less than the denmniuator, 
the value of the fraction is less than 1. But if the numerator 
be the same as the denominator, the fraction is just ecjual to 
1. And if the numerator l)e greater than the denominator, 
the fraction is greater than 1. 


REDUCTION Of vulgar FRACTIONS. 

Reduction of Vulgar Fractions, is the bringing them 
out of one form or denomination into another; commonly 
to prepare them for the operations of Addition, Subtraction, 
&c.; of which there are several cases. 

PROBLEM. 

7'o Jind the Greatest Common Measure (^‘Two or mure 

Numbers. 

The Common Measure of two or more numbers, is that 
number which will divide them all without remainder; so, 
3 is a common measure of 18 and 24; the quotient of the 
former being 6, and of the latter 8. And the greatest num¬ 
ber that will do this, is the greatest common measure : so 8 
is the greatest common measure of 18 and 24; the quotient 
of the former being 3, and of the latter 4, which will not 
both divide further. 


RULE. 

If there be two numbers only, divide the greater by the 
less; then divide the divisor by the remainder; and so on, 
dividing always the last divisor by the last remainder, till 
nothing remains; so shall the last divisor of all be the 
greatest common measure sought. 

When there are more than two numbers, find the greatest 
common measure of two of them, as before; then do the 
same for that common measure and another of the numbers; 
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and so on, through all the numbers; so will the greatest com¬ 
mon measure last found be the answer. 

If it liappcn that the common measure thus found is 1; 
then the numbers are said to be incommensurable, or not to 
have any eoramon measure, or they are said to be prime to 
each other. 


EXAMPLES. 


1. To find the greatest common measure of 1908,996, 
and 630. 


936) 1908 (2 « So that 36 is the greatest common 

1872 measure of 1908 and 936. 


36)936 (26. Hence 36) 6ii0 (17 


72 

36 

216 

270 

216 

252 


18 ) 36 ( 2 
36 


Hence 18 is the answer required. 

2. What is the greatest common measure of 246 and 372 ? 

Ans. 6. 

3. What is the greatest common measure of 324, 612, 

and 1032? Ans. 12. 


CASE I. 

To Abbreviate or Reduce Fractions to their Lowest Terms. 

* Divide the terms of the given fraction by any number 
that will divide them without a remainder; then divide these 


* That dividing both the terms of the fraction by tlie same 
number, whatever it be, will give another fraction equal to the 
former, is evident. And when these divisions are performed as 
often as can be done, or when the common divisor is the greatest 
possible, the terms of the resulting fraction must be the least 
possible. 

Note. 1. Any number ending with an even number, or a 
cipher, is divisible, or can be divided, by 2. 

2. Any number, ending with 5, or 0, is divisible by 5. 
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ciudients a^ain in the same manner; and so on, till it appears 
that there is no number greater than 1 which will divide 
them; then the fraction will be in its lowest terms. 

Or, divide both the terms of the fraction by their greatest 
common measure at once, and the quotients will be the terms 
of the fraction required, of the same value as at first. 


EXAMPLES. 


1. Reduce terms. • 

^ ^ ^ ^ ^ ^ ^ ® 5 flip flimwpv 

irb' ” VC — TT — "i 0 — b' — ttn^wci. 

. 1 


Or thus 


21G) 288 ( 1 
216 


Therefore 72 is the greatest common 
measure; and 72) ^ the 


72) 216 (3 
216 


Answer, the same as before. 


". If the right-h.'ind place of any number be 0, tho whole is 
divisible by 1'); if there be two ciphers, it is divisible by 100 ; 
if three ciphers, by 1000 : and so on ■, which is only cutting off 
those ciphers. 

4. If the two right-hand figures of any number be divisible 
by 4, the whole is divisible by 4. And if the three right-band 
figures be divisible by 8, the whole is divisible by 8. And so on. 

5. If the sum of the digits in any number be divisible by 3, or 
by 9, the whole is divisible by 3, or by 9. 

6. If the right-hand digit be even, and the sum of ail the digits 
lie divisible by 6, then the whole is divisible by 6. 

7. A number is divisible by 11, when the sum of the 1st, 3d, 
5th, &c. or all the odd places, is equal to the sum of the 2d, 
4th, 6th, &c. or of all the even places of digits. 

8. If a number cannot be divided by some quantity less than 
the square root of the same, that number is a prime, or cannot 
be divided by any number whatever. 

9. All pridie numbers, except 2 and 5, have either 1, 3, 7, or 
9, in the place of units; and all other numbers are composite, 
or can be divided. 
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2 . Reduce 144 ^ its lowest terms. Ans. 

3. Reduce 444 to its lowest terms. Ans. 

4. Reduce 444 to its lowest terms. Ans. 4* 

CASE II. 

Reduce a Mixed Number to its Equivalent Improper 

Fraction. 

• Multiply the integer or whole number by the deno¬ 
minator ol the fraction, and to the product add the numera¬ 
tor ; then set that sum alx>ve the denominator for tlif fraction 
required. 


EXAMPLES. 


1 . Reduce 234 to a fraction. 
23 
5 


115 

2 

117 

5 


Or, thus, 

(23 X 5) -f 2 _ 117 
5 ““s’ 


the Answer. 


2 . Reduce 124 to a fraction. 

3. Reduce 14^7 to a fraction. 

4 . Reduce 183^^ to a fraction. 


Ans. * 4 *. 
Ans. V;/* 


Ans. 


3 ■ 4 B 

Tr ‘ 


10 . When numbers, with the sign of addition or subtraction 
between them, are to be divided by any number, then each of 

10 + 8—4 

those numbers most be divided by it. Thus.. . = 5 + 

JSi 

4 — 2=7. 

11. But if the numbers have the sign of multiplication be¬ 
tween them, only one of them must be divided. Thus, 

10 X 8 X 3 1 0 X 4 X 3 10 X 4 X 1 10 X 2 X 1 20_ 

6x2 6X1 ■“ 2x1 ” 1x1 ” 1 ” 

* This is no more than first multiplying a quantity by some 
number, and then dividing the result back again by the same: 
which it is evident does not alter the value; for any fraction re¬ 
presents a division of the numerator by the denominator. 
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CASE III. 

To Reduce an Improper Fraction to its Equivalent Whale 

or Mixed Number. 

* Divide the numerator by the denominator, and the 
(quotient will be the whole or mixed number sought. 


EXAMPLES. 

1 . Reduce '- 3 ? to its equivalent number. 

Here y or 12 -7- 3 =; 4, the Answer. 

2. Reduce y to its equivalent number. 

Here y or 15 7 2 -^, the Answer. 

3. Reduce to its equivalent number. 

Thus, 17) 749 (4 -jV4 

C8 

69 So that Vr — 4(4^-, the Answer. 

68 


1 * 

4. Reduce y to its equivalent number. Ans. 8 . 

5. Reduce ‘44* equivalent number. Ans. 5444^. 

6 . Reduce to its equivalent number. Ans. 1714-f. 

CASE IV. 

To Redilce a Whole Number to an Equivaient Fraction, 
having a Given Denominator. 

Multiply the whole number by the pven denomina¬ 
tor ; th^n set the product over the said denominator, and it 
will form the fraction required. 


* This rule is evidently the reverse of the former; and the 
reason of it is manifest from the nature of Common Division. 

t Multiplication and Division being here equally used, the re¬ 
sult must be the same as the quantity first proposed. 



58 


ARITHMETIC. 


EKAMFLES. 

1. Reduce 9 to a fraction whose denominator shall be 7. 

Here 9 x 7 =: 69: then is the Answer; 

For V = 63 -f. 7 = 9, th^ Proof. 

2 . Reduce 12 to a fraction whose denominator shall be 13. 

Ans. 

3. Reduce 27 to a fraction whose denominator shall be 11. 

Ans. W. 


CASE V. 

t 

To Reduce a Compcnind Fraction to an Equivulei^t Simple 

one. 

* Multiply all the numerators tof^cthcr for a-numcrator, 
and all the denominators together for a denominator, and 
they will form the simple fraction sought. 

When part of the compound fraction is a whole or mixed 
number, it must first be reduced to a fraction by opc of the 
former cases. 

And, when it can be done, any two terms of the fraction 
may be divided by the same number, and the quotients used 
instead of them. Or, when there arc terms that are common, 
they may be omitted, or cancelled. 


EXAMPLES. 

1. Reduce ^ of § of -I to a simple fraction. 

Here= « = I-, the Answer. 

2x3x4 24 4 ’ 

Or, -i- by cancelling the 2’s and 3 s. 

4, 

2. Reduce § of | of 44 to a simple fraction. 

Here ^ the Answer. 

3x6x11“" 165 ”33 11 


* The truth of this rule may be shown as follows: Let the 
coinpoRud fraction be § of 4- Now 4 - of 4 is 4 "*" ;/»"^hich is ; 
consequently § of 4 '^iH 1^® iif^r ^ 2 or ; that is, the uniuera^ 
tors are multiplied together, and also the denominators, as in 
the Rule. When the compound fraction consists of more than 
two single ones; having first reduced two of them as above, then 
the resulting fraction and a third will be the same aa a compound 
fraction of two parts j and so ou to the last of all 
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2 

Or, ^ ~ the same as before, by cancelling the 

3% and dividing by 5'‘s. 

S, Reduce | of ^ to a simple fraction. Ans. 54 . 

4. Reduce | of .f of to a simple fraction. Ans. 4 

5. Reduce ^ of ^ of 3^ to a simple fraction. Ans. |. 

6. Reduce ^ of of ^ of 4 to a simple fraction. Ans. 

7 . Reduce 2 and ^ of ^ to a fraction. Ans. 2. 


CASE VI. • 


To Reduce Fractions of Different Denominators to Equi¬ 
valent Fraction'^ having a Common Denominator. 

* Multiply each numerator by all the denominators ex¬ 
cept its own, for the new' numerators: and multiply all the 
denominators together for a common denominator. 

Note, It iseviilcnt, that in this and several other operations, 
when any of the projxised quantities are integers, or mixed 
numbers, or compound fractions, they must first be reduced, 
by their proper Rules, to the form of sim[)lc fractions. 

EXAMPLES. 


1. Reduce 


X 

2 


X 

X 


3 


X 

X 


a> ; 

3 X 

2 X 

2 X 

3 X 


and £, to a common denominator. 


4 

4 

3 

4 


12 the new numerator for 


16 ditto 

18 ditto 

24 the common denominator. 
Therefore the equivalent fractions are 44 , 44* 

Or the whole operation of multiplying may often be per¬ 
formed mentally, only setting down the results and given 
ftactions thus, §, tt* ■tt ~ 

breviation. 

2. Reduce t and t to fractions of a common dbnominator. 

Anc is 3 5 
AUb. ^5-3-, -g-y. 

3. Reduce §, 4 , and f to a common denominator. 

An<j 3 6 4 5 
svf -Koi To* 

4. Reduce £ind 4 to a common denominator. 

An<[ ^ ^ 7 8 t ^ Q 

Note X. When the denominators of two given fractions 
have a common measure, let them be divided by it; then 


* Tliis is evidently no more than multiplying each nnuierator 
and its denominator by the snme quantity, and consequently the 
value of the fraction is not altered. 
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multiply the terms of each given fraction by the quotient 
arising from the other’s denominator. 

E.r. ^3-5- and yV = tVt ttt* Q'ultiplying the former 
5 7 by 7 and the latter by 5. 

2. When the less denominator of two fractions exactly 
divides the greater, multiply the terms of that which has the 
less denominator by the quotient. 

Ex, ^ and tV> ^*y niuit. the former by 2. 

2 

3. When more than two fractions are proposed, it is some¬ 
times convenient, first* to reduce two of them to a common 
denominator; then these and a third; and so on till they be 
all reduced to their least common denominator. 

^ Ex. I and f and g = | and f and and {I and II. 


CASE VII. 


To redtice Complex Fractions to single ones. 

Reduce the two parts both to simple fractions; then 
multiply the numerator of each by the denominator of the 
. other ; which is in fact only increasing each part by equal 
multiplications, which makes no difference in the value of 
the whole. 


So,|- 


= £-. AndL^ = ^.Also2i=‘l- = 


3y 


6 


12 


34 

45* 




I 7 

:T 

9 

a' 


17 


2 

9 


X -TT- — 


CASE VIII. 


To ^7id the value of a Fraction in Parts of the Integer. 

Multiply the integer by the numerator, and divide the 
product by the denominator, by Compound Multiplication 
and Division, if the integer a compound quantity. 

Or, if it be a single integer, multiply the numerator by 
the parts in the next inferior denomination, and divide the 
proouct by the denominator. Then, if any thing remains, 
multiply it by the parts in the next inferior denomination, 
and divide by the denominator, as before; and so on as far 
as necessary; so shall the quotients, placed in order, be the 
value of the fraction required •. 


* The numerator of a fraction being considered as a remain- 
der, in Division, and the denominator as the divisor, this rule is 
of the same nature as Compound Division, or the valuation of 
remainders in the Rule of Three, before explained. 
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EXAMPLES. 

1. What is the 4 - of 2 / 6 s ? 2 , What is the value ofy of! I ? 
By the former part of the Rule By the 2 d part of the Rule, 
2 Z 6 s 2 

4 20 

3) 40 (13s 4x1 Ans. 

.1 

12 

3) 12 (4d 

3. Find the value of | of a pound sterling. Ans. 7s 6d. 

4. What is the value of |- of a guinea? Ans. 4s Sd. 

5. What is the value of | of a half crown Ans. Is 10|^/. 

6 . What is the value of 4 of 4s lOd ? Ans. Is 11yd 

7 . What is the value of 4 Ih troy ? Ans. 9 oz 12 dwts. 
• 8. What is the value of of a cwt ? Ans. 1 qr 7 lb. 

9. What is the value of | of an acre ? Ans. 3 ro 20 po. 
10 . What is the value of of a day ? Ans. 7 hrs 12 min. 

CASE IX. 

3b Reduce a Fraction from one Denomination to another. 

* Consider how many of the less denomination make 
one of the greater; then multiply the numerator by that 
number, if the reduction be to a less name, but multiply the 
denominator, if to a greater. 


EXAMPLES. 

1. Reduce of a pound to the fraction of a penny. 
4 X V X *T = -'^oswer. 


* This is the same as the Rule of Reduction in whole numbers 
from one denomination to another. 


5) 9 4 

Ans. 1^ 16^ 9d %^q. 
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2. Reduce ^ of a jienny to the fraction of a pound. 

4 - X -j-T ^ -hs == TT 7 » Answer. 

3. Reduce -^^1 to the fraction of a penny. Ans. 

4. Reduce to the fraction of a pound. Ana. 

5. Reduce y cwt to the fraction of a lb. Ans. V. 

6 . Reduce - 5 - dwt to the fraction of a lb troy. Ans. 

7. Reduce I crown to the fraction of a guinea. Ans. y*,. 

8 . Reduce | half-crown to the fract. of a shilling. Ana. * 

9. Reduce 2s 6d to the fraction of a JD. Ans. ’. 

10. Reduce 17s 7d S^q to the fraction of a £, Ans. 1^-* o* 


iVDDITION OF VULGAR FRACTIONS. 

If the fractions have a common denominator; add all the 
numerators together, then place the sum over the common 
denominator, and that will be the sum of the fractions 
required. 

* If the proposed fractions have not a common denomina- 


* Before fractions are reduced to a common denominator, thev 
arc quite dissimilar, as much as shillings and pence arc, and 
therefore cannot be incorporated with one another, any iiiorc 
than these can. But when they are reduced to a common de¬ 
nominator, and made parts of the same thing, their sum, or dif¬ 
ference, may then be as properly expressed by the sum or dif¬ 
ference of the numerators, as the sum or difference of any two 
quantities whatever, by the sum or dilTerence of their individuals. 
Whence the reason of the Rule is. manifest, both for Addition 
and Subtraction. 

When several fractipns are to be collected, it is commonly 
best first to add two of them together that most easily reduce 
to a common denominator; then add their sum and a third, 
and so on. 

Note. 2. Taking any two fractions whatever, and for 
example, after reducing them to a common denominator, we 
judge whether they are equal or unequal, by observing whether 
the products 3.5 X 1 I, and 7 X .'>5, which constitute the new 
numerators, are equal or unequal. If, therefore, we have two 
equal products 33 x 11=7 X 55, we may compose from them 
two equal fractions, as or 

If, then, wc take two equal fractions, such as &n<l 44’ 
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tor, they must be reduced to one. Also compound fractions 
must w i^uced to simple ones, and fractions of different 
denominations to those of the same denomination. Tlien 
add the numerators, as before. As to mixed numbers, they 
may either be reduced to improper fractions, and so added 
with the others; or else the fractional parts only added, and 
the integers united afterwards. 


EXAMPLES. 


1. To add I and f together. . 

Here + ^ =a 1|, the Answer. 

2. To add 4 and together. 


T + ^=fo+fo=xo = lK» the Answer. 


6 O 

y 


3. To add and and ^ of ^ together. 

h of 4 = f + V hi = I'-l- 

4. To add ^ and ^ together, 

5. To add ^ and y together. 

6. Add y and together. 

7. What is the sum of f and ^ and -5 ? 

8. What is the sum of and and 2i ? 

9. What is the sum of ^ and ^ of i, and 9^^ • Ans. 


A— 6 • 8-’ 

ti — Y — 

A ns. 1*. 
Ans. l-j-g* 
Ans. 

Ans. I *-^4* 
Ans. 3^1. 


shall have 35 x J I = 7 x 55 ; taking from each of these 
7 X II, there will remain (;I5 — 7) X 11 = (55 —11) X 7, 

whence wc have — - - o** = tV* 

55-11 


In like manner, if the terms of tL. were respectively added to 

‘?*i 4- 7 

those of 1we should have -- — = 

55 + 11 


.a 


Or, generally, if—=—»it may in a similar W’ay be shown, 

' Qt 


c±d T ^ 

Hetuse, wAen two fractions are of equal value, the fraction 
formed hy talcing the sum (or the difference) of their numerators 
respectively, and of their denominators respectivdy, is a fraction 
equal in value to each of the original fractions. This proposition 
will be found useful in the doctrine of proportions. 
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10. Wliat is the sum of | of a pound and f of a shilfing? 

Ans. or 13s lOd 2|g. 

11. What is the sum of f of a shilling and tV of a penny? 

Ans. Vr 0 T* 7 d 

12. What is the sum of y of a pound, and ^ of a shilling, 

and T?y of a penny ? Ans. | ‘ J Js or 3s 1 </1 ’ 


SUBTRACTION OF VULGAR FRACTIONS. 

Prepare the fractions the same as for Addition, when 
necessary ; then subtract the one' numerator from the other, 
and set the remainder over the common denominator, for 
the difference of the fractions sought. 

EXAMPLES. 

1. To find the difference between ^ and g. 

Here | —^=r-j=|, the Answer. 

2. To find the difference between f and 1. 

the Answer. 

3. What is the difference between and ? Ans. 

4. What is the difference between and j%. ? Ans. tY* 

5. What is the difference between and -,Y ? Ans. 

6. What is the diff. between 5g and yOf4y? Ans. 

7. What is the difference between f of a pound, and | of 

I of a shilling ? Ans. vy s or lOsTrf l^g. 

8. What is the difference between y of 5| of a pound, 

and of a shilling ? Ans. or 1/8^ 1 l 3 ^! 3 d; 


MULTIPLICATION OF VULGAR FRACTIONS. 
* Reduce mixed numbers, if there be any, to equivalent 


* Multiplication of any thing by a fraction, implies the taking 
some part or parts of the thing ; it may therefore i>e truly ex- 
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fractions; then multiply all the numerators tc^ether for a 
numerator^ and all^ the denominators together for a denomi- 
natOT) which will give the product required. 


EXAMPLES. 


1. Required 
Here 


the product of J and 
i = A = ^ the Answer. 


A ^ ^ ^ ^ h —IS* 


2. Required 

IT ^ ^3 

Here X — X 
o 4 

3. Required 

4. Required 

5. Required 
G. Required 

7. Required 

8. Required 

9. Required 
10. Required 
11 Required 
12. Required 


the continued product of 3|, 5, and ^ of }. 
^ 8 3 13x3 39 ^ ^ 

4x2 “ 8 ” 


1^4 




the product of y and 
the product of -i\ and 
the product of 
the product of yj and 3. 

the product of and 
the product of 4 , and § of y. 
the product of 6 , and 3 of 5. 
the product of i of and | of 3y, Ans. 
the product of 3y and 44y. Ans. 14~|-4. 
the product of 5, 3 , y of and 44 . Ans. 2^®-. 


Ans. 
Ans. -f-y. 
Ans. 
Ans. 1. 
Ans. 2^. 
Ans. 4-°. 
Ans. 20. 


r 3 
T4^‘ 


DIVISION OF VULGAR FRACTIONS. 

<4 

* Prepare the fractions as before in Multiplication : then 
divide the numerator by the numerator, and the denominator 


pressed by a compouad fraction; which is resolved by mul¬ 
tiplying together the numerators and the denominators. 

Note. A Fraction is best multiplied by an integer, by dividing 
the denominator by it j but if it will not exactly divide, then 
multiply the numerator by it. 

* Division being the reverse of Multiplication, the reason of 
the rule is evident. 

Note, A fraction is best divided by an integer, by dividing the 
numerator by it j but if it will not exactly divide, then multiply 
the denominator by it. 

VOL. I. 


V 
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by the denominator, if they will exactly divide: but if not, 
invert the terms of the divisor, and multiply the dividend by 
it, as in Multiplication. 


examples. 


1. l^vide y by 

Here V -f* ^ | s If, by the first method. 

2. Divide f by 


Here f -f- -sV = f x V = f i = V 

_ 4' 

3. It is n^uired to divide ff f- 

Ans. f. 

4. It is required to divide by 

A ns. 

5, It is required to divide y by 

Ans. 1^. 

6. It is required to divide f by y. 

■^Lus. * 

7. It is required to divide ff by f. 

Ans. f. 

8. It is required to divide f by f. 

^V.nS. * 

9. It is required to divide by 3. 

Ans. 

10. It is required to divide f by 2. 

Ans. ^0 • 

11. It is required to divide 7^ by 9f. 

Ans. f-f. 

12. It is required to divide | of ^ by f of 7f • 

Ans. -ry-n 


RULE OF THREE IN VULGAR FRACTIONS. 

Make the necessary preparations as Ijcforc directed; then 
multiply continually together, the second and third terms, 
and the first with its parts inverted as in Division, for the 
answer *. 


EXAMPLES. 

1. If g of a yard of velvet cost f of a pound sterling; what 
will of a yard cost .J* 


3 2 
8 '5 


_6 8 
16 ‘ 3 



X 



=: 6s 3d, Answ'er. 


* This is only multiplying the 2d and 3d terms together, and 
dividing the product by the first, as in the Rule of Three in 
whole numbers. 
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2. What will 3| oz. of silver cost, at 6s on ounce ? 

Ans. ll Is 

3. If of a ship be worth 273/ 2s 6d ; what are of 

her worth ? Ans. 227/ 12y Id 

4. What is the purchase of 1230/ bank-stock, at IO 84 . per 

cent. ? Ans. 1336/16- S)d. 

5. What is the interest of 273/ 13^ for a year, at 3l per 

cent. ? Ans. 8/ 17« 1H</. 

6. If J of a ship be worth 73/ 1 j 6d ; what part of her is 

worth 250/ lOs ? Ans. ^. 

7. What length must be cut off a <x)ard that is 7| inches 

broad, to contain a square foot, or as much as another piece 
of 12 inches long and 12 broad ? Ans. ISyf inches. 

8. What quantity of shalloon that is | of a yard wide, will 
line Of yards of cloth, that is2i yards wide? Ans. 31| yds. 

9. If the penny loaf weigh oz. when the price of 

wheat is 5s the bushel; what ought it to weigh when the 
wheat is 85 6il the bushel? Ans. 4rV oz* 

10. How much in length, of a piece of land that is 11 

poles broad, will make an acre of land, or as much as 40 
poles in length and 4 in breadth ? Ans. IS^^j poles. 

11. If a courier perform a certain journey in 35^ days, 
travelling 131 hours a day ; how long would he be in per-. 
forming the same, travelling only 11 /’o hours a day ? 

Ans. davs. 

12. A regiment of soldiers, consisting of 976 men, are to 
be new clothed; each coat to contain 2^ yards of cloth that 
is Ig yard wide, and lined with shalloon g yu'd wide: how 
many yards of shalloon will line them ? 

Ans 4531 yds 1 qr 2^ nails. 


DECIMAL FRACTIONS. 

A Decimal Fraction is that which has for its deno¬ 
minator an unit (1), with as many ciphers annexed as the 
numerator has places; and it is usually expressed by setting 
down the numerator only, with a point belore it, on the left- 
hand. ^us, is *4, and *24-, and is *074, and 
~r <5 o-oQo- is ‘00124; where ciphers are prefixed to make up as 

F 2 
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many places as arc ciphers in the denominator, when there 
is a deliciency in the figures. 

A mixed number is made up of a whole number with some 
decimal fraction, the one being separated from the other by 
a point. Thus, 3*25 is the same as 3 tVo» or -fg-a* 

Ciphers on the right-hand of decimals make no alteration 
in their value; for *4, or *40, or ’400 are decimals having all 
the same value, each being s or But when they are 
placed on the left-hand, they decrease the value in a ten-fold 
proportion ; Thus, *4 is^^, or 4 tenths; but *04 is only 
or 4 hundredths, and *004 is only or 4 thousandths. 

In decimals, as wel^ as in whole numliers, the values of 
the places increase towards the left-hand, and decrease to¬ 
wards the right, both in the same tenfold proportion; as in 
the following Scale or Table of Notation. 

ka 

w 

S- 


s 

S 

s 

o 

jez 



=: s 

S J 
3 3 


'T3 

C 

3 

O 

•5 

c 


a 


(/} 

c 

a 

tn 

S 

O 

-C 


Cf3 


ns 

at 


C 

3 

4= 


3 3 3 


e3 




(/! 

(n 

& 

c 




u 

cS 

f— 

g 



E. 

O. 

w 

ns 

o 


w 

Xi 

JT 

c 

eS 

4= 

CA 

s. 

JC 

TS 

a> 

ns 

C 

cz 

CA 

cn 

3 

O 

4= 

1 

-TS 

c 

3 

a 

at 

c 

3 

47 

3 

O 

S 

a> 

*.• 

c 

3 

3 

• 3 

8 

3 

3 

3 



ADDITION OF DECIMALS. 

Set the numljers under each other according to the value 
of their places, as in whole numliers; in which state the 
decimal separating points will stand all exactly under each 
other. Ttien, beginning at the right hand, add up all the 
columns of numbers as in integers; and point off as many 
places for decimals, as are in the greatest number of decimal 
places in any of the lines that are added ; or place the point 
directly below all the other points. 

EXAMPLES. 

1. To add together 29*0146, and 3146*5, and 2109, and 
•62417, and 14*16. 
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290146 

6146-5 

2109- 

•62417 

14-16 

5299*29877 the Sum. 


2. AVhat is the sum of 276, 89*213, 72014*9, 417, 

and 5032 ? Ans. 77779*118. 

3. What is the sura of 7530, 16*201, 3 0142, 957*13, 

6-72119 and *03014? Ans. 8513*09653. 

4. What is the sum of 312 09, 3-5711, 7195-6, 71-498, 

9739*215,179, and 0027 ? Ans. 17500 9718. 


SUBTRACTION OF DECIMALS. 


Place the numbers under each other according to the 
value of their places, as in the last Rule. Then, beginning 
at the right-hand, subtract as in whole numbers, and point 
off the decimal^as in Addition. 


EXAMPLES. 

1. To find the difference between 91*73 and 2-138. 

91*73 

2-138 


Ans. 89*592 the Difference. 


2. Find the diff. between 1 *9185 and 2*73. Ans. 0*8115. 

3. To subtract 4*90142 from 214*81. Ans. 209-90858. 

4. Find the diff.*between 2714 and *916. Ans. 2713*084. 
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MULTIPLICATION OF DECIMALS. 

♦ Place the factors, and multiply them together the same 
as if they were whole numbers.—Then point oft* in the pro¬ 
duct just as many places of decimals as tiicre are decimals in 
both the factors. But if there be not so many figures in the 
product, then supply the defect by prefixing ciphers. 


EXAMPLES. 

1. Multiply -321090 
by -2405 


1605480 

1926576 

1284384 

642192 


Ans. '0791501640 the Product. 


2. Multiply 79-347 by 23*15. 

3. Multipry *63478 by *8204. 

4. Multiply *385746 l)y *00464. 


Ans. 1836-88305. 
Ans. *520773512. 
Ai.s. -00178986144. 


tONTR \CTION I. 

To multiply Decimals hy 1 with any Number of CipherSy as 
by 10, or 100, or 1000, S^c. 

This is done by only removing the decimal point so many 
places farther to the right-hand, as there are ciphers in the 
multiplier; and subjoining ciphers if need be. 


* The rule will be evident from this example ;—Let it be re¬ 
quired to multiply -12 by *361 ; these numbers are equivalent to 
jVo and-fYoV i the product of which is = *04432, by the 

nature of Notation, which consists of as many places as there 
are ciphers, that is, of as nratiy places as there are in both num¬ 
bers. And in like manner for any other numbers. 
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EXAMPLES. 


J. The product of 51*3 and 1000 is 51300. 

2. The product of 2*714 and 100 is 

3. The product of *916 and 1000 is 

4. The product of 21*31 and 10000 is 

CONTRACTION II. 


To contract the Operation so as to retain only as many 
Decimals in the Product as may be thmight nevessarif, 
lehcn the Product •would naturally contain several more 
Places. 

Set the unit's place of the multiplier under that figure of 
the multiplicand whose place is the same as is u> be retained 
fm* the last in the product; and disjiose of the rest of the 
figures in tlic inverted or contrary order to what they arc 
usually placed in.—Then, in multiplying, reject all the 
figures that are more to the riglit-liaiid tnan each nniltiplying 
figure, and set dow'n the products, so that their right-hand 
figures may fall in a column straight below each other; but 
observe to increase the first figure of every line with what 
would arise from the figures omitted, in this manner namely 
1 from 5 to 14, 2 from 15 to 24, 3 fViim 25 to 34, &c.; and 
the sum of all the lines will be the product as required, com¬ 
monly to the nearest unit in tlie last figure. 


EXAMPLES. 


1. To multiply 27'14986 by 92-41035, so as to retain only 
four places of decimals in the product. 

ay. 

27*14986 
9241035 


Contracted Way. Common Way. 


27-11986 

53014-29 


24434874 

542997 

108599 

2715 

81 

14 


2508*9280 


81 

2714 

108599 

542997 

24434874 


131574930 
44958 
986 
44 
2 


2508*9280 


650510 
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a. Multiply 480-14936 by 2*72416, retaining only four 
decimals in the product. 

3. Multiply 2490 3048 by *573286, retaining only five 
decimals in the product. 

4. Multiply 325*701428 by *7218393, retaining only three 
decimals in the product. 


DIVISION OF DECIMALS. 

t • 

Divide as in w ole numbers; and point off' in the quo¬ 
tient as many places for decimals, as tnc decimal places in 
the dividend exceed those in the divisor *. 

Another way to know the place for the decimal point is 
this: The Jirii Jigurc of the (/uotient most he made to occupy 
the same place^ of integers or decimals, 'as that figure of the 
dividend lehich stands over the unit's figure of the first pro¬ 
duct. 

IVHien the places of the (piotienl are not so many as the 
Rule requires, the defect is to l>e supplied by prefixing 
ciphers. 

When there hap|)ens to be a remainder after the division ; 
or when tlie decimal places in the divisor are more than those 
in the dividend ; then ciphers n»ay l>e anne.xcd to the di¬ 
vidend, and the (juolient carried on as far as required. 


I.X.VMl’I.l- s. 


178) 


1 . 


•48520998 (00272589 
1292 
460 
1049 


*26*39) 


1599 

1758 

156 


27-00000 ( 102*3114 
6100 
8220 
3030 
3910 
12710 
2154 


* The reason of this Rule is evident j for, since the divisor 
multiplied by the quotient gives the dividend, therefore the 
iiinnhcr of decimal places in the dividend, is equal to those in 
tlic divisor and quotient, taken together, hy the nature of Multi¬ 
plication t and consequently the quotient itself must contain as 
many as the dividend exceeds the divisor. 
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S. Divide 123-70536 by 54-25. 

4. Divide 12 by *7854. 

5. Divide 4195 68 by 100, 

6. Divide -8297592 by -153. 


Ans. 2*2802. 
Ans. 15-278. 
Ans. 41-9568. 
Ans. 5-4232. 


CONTRACTION I. 

When the divisor is an integer, with any number of 
ciphers annexed : cut of!' those ciphers, and remove the de¬ 
cimal }X)int in the dividend as many places farther to the 
left as there are ciphers cut off', prcfi>bing ciphers, if need be; 
then proceed as before. 


EXAMPLES. 

1. Divide 45-5 by 2100. 

21 00) -455 (.0216, &c. 
35 
140 
14 


2. Divide 41020 by 32000. 

3. Divide 953 by 21600. 

4. Divide 61 by 79000. 


CONTRACTION II. 

Hence, if the divisor be 1 with ciphers, as 10, 100, or 
1000, &c.; then the i^uoticnt will be found by merely 
moving the decimal point in the dividend so many places 
farther to the left, as the divisor hath ciphers; prefixing 
ciphers if need he. 


EXAMPLES. 

So, 217-3 100 = 2-173 Ans. 419 -f- 10 

And 51G 100 = Ans. -21 1000 


CONTRACTION III. 

WHEN there are many figures in the divisor; or when 
only a certain number of decimals are necessary to be re¬ 
tained in the ijiioticnt ; then take only as many figures of 
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the divisor as will be equal to the number of figures, both 
integers and decimals, to be in the quotient, and find how 
many times tliey may be contained in the first figures of the 
dividend, as usual. 

Let each remainder be a new dividend; and for every such 
dividend, leave out one figure more on the nght-hand side 
of the divisor; remembering to carry for the increase of the 
figures cut off*, as in the 2d contraction in Multiplication. 

No4e. When there are not so many figures in the divisor 
as are required to be in the quotient, l^gin the operation 
with all the figures, and continue it as iisinu till the niuiiber 
of figures in the divisor be equal to those remaining to be 
found in the quotient; after which begin the contraction. 


EXAMPLES. 


1. Divide 2508*92306 by 92*41035, so as to have only 
four decimals in the (juotient, in which case the quotient will 
contain six figures. 


Contracted. 

92 4103,5)2508 92«,06(271490 
fiCOT^l 
J 31149 
4t508 
912 
80 
6 


Ctminon. 

92.4103 5)250S-928,0()(27 1498 
6e>0721(Mi 
13848610 
46075750 


91116100 

294B7650 

6539570 


2. Divide 4109*2351 by 230-409, so that the quotient 

may contain only four decimals. Ans. 17*8345. 

3. Divide 37*10438 by 5713*96, that the quotient may 

contain only five decimals. Ans. *00649. 

4. Divide 913*08 by 2137*2, that the quotient may con¬ 
tain only three decimals. 


REDUCTION OF DECIMALS. 

CASE I. 

To rcihtce a Vidgar Fraction to Us equivalent Decimal. 

I ^ 

Divide the numerator by the denominator, as in Division 
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of Decimals, annexing ciphers to the numerator as far as 
necessary; so shall the quotient be the decimal required*. 

EXAMPLES. 

1. Reduce to a decimal. 

24 = 4 X 6. Then 4) 7* 

6) 1-750000 

•291666 &c. 


• The* following? method of throwing a vulgar fraction, wliosc 
denominator is a prime number, into cf decimal consisting of a 
great number of figures, is given by Mr. Colson in page 162 of 
Sir Isaac Newton's Flu,rions. 

EXAMPLE. 

Let be tlie fr.jction which is to be converted into an equi¬ 
valent decimal. 

Then, by dividing in the common way till the remainder be¬ 
comes a single figure, w’e shall have = *0314-8#^ for the 
complete quotient, and this equation being inultipiiod by the 
niiinerator 8, will give 27584§-^-, or rather ^^ = *27586^*^: 
and if this be substituted instead of the fraction in the first 
equation, it will make — Again, let this 

equation be uinltiplied by 6, and it will give ^g = •20089655j 
and then by substituting as before 

3i‘g = -0344827586206S965517^ ; 

and so on, as far as may be thought proper j each fresh mul¬ 
tiplication doubling the number of figures in the decimal value 
of the fraction. 

In the present instance the decimal circulates in a complete 
period of 28 figures, i. e. one less than the denominator of the 
fraction. This, again, may be divided into equal periods, each 
of 14 figures, as below : 

•03 14R275S020'J8 
■< 405^1724137931 

in which it will be found that each figure with the figure ver¬ 
tically below it makes 9 ; 0-fP=9 j 3 + 0 = 9 ; and so on. This 
circulate also comprehends all the separate values of 

&c. in corresponding circulates of 28 figures, only each be¬ 
ginning in a distinct place, easily ascertainable. Thus, ^g = 
•008.40, &c. beginning at the I2th place of the primitive cir¬ 
culate. = •10344-8, &c. beginning at the 28th place. So 
that, in fact, this circle hiclndes 28 complete circles. 

See, on this •urious subject, Mr. Goodwyn’s Tables of 
Decimal Circles, and the Ladies' Diary for 1824. 
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2. Keduce and and f, to decimals. 


3. Reduce ^ to a decimal. 

4. Reduce ^ to a decimal. 

5. Reduce to a decimal. 
C. Reduce to a decimal. 


Ans. ‘25, and *5, and •T'.'i. 

Ans. *625. 
Ans. *12. 
Ans. *03125. 
Ans. *143154 &c. 


CASE 11. 

To find the Value of a Decimal in terms of the Inferior 

Denom inatiofis. 

Multiply the decimal by the number of parts in the 
next lower denomination ; and cut off as many places for a 
remainder to the right-hand, as there are places in the given 
decimal. 

Multiply that remainder by the parts in the next lower 
denomination again, cutting off fur another remainder as 
before. 

Proceed in the same manner through all the parts «>f tlie 
integer; then the several denominations sejxirated on the 
]eft4iand will make up the answer. 

Note, This operation is the same as Reduction Descending 
in whole numbers. 


EXAMPLES. 

1. Required to find the value of *77.5 pounds sterling. 

•775 

20 


s 15-.500 
12 

d 6 000 Ans. 15 a ini. 


2. What is the value of *625 shii Ans. 7^d. 

3. What is the value of *8635/? Ans. 17a 3*24t/. 

4. What is the value of *0125 lb troy ? Ans. 3 dwts. 

5. What is the value of *4694 lb troy? 

Ans. 5 oz 12 dwts 15*744 gr. 

6. What is the value of *625 cwt ? Ans. 2 qr 1416. 

7. What is the value of *009943 miles? 

Ans. 17 yd 1ft 5*98848 inc. 



REDCICTION OF DECIMALS. 


7r 

8, What is tlie value of *6875 ydAns. 2 qi *3 nls. 
8. What is the value of *3375 acr ? Ans. 1 rd 14 poles. 
10. What is the value of *2083 hlul of wine ? 

Ans. 13*4229 gal. 

CASE III. 

To rcdticc Integers or Decimals to Equivalent Decimals 
(^Higher Denominations. 

Dividf. by ihe number of parts in the next higher deno¬ 
mination ; continuing the operation to as many higher de¬ 
nominations as may be necessary, the same as in Reduction 
Ascending of whole numbers. 

F.XAMPLES. 

1. Reduce 1 dwt to the decimal of a pound troy. 

20 1 dwt 

12 0*05 oz 

0*004106 &c. lb. Ans. 

2. Reduce 9d to the decimal of a pound. Ans. 0*375/. 

3. Reduce 7 drams to the decimal of a pound avoird. 

Ans. *02734375 lb. 

4. Reduce "26d to the decimal of a /. Ans. *0910833 &c. 1. 

5. Reduce 2*15 lb to the decimal of a cwt. 

Ans. *019190 -f- cwt. 

0. Reduce 24 yards to the decimal of a mile. 

Ans. *013636 &c. mile. 

7. Rctluce *056 pole to the decimal of an acre. 

Ans. *00035 ac. 

8. Reduce 1*2 pint of wine to the decimal of a hhd. 

Ans. *00238 -|- hhd. 

/ 

9. Reduce 14 minutes to the decimal of a day. 

Ans. *009722 Sec. da. 

10. Reduce *21 pint to the decimal of a peck. 

Ans. *031325 pec. 

11. Reduce 28" 12" to the decimal of a minute. 

Note, JV7ien there arc several numbers, to be reduced 
all to the decimal of the highest ,• 

Set the given numbers directly under each other, for di- 
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vidcnds, proceeding orderly from the lowest denomination 
to the highest. 

Opposite to each dividend, on the left-hand, set such a 
number for a divisor as will bring it to the next higher name; 
drawing a perpendicular line between all the divisors and 
dividends. 

Bemn at the uppermost, and perform all the divisions: 
only m[>8erving to set the quotient of each division, as decimal 
parts, on the right-hand of the dividend next below it; so 
shall the last quotient be the decimal required. 


examples. 


1 . 


Reduce 17; 9|d to the decimal of a {xjuiid. 


4 

12 

20 


3 * 

9-75 
17 * 812*5 

£ 0-890625 Ans. 


2. Reduce 19/17s 3|</ to /. Ans. 19'8635l!lGG See. /. 

3. Reduce 15s 6d to the decimal of a 1. Ans. -775/. 

4. Reduce 7id to the decimal of a shilling. Ans. -6254. 

5. Reduce 5 oz 12 dwts 16 gr to lb. Ans. *46944 &c. lb. 


RULE OF THREE IN DECIMALS. 


Peepaee the terms, by reducing the vulgar fractions to 
decimals, and any compound numbers either to decimals of 
the h%her denominations, or to integers of the lower, also 
the Grst and third terms to the same name: Then multiply 
and divide as in whole numbers. 

Note, Any of the convenient Exam}>les in the Rule of 
Three or Rule of Five in Integers, or Vulgar Fractions, may 
be taken as proper examples to the same rules in Decimals. 
—The following example, which is the fir^t in Vulgar Frac¬ 
tions, is wrought out here, to show the method. 
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3 


T 


If ^ of a yard of velvet cost 4 ^ what will yd cost? 

yd / yd I s d 

= -375 *375 : -4 :: *3125 : *333 &c. or 6 8 


*4 


4 =: -4 *375) *12500 (-333333 &c. 

1250 20 

125 - 

s 6*66666 &c. 

= *3125 _^ 

Ans. 6j 8 f/, d 7*99999 &c. = Sd. 


DUODECIMALS. 


Duodecimals, or Cross Multiplication, is a rule 
used by workmen and artihc^s, in computing the contents 
of their works. 

Dimensions are usually taken in feet, inches, and q^uarters; 
any parts smaller than these being neglected aS of no con¬ 
sequence. And the same in multiplying them together, or 
computing the contents. The method is as follows. 


Set down the two dimensions to be multiplied together, 
one under the other, so that feet may stand under feet, 
inches under inches, &c. 

Multiply each term in the multiplicand, beginning at the 
lowest, by the feet in tlie multiplier, and set the result of 
each straight under its corresponding term, observing to 
carry 1 for every 12 , from the inches to the feet. 

In like manner, multiply all the multiplicand by the inches 
and parts of the multiplier, and set the result of each term 
one place removed to the right-hand of those in the mul¬ 
tiplicand; omitting, however, what is below parts of inches, 
only carrying to these the proper numbers 01 units from the 
lowest denomination. 

Or, instead of multiplying by the inches, take such parts 
of the multiplicand as these are of a foot. 

Then ada the two lines together, after the manner of 
Compound Additipn, carrying 1 to the feet for every 12 
inches, when these coine to so many. 
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EXAMPLES. 


I. Multiply 4f 7 inc. 2. Multiply Ilf O inc. 

by 6 4 by 4 6 


27 

6 

59 

0 

1 


7 

44 

Ans. 29 

04 

Ans. 66 

H 

3. Multiply 5 

feet 7 inches by 9 f 6 inc. Ans. 43 

f 6.^ 

4. Multiply 12 f 5 inc by 6 f 8 inc. 

Ans. 82 

9 * 


5. Multiply 35 f 44 inc by 12 f 3 inc. Ans. 433 4^ 

6 . Multiply 64 f 6 inc by 8 f 9} inc. Ans. 565 84 

Note. The denomination which occupies the place of 
inches in these products, means not scpiare inches, but rect¬ 
angles of an inch broad and a foot long. Thus, the answer 
to the first example is 29 sq. feet, 4 sq. inches; to the secontl 
66 sq. feet, 54 sq. inches. 


INVOLUTION. 


Involution is the raising of Powers from any given 
number, as a root. 

A Power is a quantity produced by multiplying any given 
number, called the Root, a certain number of times con¬ 
tinually by itself. Thus, 

2 rr 2 is the root, or 1 st power of 2 . 

2x2= 4 is the 2d power, or square of 2. 
2x2x2= 8 is the 3d power, or cube of 2. 
2x2x2x2 = 16 is the 4th power of 2, &c. 

And in this manner may be calculated the following Table 
of the first nine powers of the first 9 numbers. 
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TABLE or TilE FlItST NINE TOWERS OF NUMBERS. 


1st 


ad 

4th 

5th 

Gth 

m 

8th 

0th 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

B 

8 

10 

32 

(i4 

128 

250 

512 

a 

‘> 

27 

81 

213 

720 

2187 

0501 

10C8;J 

4 

10 

04 

250 

1(>24 

400(1 

loiia^ 

,05530 

202144 

5 

25 

12.1 

025 

3125 

15(525 

78125 

30(K)25 

1053125 

6 

30 

210 

120() 

7770 

40(i>0 

27003(1 

1070010 

100770‘00 

m 

/ 

4!) 

ai.a;24i)i 

1 

Kid,07 

117040 

823543 

5704801 

40353007 

8 

01 

512 

1(H.)0 

3,2708 

202144 

2007lu2 

10777210 

134217728 

0 

01 

721 > 

05(;i 

5001! J 

531441 

4782900 [43040721 

387420480 


'J'Ik* Index or Exponent ol' a Power, is the number de¬ 
noting tlie lieight or degree of llint power ; and it is 1 more 
than the number of nuiltipfications used in producing the 
same. So 1 is llie index or exponent of the 1st power or 
root, 2 of the 2d |jower or square, 3 of tlic third jjower or 
cube, 4' of llie 4-tli power, and so on. 

Powers, that are to be raised, are usually denoted by 
jdacing the index above the root or first [lower. 

So 2’^ = 4 is the 2d power of 2. 

2“ — 8 is llie 3d power ot‘ 2. 

2* = 16 is the 4lh power of 2. 

540'* is the 4th power of 540, &c. 

Wlicn two or more powers are multiplied together, their 
product is that power whose index is the sum of the expo¬ 
nents of the factors or powers multiplied. Or the multipli¬ 
cation of the powers, answers to the addition ol the indices. 
Thus, in the following powers of 2, 


1st 

2il 

3d 

4th 

5th 

6th 

7th 

8th 

9th 

10th 

2 

4 

8 

16 

32 

64 

12<S 

256 

512 

1024 

or 2' 

«v 

os 

itm 

2^ 

Ob 

/V 


07 

gH 

2“ 

gio 


VOL. I. G 

















































82 


ARITHMETIC, 


Here, 4 x 4 = 16, and 2 + 2 = 4 its index ; 

and 8x16= 128, and 8 + 4 = 7 its index ; 
also 16 X 64 = 1024, and 4 + 6 = 10 its index. 


OTHER EXAMPLES. 

Ir What is tlie 2d |>ower of 4or A ns. 20 ::,j. 

2. What is the square of 4*16? Ans, 17 o0.56. 

3. AVhat is the 3d power of 3’j? Ans. 42-S7,'). 

4. What is the 5th |)owcr of’029 ? Ans. •00(H)00020511141). 

5. What is tlie square of Ans. *. 

6. What is the 3d power of ^Ans. ! 

7. What is the 4th power of ^ ? An-. . 


EVOLUl'ION. 

Evoi.I’TION, or the reverse of Involution, is the cxtia( ting 
or finding the roots of any given powers. 

The root of any number, or power, is such a nunihi i-, as 
being nuiltiplied into Itself a certain number of times, uill 
produce that ]K>wer. Thus, 2 is the square root, or 2d root 
of 4, because 2- = 2 x 2 = 4; and 3 is the cube root or 3d 
root of 27, because 3’ = 3 x 3 x 3 = 27. 

Any power of a given number or root may be fonml ex¬ 
actly, namely, by multiplying the number continually into 
it.self. But there arc many numbers of whicli a projiosed 
root can never be exactly found. Yet, by means of tle- 
cimals, we may approximate or approach towards tlie root, 
to any degree of exactness. 

Those roots which only appro.viniate, arc called Surd 
Roots ; but tho.se which can be found quite e.xact, are calletl 
Rational Roots. Thus, the square root of 3 is a surd root; 
but the square root of 4 is a rational root, being equal to 2: 
also the cube root of 8 i.s rational, being etjual to 2 ; but the 
cul>e root of 9 is surd or irrational. 

Roots are sometimes denoted by writing the character 
before the ]:x>wer, with the index of the root against it. 
Thus, the 3d root of 20 is expressed by ^20; and the stpiare 
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root or 2 d root of it is v^20, the index 2 being always omit¬ 
ted, when only the scjuare root is designed. 

When the power is expressed by several numbers, witli 
the sign + or — between them, a line is drawn from the top 
of the sign over all the parts of it: thus the third root of 
45 — 12 is ^ 45 — 12, or thus, ^(45 — 12), inclosing the 
numbers in parentheses. 

But all toots arc now often designed like powers, with 
fractional indices ; thus, the square root of 8 is 8 ^, the cube 
root of‘23 is25\ and the 4th root of 45 — 18 is (45 — 18)*. 


TO EXTRACT THE SQUARE ROOT. 

* Divide the given number into periods of t\fo figures 
cacli, by setting a point over the place of units, another over 


* Tlie reason for separating the figures of the dividend into 
jieriods or portions of two places each, is, that the square of 
any single figure neviM- consists of more than two places j the 
square of a number of tw'o figures, of not more than four 
])hices, and so on. So that there will be as many figures in 
the root ns the given number contains periods so divided or 
]>arted off. 

And the reason of the several steps in the operation appears 
from the algebraic form of the scpiare of any number of terms, 
whether two or three or more. Thus 

(a + hy = lab + = n* + (2a -f b) h, the square of two 

terms j where it appears thatn is tlie first term of the root, and b 
the second term ; also a the first divisor, and the new divisor is 
2a + or double the first term increased by the second. And 
hence the manner of extraction is thus : 

let divisor a) a® + 2ah +6* (a + 6 the root. 


2d divisor 2a + 6 lab + fc* 
h 2ab -f 


Again, for a root of three parts, a, A, c, thus : 

(a + 6 + c)« =a* + 2oA + A* + 2ac + 2bc + = 

0 ® + (2a + b)b + (2a + 2b c)c, the 
square of three terms, where a is the first term of the root, b the 
second, and c the third term ; also a the first divisor, 2a b the 
second, and 2rt + 26 -f c the third, each consisting of the double 
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the place of hundreds, and so on, over every second figure, 
both to the left-hand in integers, and to the right in de¬ 
cimals. 


Find the greatest square in the first period on the left- 
hand, and set its root on the right-hand of the given niiin- 
ber, after the manner of a quotient figure in Division. 


Subtract the square thus found from the said pcritxl, and 
to the remainder annex the two fiiiurcsof the next followinjr 
period, for a dividend. 

Double the root aliovc mentioned for a divisor; and find 
how often it is contained in the said dividend, exclusixo of 
its right-hand figure; and set that quotient figure both in 
the quotient and divisor. 


Multiply the whole augmented divisor bv this la>t quotient 
figure, and subtract the product from tlie said dividend, 
bringing down to it the next period of the given number, 
for a new dividend. 


Repeat the same process over again, viz. find another new 
divisor, by doubling all the figures now found in the root; 
from which, and the last dividend, find tlic next figure of 
the root as before; and so on through all the periods, to tlic 
last. 

Nofe, The l)est way of doubling the root, to form the 
new divisors, is by adding the last figure always to the last 
divisor, as appears in the following examples.—Also, after 
the figures belonging to the given number are all exhausted, 
the operation may be continued into decimals at pleasure, 
by adding any number of periods of ciphers, two in each 


of the root increased by the next term of the same. And the 
mode of extraction agrees with the rule. See farther, Case 2, 
of Evolution in the Algebra. 


0 

For an approximation observe that = a. 

I 

nearly in all cases where n is small in respect of a. 


4fl“ + 3» 
4a* -f-« 
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EXAMPLES. 

I. To find tlic square root of 29506624. 

29506624 (5432 the root. 
25 


104 

450 

4 

416 

108.3 

3466 

3 

3219 

10862 

21724 

o 

21724 


Note, When the root is to be extracted to many places of 
figures, the uork may be considerably shortened, thus: 

Having proceeded in llic extraction after the common 
method, till there be found half the required number of 
figures in the root, or one figure more; then, for the rest, 
divide tlic last remainder by its corresponding divisor, after 
the manner of the third contraction in Division of Deci¬ 
mals; tlius, 

2 . To find the root of 2 to nine places of figures. 

2 ( 1*41421356 the root, 

1 


24 } 100 

4) 96 

281 

400 

1 

281 

2824 

11900 

4 

11296 

28282 

1 60400 

2 

1 56564 


28281) 3836 ( 1366 

.... 1008 

160 
19 

• o 
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3. VVlmt is the square iik> 1 of ? 

4. What is the square root of 17‘30o6? 

5. What is the square root of 000729 ? 
C. What is the square root of 0 ? 

7. Wliat is the square hhU of 5 ? 

8. What is the square root of C ? 

9. What is the square root of 7 ? 

10. What is the square root of 10 ? 

11. What is the square root of 11 ? 

12. What is the square root of 12? 


Ans. 15. 
Ans. 4’10. 
Ans. 027. 
Ans. 1-732050. 
Ans. 2-23()0()8. 
Ans. 2 419489. 
Ans. 2-645751. 
Ans. 3-162277. 
Ans 3-316624. 
Ans. 3-464101. 


RULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS AND 

MIXED NUMBERS. 


First pre[)are all vulgar fractions, hy reducing them to 
their least terras, both for this and all other roots. Then 

1. Take the root of the numerator and of the dcnominator 
for the respective terms of the root required; which is the 
best way if the denominator be a complete power; but if it 
be not, then 

2. Multiply the numerator and denominator together; 
lake the root of the product: this nxn being made the nu¬ 
merator to the denominator of the given fraction, or n)ade 
the denominator to the numerator of it, will form the fi-.ac- 
tional root required. 


That is, 


a __ \/a _ \/ub 

IT 


a 

•/ab' 


This rule will serve, wliethcr the root be finite or infinite. 

3. Or reduce the vulgar fraction to a decimal, and extract 
its rcx)t. 

4. iMixed numbers may be cither reduced to improper 
fractions, and extracted by the first or second rule, or the 
vulgar fraction may be reduced to a decimal, then joined to 
the integer, and the root of the whole extracted. 


EXAMPLES. 


hat is the root of ^4 ? 


Ans. |. 


2. What is the root of ? Ans 

3. What is the root of ? Ans. 0-866025. 

4. What is the root of ? Ans. 0-645497. 

5. What is the root of 17^ ? Ans. 4-168333. 

By means of the square root also may readily be found the 

4th root, or the 8th root, or the 16th i;oot, &c. that is, the 
root of any power whose index is .some power of the number 
2; namely, by extracting so often the square root as is dc- 
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noted by that power of 2; that is, two extractions for the 
4tfi root, three for the 8lh root, and so on. 

So, to find the 4th root of the number 21035*8, extract 
the square root two times as follows : 

21035 8000 (145 037237 (12*0431407 the 4th root. 

1 1 


24 110 
9G 


22 45 
2 44 


285 1435 

5 1425 


2404 10872 

4 9016 . 


29003 

3 


108(X)0 24083 75037 

87009 3 72249 


20991 ( 7237 3388 (1407 

087 980 

107 17 

Kx. 2. What is the 4th root of 97 41 ? 


TO EXTRACT THE CUBE ROOT. 

I. tlic Common Buie*. 

1. Having divided the given number into periods of three 
figurcs>ach (by setting a point over the place of units, and 
also over every third figure, from thence, to the left hand in 
nhole numbers, and to the right in decimals), find the nearest 
less cube to the first period; set its root in the quotient, and 
subtract the said cube from the first period ; to the remainder 
bring down the second period, and call this the resol vend. 


* The reason for pointing the given number into periods of 
three figures each, is because the cube of one figure never 
amounts to more than three places. And, for a similar reason, 
a given number is pointed into periods of four figures for the 4th 
root, of five figures for the 3th root, and so on. 

The reason for the other parts of the role depends on the 
algebraic formation of a cube : for, if the root consist of the two 
parts a 4- 6, then its cul)e is as follows : (a + 3a‘^b-^ 

3ab^ -f b* ; where a is tlie root of the first part a *; the resolvcnd 
is 3a^6 + :inb^ -f 6^, wdiich is also the same as the three parts of 
the subtrahend j also the divisor is 3a* -f 3a, by w hich dividing 
the first two terms of the resolvend 3a'b 4- ab^, gives b for the 
.second part of the*root ; and so on. 
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2. To three times tlic square of the rcxit, Ju.st found, adil 
three times the root itself, setting this one place more to the 
right than the former, and call this sum the divisor. Then 
divide the resolvend, wanting the last figure, by the divisor, 
for the next figure of the root, which annex to the former; 
calling this last figure e, and the part of the root before 
found let be called a. 

3. Add all together these three j*roducts, namely, thrice a 
square multiplied bye, thrice a multiplied by c square, and 
e cube, setting each of them one place more to the right than 
the former, and call the sum the subtrahend ; which must 
not exceed the resolven^ ; but if it docs, then make the last 
figure c less, and rejjeat the operation for finding the subtra¬ 
hend, till it be less than tlie resolvend, 

4. From the resolvend take the subtrahend, and to the 
remainder join the next period of the given number for a new 
resolvend; to which form a new di\isor from tlie whole root 
now found ; and from thence another figure of the root, as 
directed in article 2, and so on. 


l-.X AMPLK. 

To extract the cube root of 18228'544. 

3 X 3= = 27 48228-5 bl ( 3G-4 root. 

3 X 3 = 09 27 

Divisor 279 21228 resolvend. 

3 X 3* X G - 162 i 
3x3 X 6* = 324 J add 

6* = 216 ) 

3 X 36* = 3888 19656 subtrahend. 

3 X 36 = 108 

38988 1572544 resolvend. 

3 x 36 x 4 = 15552 1 

3 X 36 X 4* = 1728 J-add 

4* = 64 I 


1.572544 subtrahend. 
0000000 remainder. 
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Kx. 2. Extract tlie cube root of 571482-J9. 

Ex. 3. Extract the cube root of 1628*1582. 

Ex. 4. Extract the cube root of 1332. 

II. To extract the Ctthe Root by a short Way"*, 

1 . By trials, or by the table of rcxjts at p. 93, &c. take 
the nearest rational cube to the given number, whether it be 
greater or less; and call it the assumed cube. 

2. Then say, by the Hulc of Three, A.s the sum of the 
given number and double the assumet] cube, is to the sum of 
the assumed cul)c and double the given number, so is the 
root of the assumed cube, to the root required, nearly. Or, 
As the firs,t sum is to the difference of the given and assumed 
cube, so is the assumed root to the difference of the roots 
nearly. 

3. Again, by using, in like manner, the cube of the root 
la^l fj)und as a ijcw assumed cube, another root will be ob¬ 
tained still nearer. And so on as far as we please ; using 
alw.'iys the cube of the last found root, for the assumed 
cube. 


LXAMJ-LE. 

To find the cube root of 21034*8. 

I lore we soon find that the root lies between 20 and 30, 
and then between 27 and 28. Taking therefoie 27, its cube 
is 19683, whicb is the assumed cube. Then 


* The method usually given for extracting the cube root, is so 
exceedingly tedious, and difficult to be remembered, that various 
otlicr approximating rules have been invented, viz. by Newton, 
Raphson, Halley, De Lagny, Simpson, Emerson, and several 
other mathematicians j but no one that I hav'e yet seen is so 
simple in its form, or seems so well adapted for general use, as 
that above given. This rule is the same in effect as Dr. Halley’s 
rational formula, but more commodiously expressed; and the 
first investigation of it was given in iny Tracts, p. 49. The al¬ 
gebraic form of it is this : 

As r -+- ; .V 4- 2p ■ : r : R. Or, 

As p -|- 2 a : p A ; . ; R ^ r ; 
where r is the givQii number, a the assumed nearest cube, i the 
cube rout of A, and h the root of r sought. 
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19683 21035*8 

_^ __ 2 

39366 420716 

21035 8 19683 

As 60401*8 : 61754*6 :: 27 : 27-6047. 

27 

4322822 

1235092 

60101-8) 1667374*2 (27 6047 ihc root nearly 
459338 
36525 
284 
42 

Ap^ain, for a second operation, tiie cube of this root is 
21035*318645155823, and the proce^s by the latter method 
will be thus: 

21035-318645 &c 

42070*637290 21035*8 

21035*8 21035*318645 &c. 

As 63106*43729 : diff. *481355 : : 27-6(H7 : 

the diff. *000210.560. 

conseq. the root req. is 27*601910560. 

Ex. 2. To extract the cube root of *67. 

Ex. 3. To extract the cube root of *01. 


TO EXTRACT ANY ROOT WHATEVER *. 

IjET p be the given power or number, n the index of the 
pow'er, A the assumed power, r its root, h the required root 
of p. Then say, 

* This is a very general approximating rule, of which that for 
the cube root is a particular case, and is the best adapted for 
practice, and for memory, of any that I have yet seen. It was 
first discovered in this form by myself, and the investigation and 
use of it were given at large in iny Tracts, ]». 45, &c. 
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As the sum of w 4 . 1 times a and n — 1 times p, 
is to the sum of n + 1 times p and n — 1 times a ; 
so is the assumed root r, to the required root R, 

Or, as half the said sum of n + 1 times a and n — 1 times 
p, is to the difference between the given and assumed powers, 
so is the assumed root r, to the difference between tne true 
and assumed roots; which difference, added or subtracted, 
as t!ie case requires, gives the true root nearly. 

That is, (r* +1) A -f (n — 1) p : (n-f* 1) P • + — 1) A :: r: R. 

Or, (n4-l)^A4-(n —l)^p: r^A : : r: R^r. 

And the operation may be repeated* as often as we please, 
by using always the last found root for the assumed root, and 
its «th power for the assumed power a. 


EXAMPLE. 


To extract the 5th root of 21035*8. 

Here it a})pears that the 5th root is between 7'3 and 7'4i. 
'faking 7’3. its 5lh power is 20730*71593. Hence we have 
r = 21035*8, = 5, ;■ = 7 3, and a = 20730-71593; then 

w 4- 1 • '■ A 4- w- — 1 . .Jp : p A :: r : r r, that is, 

3 X 20730*71593 + 2 x 21053*8 : 305 081 :: 7*3 : *0213005 

_3 2 7*3 

02192-11779 12071 0 915252 

12071 0 2135588 

101203-71779 2227*1132(0213005 = R^r 

7'3=rr, add 

7-3213G0=r, true 
to the last figure. 


OTHER EXAMPLES. 


1. What is the 3d root of 2 ? 

2. What is the 3d root of 3211.^ 

3. What is the 1th root of 2 F 

1 . What is the 1 th root of 97*11 ? 

.5. What is the 5th root of 2 .? 

6 . What is the Cth root of 21035*8 ? 


Ans. 1-259921. 
A ns. 14*7.5758. 
Ans. 1-189207. 
Aus. 3.1115999. 
Ans. 1-148699. 
Ans. 5-251037. 
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AIIITIIMETIC. 


7. What Is the 6th root of 2? 

8 . What is the 7th root of 21035’8 ? 

9. What is the 7th root of 2 ? 

10. What is the 8th root of 21035*8? 

11 . AVhat is the 8th root of 2 ? 

12 . What is the 9th root of 21035*8 ? 

13. What is the 9th root of 2 ? 


Ans. 1*122462. 
Alls. 4*145392. 
Ans. 1*104089. 
Ans. 3*470323. 
Alls. 1*090508. 
Ans. .3*022239. 
Ans. 1*080059. 


The following is a Table of squares and cubes, as also the 
square r<K)ts ana cube roots, of all nunjbers from 1 to 10(M), 
which will be found very useful on many oeea^ions in nu¬ 
meral calculations, when roots or powers are concerned. 

Tile use of this table may be greatly extended, either by 
tlie addition of ciphers, or by changing the places of the 
points. The following examples will sulfice to 
method. 


Root. 

Square. 

Cube. 

36* 

1296* 

4665()* 

360* 

129600* 

46656000- 

3600* 

12960000 * 

46656000000 

546* 

298116 * 

162771336* 

54*6 

2981 H) 

162771*336 

*546 

•298116 

*162771336 


Tor a simjile and ingenious method of eonstrueting tables 
ol‘square and cube roots, and the rceiproc*-als of num^-rs, 
see Dr. Hutton’s Tracts an Maihcviaitcdl and Philosophkal 
Subjects, vol. i. Tract 24, pa. 459- 


separating 
suggest ttie 
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Number. Square. Cube. Square Hoot. Cube Root, 


(J7(> 

729 

7H4 

900 

90*1 

1024 

1009 

ll.'iO 

1225 

1296 

1.369 

1444 

1521 

1600 

1681 

1764 

1849 

19.36 

2025 

2116 

2209 

2304 

2401 

2500 


1 

8 

27 

64 

125 

216 

343 

512 

729 

1(K)0 

1331 

1728 

2197 

2744 

3.375 

4096 

4913 

5832 

6859 

8<M>0 

9261 

1(»648 

12167 

1.34J24 

1562.5 

17576 

19683 

219.52 

24,389 

27000 

29791 

32768 

.359.37 

39304 

42875 



64000 

68921 

74088 

79.507 

85184 

91125 

97336 

103823 

110592 

117649 

125000 


lOlKKlOOO 
14142136 

1- 7320508 

2 - 0000000 

2-2360680 

2-4494897 
26457513 

2- 8284271 

3- 000{K)00 
31622777 

3-3166248 

,3-4641016 

3^105,5513 

3- 7416574 

3 8729833 

"40000000 

41231056 

4- 2426407 
43.588989 

4 4721360 
4.5825757 

4-6904158 

4-7958315 

4- 89811795 

5- (M)0(K)00 

5 0990195 

5-1961.524 

5-2915026 
.5-.38.51648 

5-4772256 
5-5()77644 
.56568542 
5-7445626 
5-8309519 

5- 9160798 

6- 000(KKKl 
0-0827625 

6-1644140 

6-2449980 

6-32455.53 
6-4031242 
6-4807407 
6-5574,385 
6-6a32496 
6-7082039 
6-7823300 
6-8556546 

6- 92820:^2 

7 - 0000000 

7-0710678 


1-000000 

1-259821 

1 442250 

1-587401 

1-709976 
1-817121 

1- 912931 

2 - 000000 

2 0110084 
2 1544.35 
2223980 
2289428 
2.351335 
2410142 
2 466212 

2-519842 

2-571282 

2-620741 
2 668402 

2-714418 
2 758924 
2-802039 

2 843867 
2-8f?4499 
2-921018 

2- 9(»2496 

3 (MMKWK) 
3 0:i6589 
3 072317 
.3 1072.32 
3 141:381 
.3 174802 

3- 2075.34 

3-239612 

3271066 

3-301927 
3 332222 
3 361975 
.3.391211 

3-419952 
3 448217 
.3 476O27 
3 503398 
3530348 
3 556893 

3-583048 
3 608826 
3 634241 
3 659306 

3-6840.31 
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arithmetic. 


Number. Square. I Cube. Square Root. Cube Kooi 


51 

2601 ' 

i:i2651 

52 

2704 

140608 

53 

2809 

148877 

54 

2916 

157464 

55 

3025 

166375 

56 

3136 

1750i6 

57 

3249 

185193 

58 

3:164 

195112 

59 

34iU 

205379 

60 

361K) 

2160(M) 

61 

:1721 

22(5981 

62 

:m44 

•23}«28 

m 

3969 

250047 

64 

4096 

2()2114 

65 

4225 

274625 

66 

4356 

287496 

67 

4489 

3(K)763 

68 

4624 

3144:12 

69 

4701 

3285(H) 

70 

4tMK) 

34:i(HH) 

71 

.5041 

357911 

72 

5184 

373248 

73 

5:i29 

389017 

74 

5176 

405224 

75 

562.5 

421875 

76 

o776 

438976 

77 

5929 

4565:13 

78 

tK)84 

474552 


6241 

49:1039 

80 

64(HI 

512(K)0 

81 

6561 

531441 

82 

(>724 

551 :!(•►({ 

83 

6m}9 

571787 

84 

7056 

592704 

t?5 

7225 

614125 

86 

7396 

636056 

87 

7569 

6i>8503 

88 

7744 

681472 

89 

7921 

704969 

90 

8100 

729000 

91 

8281 

75.3571 

92 

8464 

778688 

93 

8649 

804357 

94 

8a36 

830584 

95 

9025 

857375 

96 

9216 

884736 

97 

9409 

912673 

98 

9(504 

941192 

99 

9801 

970299 

100 

100(H) 

1000000 


7-1414284 

:1-7084.10 

7-2111026 

3-7.32511 

7-2801099 

3 756286 

7-:i484692 

.3-77976:1 

7-4161985 

:i 802953 

7-48:13148 

3 825862 

7-5498:144 

:t 848501 

7 6157731 

:i-870877 

7-6811457 

:l 892996 

77459667 

:i 914868 

7-8102497 

:i-9:i6497 

7-8740079 

3 9578*12 

7-9.3725.39 

3 979057 

8-0(KMHHH) 

4 (HMHHHl 

8-0622577 

4 020726 

8-1240.384 

4 041240 

8l85:i.'i28 

4-061.")48 

8 2462113 

4 081655 

8:i0662:i9 

4-101.".(Hi 

8:i666(M>3 

4 121285 

8-4261498 

4 140818 

8-4852814 

4160168 

8-544(K»37 

4 179:1:19 

8-602.325.3 

4 198:1.36 

8-6602540 

4 217163 

87177979 

4-2:15824 

8-7719644 

4-254.321 

8-8:117(M»9 

4 272659 

8-8881944 

4-290811 

8-9442719 

4:108870 

9-00()0a(M) 

4:126749 

9(»55.3851 

4-344481 

9-1104:1:16 

4-.362 >71 

9-1651514 

4-.379519 

9-2195445 

4-3968:10 

9-27:16185 

4-414(M)5 

9.327:1791 

4*4:11047 

9'3808315 

4-447960 

9-4339811 

4-464745 

9 4868:130 

4*4814a5 

9-539.3920 

4*497^)41 

9*5916a30 

4514:157 

9-6436508 

4-5.30655 

9 6953597 

4-546836 

9 7467943 

4-562903 

97979590 

4*578857 

9-8488578 

4-594701 

9 8994949 

4-610436 

9-9498744 

4-626065 

lO-OOOOOOO 

4 641589 
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umber 

Square. 

Cube. 

Square Root. 

Cube Root. 

101 

10201 

losasoi 

10 0498756 

4 657010 

102 

10404 

1061208 

10*0995049 

4*672329 

103 

10609 

1092727 

101488916 

4*687548 

104 

10816 

1124864 

101980390 

4*702669 

105 

11025 

1157625 

10*2469508 

4*717694 

106 

11236 

1191016 

10 2956301 

4*732624 

107 

11449 

1225043 

10-3440804 

4*747459 

108 

11664 

1259712 

10; 92:1048 

4 762203 

109 

11881 

1295029 

10 44f»3065 

4-776856 

IJO 

12100 

1331(KX) 

10-48}{0885 

4*791420 

111 

12321 

1367631 

10 5356538 

4-80.5896 

112 

1254^4 

1404928 

10i683(K)52 

4-820284 

113 

12769 

1442897 

10*6.301458 

48:44588 

114 

12996 

14in544 

10*6770783 

4*848808 

115 

13225 

1520875 

10 72:18053 

4 86*2944 

116 

1.3456 

1560896 

10*7703296 

4*876999 

117 

13698 

1(501613 

10*816(5538 

4-890973 

118 

13924 

1(543032 

10 8627805 

4*<K)4868 

119 

14161 

1685159 

lO-9f)87121 

4*918685 

120 

14100 

1728(KH) 

10-9544512 

4*932424 

121 

14641 

1771561 

11(KM)0000 

4*946088 

122 

i 14884 

1815848 

11*045:1610 

4*959676 

123 

15129 

1860867 

11 *0905365 

4973190 

124 

15376 

190(5624 

11-1355287 

4*9866.31 

125 

15625 

1953125 

llll{tKl;i99 

5 0(i(NHN) 

126 

1587(> 

20(H)376 

11 2249722 

5-013298 

127 

1 16129 

20483a3 

11*2694277 

5 (»26526 

128 

i 16:184 

2(»97152 

11 :» 37085 

5(K49684 

129 

; 16641 

2146689 

11 *.35781 (57 

5-0.52774 

130 1 

16<)O0 

2197000 

11-4017543 

5 065797 

131 

17161 

224(5095 

11*4455231 

5-07875.3 

132 

17424 

2299968 

11-4891253 

5 091643 

133 

17^180 

2.352(537 

11 5.325626 

5 104469 

134 

17956 

24(H5104 

11 5758:569 

5 1172:10 

135 

18225 

24(50375 

11-61895(H1 

5-12992S 

136 

18496 

2515456 

11*6619038 

5142563 

137 

18769 

2571353 

11*7046999 

6 1551.37 

138 

19044 

2628072 

11 -473444 

5-167649 

139 

19321 

2685619 

11*7898261 

5-180101 

140 

19600 

2744000 

11 8321596 

5192494 

141 

19881 

280.3221 

11 8743421 

5 204828 

142 

20164 

2863288 

11-9163753 

5-21710.3 

14:i 

20449 

2924207 

11-9582607 

5 229321 

144 

20736 

2985984 

12 OOOCMKH) 

5*2414R3 

145 

21025 

3048625 

12*0415946 

525.3588 

146 

21316 

3112136 

12 08.30460 

5*265637 

147 

2l60a 

3176523 

12-124.3557 

5*277632 

148 

21904 

3241792 

12*16.55251 

5*289572 

149 

22201 

3307949 

12 2065556 

5*301459 

150 

22500 

a375000 

12 2474487 

5313293 
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Mil ril VlElK . 


Number. Square. C ube. 


22^11 

23104 

23409 


3442951 

3:ill«08 

3581577 

36522(>4 

372:«<75 

37904 U> 

3W)9893 

3914312 

1019()79 

4<M«>(MH) 

4173281 

4^51528 

4:i30747 

4410‘944 

4492125 

4.’>7129(i 1 

495795:1 I 

4741932 
48,29809 I 
4913<MK> 
5(KH>2I1 
.5(M{8448 

.>29802 4 

5 : 159:175 
5451779 
55452 : 1:1 
5939752 
5715:139 
I 58:i20(K) 
.5929711 
fK)2}15(>8 
9128487 
9229504 
6:131925 
9434859 
9.5.39203 

0944972 

9751299 

0^59000 

9997871 

7077888 

7181K)57 

7301384 

7414875 

75295.39 

7945373 

4 7792:192 

1 7880599 


Square Rout, ft 

12 2lttl20:i7 ■ 
12 3288280 
12*39U:1199 

12 40997:19 
12 1198‘>99 
12 4899990 
12.5299911 
12 .5998051 
12 909.5202 
129191109 
12 9885775 

127279221 

12-7971453 

12 8092185 I 

12- 8452:129 I 

12 8810987 ! 

I 12-922818(» 1 
' 12 991 1814 I 

1 1.3-0(MKK)00 I 

13 0.381018 
1.3 l»799998 

13- 11 18770 
1:1-1529 494 
13-1909090 I 

I 13 2-28.75(59 
i:i •2991!>92 

13 : 5041:117 

13 3119941 
13,37905582 
13-4194079 
13-4539240 

13 4907:17^ 

13 .5277493 
13-,5949900 
13 9014705 
13-6381817 
1 . 3-9747943 

13-7113092 

13-7477271 

i:V784048« 
13.8202750 
13 8594005 
13 892444() 

. 13-9283883 

; 13-9942400 

; HOfKKKXK) 

1 14 035698a 

! 14-0712473 

) 14 1067360 

i 14-1421359 


Ctibe Rw»t. 


5 :12.5074 
5 :i:i98o:i 
.5 348481 
.5 :49(H08 
5 371985 
5 :18.3213 
5:1 m4i591 
5 1(M512(( 

5 117501 
5 425555:55 
5 41(512-2 
5 I5i:5()2 
5 192559 

5473701 

5 4}54J5(»t» 

5 19.55595 
5 50(5879 
,»,) 178'(55 
5 5-2/57 75 
5 5:59(5.58 
5.55 499 
,5 .5(512955 

. 1 .) > 20»).> 

5 .555-2775 ► 

5 .59:5415 
5 •904079 
5 (51 1(57:5 
5 ( 52 522(5 
5 (5:55741 
5 (54(5219 
5(;5(59.53 
5 (597051 

5(577111 

5-987734 

.5-(5980l9 

5-7082C7 

.5-718479 

5-728951 

5-7.38794 

5-748897 

5-758995 

5-7(58998 

5-77«Oil« 

5-788960 
5 798890 
5 808786 
5 818948 
5 828479 
I 5 8:18272 

1 5 818035 









i^QUARES, CUBES, ANP HOOTS. 


97 


Number. 

Square. 

201 

40401 

202 

40804 

203 

41209 

204 

41610 

205 

42025 

200 

42436 

207 

42849 

2f>8 

43204 

2(H1 

4.8(»{1 

210 

14100 

211 

48.‘'>2l 

212 

44944 

2! 3 

45:i09 

214 

-15790 

215 

40225 

210 

40050 

217 

47081) 

218 

47524 

219 

479OJ 

220 

484(M) 

221 

48841 

222 

19284 

22:1 

19729 

224 

50170 

225 

.5(M)25 

220 

5107(J 

227 

51529 

228 

51984 

229 

52141 

2.80 

52‘)(K) 

281 

5.8:i01 

232 

5:i824 

238 

54289 

234 

54750 

235 

55225 

230 

55090 

237 

.50109 

238 

56044 

239 

57121 

240 

57000 

241 

58081 

242 

58504 

243 

59049 

244 

59536 

245 

000^ 

246 

60616 . 

247 

61009 

248 

61504 

249 

62001 

250 

1 62500 


Cubo- 


812060] 
8242408 
8800J27 
8489004 
801012.> 
8741810 
88097^8 
8998912 
9128.829 
92(n(XMI 
989.8981 
9028128 
90().8o97 
98(K»814 
99:it!87r» 
1<M)77090 
10218818 
]08( >02.82 
10008459 
10048(K>0 
10798H()1 
10941048 
110895(;7 
11289124 
11890{‘2.> 
11548.17(5 
1109708.8 
118.‘>2852 
12(M>{?989 
121 (J 70 (K> 
12.82081 >1 
12187108 
12049.8.87 
12812il04 
1297787.'> 
18144250 
1 : 1 : 1 12058 
1:4481272 
1.3051919 
1.8824(KM> 
13997521 
14172188 
14348907 
14520799 
14700125 
148809.80 
15009223 
15252992 
154:18249 
15025000 


Cul)e Root. 


5-857766 
5-807404 
5-877130 
5-4180705 
5-8*16368 
5 905941 
5-915482 
5-924092 
5 934473 
5-943922 
5 95:1342 
5902731 
5 072091 
5 981420 

5990727 

0 (KIOOOO 
0-009244 
0 018403 

0027050 

0 (i:i08l 1 
0-04594:1 
0 05.“>048 
0-004120 
0 0/8178 
0-082201 
0 091199 

0100170 

0109115 
0 118088 
O'120925 
01:15792 
(>1440:11 
0-15.8449 
0 1022.89 
0]71<M>5 

0-179747 

018840:i 
0197154 
0-205822 
0-214405 
0 22:1084 
0-281079 
0-210251 
0 248800 
0-257825 
0205820 

0 274:105 
0282760 
0^1195 
0-299005 


Square R<K>t. 


14-1774469 
14 2120704 
14 2478008 
14 2828i'>09 
14 8178211 
14 3527(Kll 
14-3871940 
14 4222051 I 
14-4508:123 
14 4913707 
14 6258:iiK) 
14 5002198 
14 5945195 
14-0287:188 
14 0(128783 
14-0909385 
14-73(«1199 
14 7613231 
14 7980486 
1441 : 12:1970 
14 8000087 
14 8990044 

14 9381845 , 

14- 9000295 : 

15- (K>00000 
15-0.3.12904 

15 (H;o:)192 
J5-O990(>89 ■ 
15 18274(«) ' 

I 15 -1057509 
' 15-1980842 
! 15-281.5402 : 
j 15-204.3375 i 
! 15-2970585 
15'8297097 
15:1022915 
15-39 01048 
15-4272480 
15 4590248 
15-491 9 : 1:14 
15-52417-17 
15-5508492 
15-5884578 
15-0204994 
15-0524758 
15 084.3871 
15-7162330 
15-7480157 
15-7797:^38 

15-81l:i8a8 


VOL. I. 
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AUrniMtTU'. 


j Xuuiber.j Square- 


Cube. 1 Square Root. 


Cube R(K)t. 


'2:,2 

253 

254 

255 
25(5 
257 
253 


2G0 

2()l 

2u2 

2(53 

204 

2(55 

2 ( 5(5 

207 

2m 

269 

270 

271 

272 

273 

274 

275 


(53001 

rci504 

( 54001 ) 

0451(5 

05025 

0553(5 

( 5(5040 

( 5 ( 15(54 

(57JUJI 

070 (H) 

03121 

0<UI44 

00100 

0000(5 

;0225 

7075(5 

71200 

71021 

723(51 

720(M) 

73441 

73084 

74520 

75070 

75(525 


276 

7 ‘J 176 

277 

7<5720 

278 

77284 

279 

77841 

280 

78400 

281 

78061 

28 :? 

70524 

283 

8 (K )80 

284 

80050 

285 

81225 

81;06 

2 H 0 

287 

82360 

288 

820 M 

280 

' 8 :S .')21 

200 

841 (K) 

201 

84(581 

2,12 

(^5204 

2 Si 3 

85840 

204 

80430 

205 

87025 

200 

8/010 

207 

8.8200 

208 

885504 

200 

80401 

.300 

00000 


15813251 

lt)(KXl008 

16104277 

103157O04 

1(5581375 

16777210 

30074503 
17173-'^12 
17373070 
1757(50(10 
I 777 IK 53 I 
170 '. 54723 
18101117 
I 13!)0744 
18000025 
1 18821000 

10034103 
102188 ,;i 2 
104(55100 
10 ( 58 i(HK) 
100 (( 25 ll 
• 20123(548 
2034(5417 
20570821 
207JM51573 

21024570 

21253033 

21484052 

21717030 

210520(50 

22188041 

224257 ( 5^5 

22(505187 

22000304 

23140125 

2330305(5 

23(530903 

23887872 

24137500 

243805 (K) 

24042171 
218 O 7 O 88 

25153757 

25412184 

25(572375 

25034330 

2(5108073 

20403502 

2073 O 8 OO 

27000()()0 


1541420705 

158745 O 70 
150050737 
15037377-'5 
150(587101 
10 (HKKIOOO 
10 0312105 
101)023781 
1(5 0031700 
10 1215155 
10-1554041 
1(5 18(51141 

102172717 

1(5 2180708 
10 2781520(3 
1 < 5 - 3 () 05 (K 51 
1 ( 5 - 340134(5 
I(;:i 707(‘55 j 
10-4012105 I 
10 4310767 i 
10 - 4(520776 i 
10-4021225 1 
10 5227110 j 
1 ( 5-5520154 I 
10 5831240 
10-0132477 

10 - 01:53170 

10 ( 5783:520 
10 70.32031 
10 7832005 
10 7 (fc 50540 
10 7028550 
10 - 822 () 0;58 
10-8522005 
1 ( 5-881 04 :M) 
1(5 0115315 
1(5 0410743 
10 0705(527 
17 (KH) 0 (KK) 
17-0203804 
17-0587221 

170880075 
17 1172428 
17-1464282 
17 - 1755(>40 
] 7 - 204 ( 5.505 

1723:50870 

17 - 2(520702 
■ 17 - 29161(55 
17-3205081 


0:507904 

0 - 31(5350 

( 5-324701 

(5:53:502(5 

6 341320 

0 340001 

0-357861 

0 - 3(50005 

01574311 

0-382504 

(5:50(K>7(5 

()-:508828 

0 ■ 10 () 0.">8 

( 5 - 41 . 7 (M »8 

(5 42:5158 

0 1312-255 

0-4:50277 

0 - 117 : 5 (*-» 

()- 155 : 51 .'» 

(i-l(S;5;50l 

( 5-471274 

0479221 

( 5-487151 
() 4050 (>.’ 
.02050 
'.10830 
‘.18834 
,'• 2(55 H» 
5 : 54 . 3.35 
.' 421 : 5:5 

5 IS H) 12 

(5 557072 

( 5 - 5 ( 5.'.415 
(>• 5731.30 
0-580841 
(5 5885:52 
(5500202 
(>■ 00:5854 
0 011480 
0-019100 
0 (i 2(>705 

0 034287 

0(»41852 
0-040390 
0 - 0500.30 
( 5 - 0(544 44 
0671040 
0 ( 570^520 
6 (580882 
0 - 004.329 


SUL'AREK, CURES, ANl) ROOTS. 


‘JO 


Number 

Square. 


Square Root. 

Cube Root- 

301 

90601 

27270901 

17*3493516 

6701759 

302 

91204 

2754:1000 

17-3781472 

67(H>173 

303 

91309 

27OI8I27 

17*40()H952 

6 710570 

304 

92410 

20094404 

17 4355958 

6 723951 

305 

9.3025 

20372025 

174042492 

6 731316 

300 

93030 

20052010 

17-4928557 

* 6 730665 

307 

94249 

20034443 

175214155 

6 745997 

30» 

94064 

29210112 

17-5499200 

6*75^313 

300 

05401 

2950*3020 

I7*570;iy50 

6 760()14 

310 

90100 

29791000 

17*6060169 

6*7(»7899 

311 

90721 

.30000231 

1703451921 

0775169 

312 

97344 

.30.371320 

17-6635217 

6 702123 

313 

O7O6O 

:10604207 

17-0910060 

6 709(561 

314 

00590 

.30059144 

177200451 

()7i!0004 

31;-) 

90225 

31255075 

17-7402:393 

(> 804092 

310 

90050 

31.5.54490 

17 77(i.3008 

6 011204 

017 

1(M)439 

31055013 

170044938 

6010462 

313 

101124 

:121571,32 

178:32.5545 

6025621 

310 

101701 

32401759 

17-8005711 

6*032771 

320 

102400 

327(>0(KH) 

l7f««r)4:30 

6*039904 

321 

10.3011 

.33070301 

17*9164729 

(>•047021 

322 

10:1004 

:i3:i0624.3 

17 944:?.504 

6 054124 

32:i 

104.32S) 

:i:i090267 

17-9722000 

6*061212 

324 

101970 

.34012224 

lO 00(KM)00 

6 0(J02(?5 

32r) 

10.’)025 

.34:120125 

10*02775((4 

6 075:544 

320 

100270 

.3404597(5 

10 0554701 

6*0(}2:300 

327 

10(i929 

349(55703 

100031413 

0 009419 

323 

107504 

35207552 

10 110770'3 

6 096435 

320 

100241 

.35011209 

101:10:1571 

6 00:54.36 

330 

1001100 

359:}7(M)0 

10* 1059021 

(5 910123 

331 

I00.)0l 

,30204691 

10*1934054 

6 917:396 

332 

110224 

36504360 

10 2200()72 

6 924,3.55 

.333 

iiomio 

3G9260;i7 

10 2402076 

6 931:301 

334 

111550 

37259704 

38*2756669 

6 930232 

.3:15 

112225 

37595375 

18:1030052 

6*94.5140 

a30 

112090 

37933056 

10*33().3020 

6*95.053 

a37 

113500 

.30272753 

30,3575598 

6 9.5{594:3 

.a33 

114214 

.30614472 

18 3047763 

6 965019 

.3.30 

114921 

.309.50219 

10 4119526 

6972603 

340 

11.5000 

:19.104600 

10 439(»009 

6 9795:32 

341 

110201 

.39051021 

10*46610,53 

6:90(;.360 

.342 

110904 

4(H)01600 

18*4932420 

6*993191 

343 

117049 

40353007 

10 5202592 

7*000900 

344 

lia330 

40707504 

10*5472.370 

7*006796 

345 

119025 

41003025 

10-.57417.56 

701.3579 

.340 

119710, 

41421736 

10 60107.52 

7*020340 

347 

120409 

41701923 

io*6279:i(;o 

7*027106 

343 

121104 

42144 ;92 

10(?547501 

7*0.33050 

.340 

121001 

42500549 

10*60] 5417 

7 <140.501 

.350 

122500 

42075000 

10 7002069 

7047298 








100 


ARITHMETIC. 


Number. 

Square. | 

Cube. 

351 

123201 ' 

43243551 

352 

12:1904 

43614208 

353 

124609 

43986977 

354 

125316 

44361864 

355 

126025 

447.S8875 

356 

126736 

45118016 

357 

127449 

45491)293 

358 

128164 

45882712 

359 

128881 

46268279 

360 

129)100 

46056(K)0 

361 

l;{0321 

47^4.5881 

362 

131044 

47437928 

363 

131769 

47ai2147 

364 

1:12496 

4H22a544 

365 

13:1225 

48627125 

366 

13:19.>6 

49027896 

367 

134689 

494:^0863 

368 

135424 

49a-t60:J2 

309 

136161 

5024:Mii9 

370 

i:i6i)(K) 

50653(MK) 

371 

137641 

51(K48J1 

372 

i:ia38-i 

5147^)18 

373 

i;i9129 

51895117 

374 

139876 

523i:i621 

375 

140625 

52734:t7i"» 

376 

141376 

5:ti 57376 

377 

142129 

5:i5826:i:i 

378 

142884 

51010152 

379 

143641 

544 : 199:19 

3f«) 

144400 

548720) K) 

3in 

145101 

55:106341 

382 

14;">924 

55742968 

:i83 

146689 

.5618ia{7 

384 

147456 

5662:1104 

385 

148225 

57)Ki6625 

386 

148996 

57512456 

387 

149769 

57960603 

388 

150544 

58411072 

389 

151321 

58863869 

390 

152100 

.59319000 

391 

152881 

59776471 

392 

1.53664 

60236288 

:i93 

154449 

60698457 

394 

155236 

61162984 

:i95 

15f)025 

61629875 

396 

156816 

62099136 

397 

157<!09 

62570773 

398 

158404 

ai))44792 

399 

1.59201 

63521199 

4(X) 

160000 

64000(KM) 


Square Root. Cube Knot. 

18-7341)940 7-054004 

18-7610630 7*060090 

18-7«)2942 7-067376 

18-8148877 7-074044 

18-8414437 7-080699 

18-8079623 7-087341 

18-8944436 7-093971 

18 9208879 7-l<H)588 

18-9472953 7-107194 

18- 9736660 7-113786 

19- 000(KK)0 7-120367 

19-0262976 7-12lH)36 

190525589 7-1.‘1^1492 

19-0787840 7-140037 

19-1049732 7-146569 

19-1311265 7-153090 

19-1572141 7-159599 

19 ia'13-261 7-166096 

19-2093727 7 172580 

19 2353841 7 179054 

19-2613(K)3 7185516 

19-2873015 7-191966 

19 3132079 I 7-198405 
19-.3.‘{90796 I 7-2048:12 
19-3649167 i 7-211248 
19 3JM17194 ! 7 217652 

19 4164878 ' 7-2-24045 

19 44-22221 7-2;J0127 

19-467922:1 7-236797 

19 49:15887 7-24:1156 

19-5192213 7 249504 

19 5448203 7*255841 

19570.'1858 7-262167 

19 5959179 7-268182 

19-6214169 7-274786 

l9-f>468827 7-281079 

19-6723156 7-287362 

19 6977156 7-2936:« 

19 7230829 7 299894 

19 7484177 7-306143 

197737HH.) 7-31238:1 

19-7989899 7-318611 

19 8242276 7-:'24829 

19.8494.132 7-3310:i7 

19-8746069 7-3:17234 

19-89i)7-187 7-:i4:i420 

19 9248588 7 349597 

19-9499373 7:1557(!2 

19-9749844 7361918 

20 OOCKMKM) 7:i(»8063 



SaUARES, CUBi:*, AMD ROUTS. 


101 


Niiiuber. 

Square. 

Cube. 

Square Root* 

Cube Root. 

401 

160801 

64481201 

200249844 

7-374198 

402 

161604 

64964808 

20 0499377 

7-380322 

403 

162409 

65450827 

30 0748599 

7-386437 

404 

163216 

65939264 

20 0997512 

7-392542 

405 

164025 

66430125 

20 1246118 

7-398630 

406 

164^1.36 

66923416 

201494417 

7-404720 

407 

165649 

67419143 

20-1742410 

7 410795 

408 

166464 

67911312 

201990099 

7*416859 

409 

167281 

68417929 

20 2237484 

7*422914 

410 

168100 

68921000 

2f)2484567 

7-428959 

411 

168921 

69426531 

202731349 

7-434994 

412 

169744 

699.34528 

20 2977831 

7441019 

413 

170569 

70444997 

20 3224014 

7-447034 

414 

171396 

701»57944 

20-3469899 

7-45.3040 

415 

172225 

7147:1.375 

20-371.5488 

7-459036 

1 416 

17.30.56 

71 IW)1296 

20-3960781 

7465022 

1 417 

173889 

72511713 

20 4205779 

7-470999 

1 418 

171721 

7.30346.32 

20-4450483 

7-476966 

1 419 

175561 

7:156(M)59 

20-4694895 

7-482024 

1 420 

176400 

74088(KH) « 

20-49:39015 

7-488872 

421 

177241 

74618461 

20-5182845 

7-494811 

422 

178084 

75151448 

20-542a386 

7-500741 

423 

178929 

7568t;967 

20-5660638 

7-506661 

424 

179776 

7(i225024 

20-5912603 

7-512571 

i 425 

180625 

7(;7()5625 

20-6155281 

7-518473 

1 426 

181476 

77308776 

20-a397674 

7-524.365 

; 427 

182329 

778544i« 

20 66:19783 

7-530248 

! 428 

183184 

78402752 

20-6881609 

7-5.36121 

1 429 

184041 

789.5.3589 

20712:31.52 

7-.541986 

i 436 

18490a 

79,507mM> 

20 7364414 

7-547842 

431 

18.5761 

800()2991 

20-7605:395 

7-5.53688 

432 

186624 

80({21568 

20-7846097 

7-559526 

43,3 

187489 

81182737 

20 8086520 

7-56.5355 

434 

imi.35G 

81746.504 

20 8326667 

7-571174 

435 

189225 

82312875 

20-8566536 

7-576985 

436 

190096 

82881856 

2088061.30 

7-582786 

437 

190969 

8.345:3453 

20 9045450 

7-688579 

438 

191844 

84027672 

20 9284495 

7594363 

439 

192721 

84604519 

20-9523268 

7-600138 

440 

193600 

851840(M) 

2O-976I77O 

7-605905 

441 

194481 

85766121 

21-0000000 

7-611662 

442 

195364 

86350388 

21 0237960 

7-617412 

443 

196249 

8693f«07 

21 04756.52 

7-623152 

444 

197136 

87528:384 

21 0713075 

7-628884 

445 

198025 

88121125 

21 0950231 

7-634607 

446 

198916 

.88716536 

211187121 

7-640321 

447 

199809 

89314623 

21 1423745 

7 646027 

448 

200704 

8991.5393 

21 1660105 

7-651725 

449 

201601 

90518849 

21 1896201 

7657414 

450 

202500 

91125000 

21-2132034“ 

7-663094 






A&ITUIIETIC 


lOS 


Number, 

Squaw. 

Cube. 

Square Root. 

Cube Root. 

451 

2(X3401 

91733a51 

, 21-2367606 

7-6(U1788 

452 

204304 

92345408 

21-2602<)16 

7'674430 

453 

205209 

92959677 

21-28:17967 

7(JtlO!)86 

454 

206106 

935/6664 

21 •30727r>8 

7685733 

455 

207025 

94196375 

21-3307290 

7*64)1372 

456 

207936 

94818816 

21-3541565 

741974)02 

457 

208849 

95443993 

21-37755J13 

77624525 

458 

2097fM 

96071912 

21-4(K)‘)346 

7-74182.39 

459 

210681 

96702579 

21*4242853 

7*713845 

460 

211600 

97^5000 

21-4476106 

7*719442 

461 

212521 

97972181 

21-4709106 

7*72.50:12 

462 

213444 

98611128 

21*494185,3 

7*7:104514 

4 <» 

214309 

99252847 

21*5174:148 

7 7.36188 

464 

215296 

998417344 

21-540<i;592 

77^1753 

465 

216225 

100544625 

21*56:18587 

7-7473] 1 

466 

217156 

101 ]946<H> 

21.5870:131 

7*752861 

.467 

218089 

101847563 

21*6101828 

7*758402 

468 

219024 

102503232 

21 6.3:1:1077 

7*7ftt4):i6 

469 

219961 

103161709 

21*6.564078 

7-74541462 

470 

220900 

103823fM^ 

21 6794i{.34 

7774980 

4 

71 

221841 

104487111 

21*7025.344 

7-780490 

4 

72 

222784 

1051.54048 , 

21*725.5610 

7-7854)9:5 

4 

73 

223729 

1051]23f{17 

21*74iJ56:i2 

7-74114457 

4 

74 

224676 

10644X1424 

21 7715411 

7-74X5974 

4 

75 

225625 

107171875 

21*79444)47 

7-84 ^2154 

4 

76 

226576 

107850176 

21*8174242 

7-8074)25 

4 

77 

227529 

1(X153133,3 

21 8403297 

7-81.338!) 

47« 

2284114 

1(H121,5352 

21*8(«21ll 

78188445 

479 

229441 

1091X>2239 

21 *8fl60f«i6 

7-82424)4 

480 

2304<M) 

1105920(X> 

21 ■90f?9023 

7-8297:15 

481 

231361 

111284641 

21*9317122 

7-8:15169 

482 

232324 

1119m) 168 

21*95444)84 

7'844).595 

483 

23,3289 

112678587 

21*0772610 

7-84(X)13 

484 

234254 

11:13794)04 

22*(XKXMX)0 

7*851424 

485 

2a5225 

114084125 

220227155 

7*8568241 

486 

2,36196 

114791256 

220454077 

7-862224 

487 

237169 

115501303 

22 06fl0705 

7*867613 

488 

238144 

116214272 

22 0907220 

7 872994 

489- 

239121 

116930169 

2211.3:1444 

7-878.368 

490 

240100 

117<i49(K>0 

22*1,354)4.36 

7-J1837.35 

491 

2a08l 

ntW7077l 

22 1.58i514)8 

7-889095 

492 

242064 

119095488 

22I8IO73O 

7-894447 

493 

24:W49 

1198231.57 

22*203(X)33 

7 899792 

494 

244036 

12f»5.53784 

22*2261108 

7-905129 

495 

245025 

121287375 

22*248.59,55 

7*914)460 

496 

246f)16 

1220239,3<i 

22*2710575 

791,5783 

497 

2470(M1 

122763473 

22-29344XJ8 

7-4)21100 

498 

248004 

12.3.505<)92 

22*31.591:36 

7-9245408 

499 

249(X>1 

I242514‘X) 

22 338:1079 

7-931716 

.'.5 

>00 

2.50000 

12.50(KK)00 

22*:i6(X;798 

7937005 








SQUAIIES) (UTBCn, and aOOTb. 


Number. Square. CuK*. ! Scjuare Boot. I Cube Root. 


2r>l<K>l 

2o2004 

2r>300SI 

2o4(>](i 

2:)5()2ri 

2r.fioat» 

2;'i7<>ll) 

2:>Hi''(’)j 

2:)‘)(wn 
2b*01(K> 
2ill2I 
202]14 
2()a]()l> 
2(;ii<Kj 
LM).>22:> 

! 

2t;72;{i) 

2<){{:i24 
2(iaa(;i 
27(M()<) 
271411 
2724111 
27a.'>2s) 
274:)7f) 
27.><>2.7 
27(>()7<> 
27772j) 
27H7H4 
27i*»41 
21!(»!»00 
2i;ll)t)l 
2{{3024 
2a4(»ai) 
285loG 
2«(>225 
28721)0 
288309 
289444 
290521 
291000 
292081 
293704 
294849 
295936 
297025 
298110 
299209 
300304 
301401 
302500 


125751501 
120500008 
127203527 
120024004 
1287870*25 
129554210 
130323843 
]3109(i5]2 
131872229 
]32«;5ir)(J0 
I3;]4.32a31 
134217728 
]3.%005097 
135790744 
I3(i590875 
I37388090 
138188113 
i;i8991Ji:i2 
139798359 
]40008(H)0 
M142070f 
142230048 
1430.75007 
113877824 
144703125 
145531.770 
j40;i(K1183 
H7197952 
i 148035889 
J48877(K)0 
149721291 
1505G87^>8 
151419437 
152273304 
153130375 
1539VH)050 
154854153 
155720872 
150590819 
157404(K}0 
158340421 
159220088 
1G0103007 
100989184 
161878025 
102771330 
163007323 
104500592 
165409?49 
166375000 


22-3830293 
22-4053505 
22 4270015 
22 4499443 
22-4722051 
22-4944438 
22-51(>()005 
22 5388553 
22 .701O2a3 
22-5831790 
22-00.73091 

228274170 

12 0495033 
22 <>715081 
22-0930114 
22 7150334 

22 7370340 

22-7590134 
22 7815715 

22- 80:i5<)a7 
22 8254244 
22 8473193 
22ai9J933 
22 8910403 
22 9128785 
22 934(«{99 
22 <)5(i4}}00 

22 9782500 

23- (KKKKK)6 

23 0217289 

230434372 

23-0051252 
23 0067i)28 
23-1084400 
23 1300670 
23 1510738 
23 1732005 
23 1948270 
23 216,3735 
23 2379l¥)l 
23-2594007 
23 28081)^5 
23 3023004 
233238070 
23-3452351 
23-3000429 
23 3880311 
23-4093998 
23 4307490 
23 45207J18 


7*042293 
7 947574 
7 952848 

7 958114 
7*90.3374 
74KJ8027 
7-973873 
7-979112 
7-984344 

7- 989570 
7*994788 
8*000000 

8- (M<5205 

8 010403 
8015595 
8<»20779 
8-025957 
8 031129 
80,3e>293 
8041451 
8040003 
8-051748 
8 05(i88(J 
8-0<)20J8 
8 0<)7143 
8-072262 
8077374 

8-082480 

8O87579 
8O92072 
8O97759 
8-102839 
8107913 
8*112980 
8*118041 
8123096 
8-128145 
8-1.33187 
8138223 

8-14:1253 
8*148270 
8 15,3294 
8-1.58305 
8-103310 
8-108309 

8173302 
8-178289 
8-] 83260 
8 188244 
8*193213 









ARITHMETU’. 


Number. 

Square. 

Cube. 

Square Root, 

551 

:4o:46oi 

16721141.51 

23-47a3892 

552 

:104704 

168196608 

23-4946802 

55:4 

305809 

169112377 

2,3-51.50520 

554 

306916 

170031464 

23-.537204(i 

555 

308025 

1709.53875 

23-5.584380 

5.56 

309136 

171879616 

2:35796522 

657 

310249 

172808603 

23-6(M 18474 

558 

311.364 

173741112 

23-62202.36 

659 

3i2481 

174676870 

2.3 64:31808 

560 

313600 

17,5616000 

2:3-6(543101 

561 

314721 

17^5.58481 

23 (5854:386 

562 

,315844 

177504:328 

23 7065:302 

563 

316969 

178453.547 

28 7-276210 

564 

318096 

170406144 

23-748(51512 

565 

319225 

18036212.5 

23760728(5 

566 

320356 

181321400 

23-7907545 

667 

321489 

18228426.3 

23-8117(518 

.568 

322624 

1832.50432 

23 8327506 

569 

323761 

184220000 

23-85372(H) 

570 

324900 

185193000 

23-8746728 

571 

320041 

186160411 

23 80.5(506.3 

572 

.327184 

187140248 

23-91(5.5215 

573 

328329 

18i31,325l7 

23-0374184 

574 

.320476 

180110224 

2:3-9.>8-2071 

575 

3:30625 

UK)10i»:375 

2:30701.57(5 

676 

a31776 

191102076 

24()0<KKHK> 

577 

;332029 

19210{H>:3:3 

24(»20824;3 

578 

:3:34084 

193100552 

24-041(5:30(5 

570 

.335241 

104104530 

24-0621188 

580 

336400 

195112000 

24 0(3:31802 

581 

337561 

106122041 

24-10:30116 

582 

338724 

107137.368 

24-1246762 

6a3 

3:39889 

1981.5.5287 

24 14.5:3029 

584 

341056 

199176704 

24-1(560919 

585 

342225 

200201625 

24-18(577-32 

586 

.343396 

2012,3(X)56 

24 2074:369 

587 

344569 

202262003 

24 2280829 

588 

.34.5744 

20.3207472 

24 2487113 

.589 

346921 

204,336469 

24 2693222 

590 

.348100 

205375KM»0 

24 28901.56 

591 

.349281 

20642.5071 

243104916 

592 

.350464 

207474(388 

24:3310501 

59:1 

.35H349 

208527857 

24,3.51.5913 

594 

352836 

209584584 

24-37211.52 

595 

354025 

210644875 

24 3926218 

.596 

3.55216 

211708736 

24-4131112 

597 

356409 

212776173 

24-4,33.5a34 

508 

3.57604 

21.3847192 

24 4540385 

599 

a58801 

214921799 

24-4744705 

600 

360000 

2160(KK)00 

24-4948974 


Cube Hoot. 
« 198175 

a-2<m82 
8218027 
82171W>(> 
8-2228WI 
8-227825 
8282740 
8-287001 
8-212571 
8247474 
8 252871 
8-25720:1 
8-202 llU 
8-2(i7029 
8 271001 
827077:1 

8 281 <i;i5 
8280408 
8-201:144 
8 200100 
8:101030 
8:t058(>5 
H:11(M>04 
8-: 115517 
8-82t»:i:i5 
8-825147 
8:1211054 

8:1:14755 

8-:i; 105.51 
8:iii:i4i 
8 810120 
8-85:1005 
8:158078 
8 80.1440 
8:i08200 
8':172007 
8:177710 

8-.'182405 

8-887200 

8-801042 

8-;i00073 

8-40i:498 

8-400118 

0-410833 

8-41.5542 

8-420240 

8-424945 

8-420638 

8-434:127 
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Number. 

Squan 

Cul»e. 

601 

361201 

217O8 UK) J 

602 

362404 

218167208 

603 

36.3609 

219256227 

604 

364816 

22a348864 

005 

.3f>6025 

221445125 

606 

367236 

222545016 

mi 

368449 

223648543 

608 

369064 

224755712 

6(K) 

.370881 

225806529 

610 

372100 

220* >81000 

Oil 

373321 

228f)9913] 

612 

374544 

229220928 

613 

375709 

2.30346.397 

614 

376996 

231475544 

615 

378225 

23260a375 

616 

379450 

2,‘13744896 

617 

.380681) 

2.34885113 

618 

.3fn924 

236029032 

619 

.383161 

237176659 

020 

384400 

238328000 

621 

.385641 

239483fK;i 

622 

il86}M14 

24f)641848 

623 

388129 

241804367 

624 

.389.370 

212f)70624 

625 

390(525 

244140025 

626 

.391876 

245314.376 

627 

.393129 

24649J883 

628 

3.94384 

247073152 

629 

.39.5641 

248858189 

630 

396900 

250047000 

631 

398161 

251239591 

6.32 

399424 

252435968 

633 

400689 

253636137 

634 

401956 

254840104 

635 

403225 

256047875 

636 

404496 

257259456 

037 

405769 

258474853 

638 

407044 

259694072 

639 

408:121 

260917119 

640 

409600 

202144000 

641 

410881 

263374721 

642 

412164 

264609288 

643 

413449 

265847707 

644 

414736 

267089984 

645 

416025 

268336125 

646 

417316 

269586136 

647 

418609 

270840023 

648 

419.904 

272097792 

649 

421201 

273359449 

050 

422500 

274625000 


VOL. I. 


Square Root. CuIk? Root. 

24-5153013 8431)010 

21*5356883 8 443688 

2455605^3 8*448360 

24*5764115 8-453028 

24-5967478 8 457691 

24 6170673 8 462348 

24-6373700 8 467000 

24-0570560 8 471647 

24*6770254 8-476289 

24-6981781 8-4fl0926 

24-7184142 8-485558 

24-7386338 8*490185 

24-7588368 8 494806 

247700234 8-499423 

24-7991935 8-504085 

24*8193473 8-508642 

24*8394847 8-513243 

24-8596058 8-517840 

24-8797106 8-522432 

24 8997992 8-527019 

24*9198716 8-531601 

24*9399278 8-536178 

24-9599679 8*540750 

24- 9799920 8-545317 

250000000 8-549879 

aj0199920 8-554437 

25- 0399681 8-558990 

25*0599282 8 563538 

25-0798724 8-568081 

25 0998008 8-572619 

251197134 8-577152 

251396102 8 581681 

25*1594913 8-586205 

25 1793566 8-590724 

25-1992063 8-595238 

25-2190404 8-599747 

25-238a589 8-C04252 

25*2586619 8-608753 

25 2784493 8-613248 

25*2982213 8-617739 

25-3179778 8 622225 

25*3377189 8 626706 

25*3574447 8-6311^3 

253771551 8*635655 

25*3968502 8*640123 

25-4165301 8*644585 

25*4361947 8*649044 

25*4558441 8*653497 

25-4754784 8 657946 

25-4950976 8 662391 . 



Number. Square. 



<554 

055 

656 

657 

658 
650 
660 
661 
662 

663 

664 

665 

666 
0(57 
668 

669 

670 

671 
<572 
673 


676 

C77 

078 

670 

680 

(581 

682 

68:1 

(584 

(585 

686 

687 

688 

689 

690 
091 

692 

693 

694 

695 
69(5 

697 

698 

699 

700 


42,3801 

425104 

426409 

427716 

429025 

4:30336 

4.31649 

432964 

434281 

435600 

436921 

438244 

430569 

44089(5 

442225 

44:155(5 

444889 

446224 

447561 

448900 

450241 

451584 

452929 

454276 

455625 

45(5976 

458329 

459(584 

1(51041 

4624(H) 

46:5761 

4(55124 

4(56489 

467856 

469225 

470596 

471969 

473344 

474721 

476100 

477481 

478864 

480249 

481636 

483025 

484416 

485809 

487204 

48H(K)1 

490(XK) 


275894451 

277167808 

27844.5077 

27972(52(54 

281011.375 

282,300416 

283593393 

284890312 

286191179 

287496000 

288(504781 

290117^528 

291434247 

292754944 

294079625 1 

29540829(5 

2907409(5:5 

298077(582 

2.Q9418.309 

:3fK)7(530(K) 

.302111711 I 

30:5464448 { 

304821217 

306182021 

307546(570 

308915776 

3102(5878:5 

,3116(5.57.52 

31:504(58.89 

314432000 

,31,5821241 

317214.5(58 

318(5119(57 

:32(K)13504 

.321419125 

.322828(556 

324242703 

32566(M572 

.327082769 

328509000 

.329939371 

:33i:57.38(58 

332812557 

,3342.55384 

a35702375 

a37153580 

33860(5873 

34006(5392 , 

341532099 

.34300(KHK) 


Square Root. 


25-5147016 
25 5,342907 
255.538(547 
25 5734237 
25-5929(578 
2561249(59 
25 0320112 
25-0515107 

25 670995.3 
25 6904f)52 
25-7(H)9203 
25 72():5(K)7 

25 7487(5(54 

2.5- 7t5(il!(7** 

2.5- 78759:59 
25-80(59758 

2.5- 82(5:54:51 

2.5- 84.5(5960 
25-({(i.50;5 43 

2.5- (5(5 4:55(52 
i 2.5-90.5(5(>77 
{ 2.5-9229628 

25-94224:55 

2.5- 9615100 

25- 9M07()2l 
2(50(K>(MM»0 
2(5(>1922:57 
2(5 0:5(54.5:51 

26- 957(52(54 

26 ()7(5«(M)(5 I 
2(5-09597(57 
2(51151297 
26-1342(587 

26 15.3:59:57 
2(5-1725047 
2(5-191(5017 
26-2106848 
2G-2297r>41 
2(5 24(58095 
2(5-2(578511 
20 2(568789 
26-3058929 
26-3248932 
26-3438797 
26-3628527 
26-3818119 
26-4007576 
26419(5896 
I 26-4386081 
I 26-4575131 


8-666831 
8(571266 
8-675(597 
8680124 
8-6fM546 
8 6(58963 

8-09:5:476 

8(5977154 

(5702188 

(5-70(5587 ^ 

8-710(56.3 

8715:576 

8-710759 

(5-724141 

8-728518 

8 732(592 

8-7:572(50 

(5 741(524 

(5 71.‘*985 

8-7.‘»o:54o 

(5 754(591 

(5 7590:545 

8 7(53:581 

(5-7(57719 

8-772053 

8-77(5:58.3 

45 78(»708 

45-785(429 

8-7«i».34(5 

45-79.36.59 

8 7979(58 

8-4502272 

8 80(5572 

881045(545 

8 815160 

8-819447 

8-823731 

8-8245009 

8 a3228r> 

8-a36.556 

8-840823 

45-84.5085 

8-849344 

8-853598 

8-857849 

8-862095 

8-866a37 

8-870576 

8-874810 

8(579040 
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NiiinlMT. S(jurtro. I Cul>e. I Square Root. Cube Rout. 


491401 

492004 

494209 

49r>(>]0 

49702.5 

4904.S« 
499049 
,501204 
rj02(J01 
5041(K) 
.50.5.521 
.50()9i4 
5000(59 
.50979(5 

51122.5 
512(5.50 
511009 
51.5,524 
51(59(51 
.510400 
519011 

I .521204 
i 522729 
I .521170 
i .525025 
I 527070 

i 520529 
' 529904 
i .501441 
.502900 
.5.0100] 
5;’,5024 
507209 
5.0075(5 
.510225 
511090 
51.0109 
.544(544 
540121 
547(500 
549001 
550.504 
552049 
55.0530 
555025 
.550516 
55B009 
559504 
5(51001 
502.500 


344472101 

34.59400158 

347428927 

.340913004 

3.50402(525 

.3.5189.5010 

353.393243 

354894912 

3.5f54(K)029 

357911000 

3594254.31 
.3(5(5944128 
3(524(57097 
.3(53994344 
3(55525875 
.307001(59(5 
3(58(501813 
37014(5232 
371(5949.59 
3732480{K5 
.3748053(51 
37(>.3(57018 
.3779,330(57 
379503424 
38107812.5 
382(55717(5 

.384240.58.3 
38.58283.52 
38742(?489 
389017(>(K) 
.390(517891 
3922231()8 
3938328,37 
39544(5904 

3970(5.5375 

398(51582.5(5 

40031.5.55.3 

401947272 

4035a34l9 

4()5224(K)0 

400809021 

408518488 

410172407 

411^40784 

413493025 

4151609.30 

410832723 

41850891)2 

420189749 

421875000 


204704040 

204952820 

20*5141472 

205.329988 

20,55183(51 

20*5700(505 

20 5894710 

20 0082(594 

2(5(5270539 

2(5 04,58252 

2(5-0045833 

2(5-(58.33281 

207020598 

2(5?207784 

2(5*7391839 

2(5*7->81 7(5,3 

2(5*77(58.5.57 

2079.5.5220 

2(5-81 117.54 
20-8:528157 
20 8514-132 
20-8700.577 
2(5-888(5.59.3 
2(5-9072481 
• 2(5*9258240 
2(5-9445872 
2(5*9029.375 
2(5*9814751 
27*(H)(H)0<X) 
27*0185122 

27*0370117 

27*0554985 

27*0739727 

27*0924344. 
27*11088.34 
27*12931 IH) 

271477439 

27-1(501554 

27*1845544 

27*2029410 

27*22131.52 

27*2390709 

272580203 

27*2763(534 

27-2940881 

27-3130000 

27*3313007 

27*3495887 

273678044 

27-3861279 


8-8a3200 

8(587488 

8-891706 

8895920 

8-900130 

8-904330 

8*90(5538 

8 912737 

8*910931 
8*921121 
8'925308 
8*929490 
8*933608 
8937843 
8*942011 
8*94(5181 
8*9.50341 
8*95450.3 
8*9.58().")« 
(J-9(52809 
8-9(5(5957 
8*971101 
8*975240 
8*97937(5 
(5 98,3509 
8*987(537 
8-9917(52 

8- 9958a3 
9*0000(M) 

9- (H)41l3 
9*008223 
9*012328 

9 01(5431 
9*020529 
9 024024 
9*028715 
9 03280-2 
9*03(58(5(5 
9 0409(55 
9*045041 
U049114 
9-053ia3 
9*057248 
9001310 
9*005.307 

9 069422 

9073473 

9*077520 

9081563 

908500:3 
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ARI 1 IIM I'.Tlt . 


Number. 


7 r>i 

752 

753 

764 

755 

756 

757 

758 

759 

760 
761 
7()2 
763 
76^1 

765 

766 
767 

76tl 

769 

770 

771 

772 

773 

774 

775 

776 

777 

778 

779 

780 
781 
782 

783 

784 
7115 
786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

I 


Square. Cube. Square Root. Cube Hoot. 


564001 423564751 274043792 

565504 425259008 27*4226184 

567009 426957777 27*4408455 

568516 428661064 27*459(M104 

570025 430368875 27*4772633 

571536 432081216 27*4954542 

573049 433798093 27*5136330 

574564 435519512 27*5317998 

576081 437245479 27*5409546 

577600 438976000 27*5tJ80975 

579121 440711081 27*5802284 

580644 442450728 27 6043475 

582169 444194947 276224546 

583696 445943744 27*64054m> 

585225 447097125 27*6586334 

586756 449455096 27*6767050 

5m{289 451217663 27*6947648 

589824 452984832 277128129 

591361 454756609 27*7:108492 

592900 45653;3<KK) 27 74tl8739 

594441 458314011 27*76(>}18()8 

595984 460099648 27*7848880 

597529 461889917 , 27*8028775 

599076 463684824 27*8208555 

600625 465484375 27-83»?218 

602176 4672118576 27*6567766 

603729 469097433 276747197 

605284 470910952 27*8926514 

606841 472729139 27*9105715 

608400 474552000 27 9284801 

609961 476379541 279463772 

611524 478211768 27*9642629 

613089 480048687 27*9821372 

614656 481890304 28*0000000 

616225 483736625 28 0178515 

617796 485587656 28 03515915 

619369 487443403 280535203 

620944 489303872 28*0713377 

(522521 491169069 28 0891438 

624100 493039000 28*10693^5 

625681 494913671 28*1247222 

627264 496793088 28*1424946 

62(11549 498677257 28*1602557 

630436 50a566184 28*1780056 

632025 602459875 28*1957444 

6^3616 604358336 28*2134720 

635209 606261573 28*2311884 

636804 508169592 28*2488938 

a38401 510082399 28*2665881 

640(XK) 512000000 28*2842712 


9*089^39 
9*093672 
9(597701 
9*101726 
9*105748 
9 1(59766 
9*113781 
9117783 
9121801 ^ 
9 1258(55 
9*129806 
9*133803 

9137797 

9*141788 
9145774 
9149757 

9*153737 

9157714 
9*1 <>1686 
9 1 (i56r)r> 

9* 1(59622 
9173585 
9*177544 
9*1815(5(5 
9*1155453 
9*189402 
9*193:^47 
9 11572159 
9 2(51229 
9 2(55164 
92(5l5(59(i 
9 213025 
9*216950 
9220873 

9*224791 
9*228707 
9 232619 
9*237528 
9 240433 
9 244335 
9*248234 
9*252130 
9 256022 
9*259011 
9 263797 
92(>7680 

9*271559 

9*275435 

9*279.308 
9*283178 
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inibcr. Square. Cube. 1 Square Hoot. Cube Root- 

fiOl 011001 513922401 28-3019434 9-287044 

(«>2 043204 515849008 28-3190045 9-290907 

8(X3 044809 517781027 28a372540 9-294707 

804 (y04ie 519710404 28-3549938 9 298624 

805 048025 521000125 28-3725219 9-302477 

800 (J49030 5230(Ki010 28 3901391 9 300328 

807 051249 525557943 28-4077454 9-310175 

808 052804 527514112 28 4253408 9-314019 

809 051481 52<»475129 28 4429253 9 317860 

810 050100 5314410(X) 211-4004989 9-321697 

811 057721 533411731 28-4780617 9-325532 

812 ()59:i44 53538732f{ 28-495G137 9-329363 

813 ()009(K> 5373G0797 285131549 9-333192 

814 0025110 539353144 28-63Q«i52 9 3:17017 

815 (»01225 541343375 28-5482048 9-340838 

810 0(;5850 54^338490 28-5057137 9 344067 

817 0(J7489 545:i3«513 28-5a32119 9-348473 

818 009124 547343432 28-fiO(H»91« 9-352280 

819 (570701 549353259 28 0181700 9:55(K595 

820 0724(K) 551308000 28 0350421 9 359902 

821 074041 55a387(>01 28-05:10976 9 3(53705 

822 075(>({4 555412248 28-6705424 9-3(57505 

823 (577:129 557441707 28-68797O6 9 371302 

824 07897(5 559470224 28-7054002 9 375090 

825 (580(525 501515025 28 7228132 9-378887 

820 082270 563559970 28-74()2157 9-382075 

827 0a3929 5(1*5009283 28-757(5077 0:i804(>0 

828 (585584 5070(53552 28-7749891 9 390242 

829 (587241 5(59722789 28 7923001 9-394020 

a*50 088!K)0 571787000 28 ({097200 9:197790 

831 0lH»501 57:18501iU | 28-8270700 9 4015(59 

832 (592224 575930:1(58 i 28-8444102 9-405339 

ai:! (593({89 578009r>37 28-8017394 9-409105 

8:14 095550 580093704 28-8790582 9-412369 

a‘15 (597225 582182875 28-8903600 9 41(5(530 

8:i0 (598({90 58427705(5 28 913(>()4(» 9 420387 

a37 7({0.>(59 580370253 28-9309523 9-424142 

8:i8 702244 588480472 28-94(]2297 9-427894 

ai9 703921 590589719 28-9054907 9 431642 

840 705000 592704000 28-9827535 9-435388 

841 70728I 594823321 29-0(M)0000 9-439131 

842 708004 69(5947088 29*0172303 9-442870 

843 710049 55)9077107 29-0344(523 9-44(5007 

844 712a36 601211584 29-051(5781 9-450341 

845 714025 603351125 29-0088837 9-454072 

846 715718 005495730 29 08(50791 9-457800 

847 717409 6O7O45423 29-1032044 9 4(51525 

848 719104 6(H)8(M)192 29-1201396 0-4(»5247 

849 72O8OI Cll‘)(50049 291370046 9 4(5896(5 

4550 722500 014125000 29-1547595 9-472082 
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arithmetic. 


Number. 


S.^uarc. 


Cube. 


Oal 
fi5*2 
053 
{154 
{J55 
{J50 
S 57 
858 
850 
8 €iO 
861 
86*2 
863 
8fl4 

865 

866 

867 

868 

869 

870 

871 

872 

873 

874 
975 
{J76 
877 
{J78 
{579 

mo 

881 

{{82 

im 

m4 

8115 

mo 

{{87 

888 

889 

890 

891 

892 

893 
804 
{{95 
{{96 
897 
{{{)8 

899 

900 


724291 
725«)04 
727C>09 
729316 
731025 
732736 
734449 
736164 
737{{81 
739600 
741321 
743044 
744769 
74(>496 
748225 
7491»56 
751 (U{9 
753424 
755161 
756900 
758()41 , 
7603{{4 I 
76212<) ; 
763{{7<>! 
7(i5(>25 
767376 
7{ 59129 
77011B4 
772641 
7744(K) 
776161 
777924 
779689 
781456 
783225 ' 
784996 
786769 
7{{{{544 
790321 
792100 
7938{{1 
795(564 

797449 

799236 
{M)1025 
802816 
804609 
{U)0404 
{K)8201 
810006 


616295051 

618470208 

620650477 

022{{:{5{{64 

62502(v175 

627222016 

629422793 

631628712 

63:1839779 

6:i6056(K)0 

63{{277381 

6405(W928 

(>42735(547 

644972544 

6-47214625 

649461896 

6517143(53 

653972032 

6562:{4909 

65850:{(K>0 

(5()0776-31 1 
1 6(«05484}{ 

; ()6r>338(>17 
667027624 
j (56992187;’* 
67*2221:576 

674.V261:{3 
i 676836152 
: 6791514:59 
I (581472000 
; 68:5797841 
686128968 
i (5{{8465387 
I (KK){{07104 
! (593154125 
69550(545(5 
(;97{{(>41()3 

700227072 

702595369 

7()4969(HM> 

707347971 

709732288 

712121957 

714516984 

71691737'"> 

719323136 

721734273 

724150792 
726572699 
729000000 


Square Root- 

291710043 
29 1890:{90 
29 20(51 (Kl? 

29 2232784 
29*240:5{{30 
29 2574777 ' 
29-2745623 
29 291(>:570 
29:50{{7018 
29:5257566 
29 3428015 
29 3598:565 
29-376{{61(» 
29*:59;58769 
29-410882:5 
29-4278779 
29 444{U>:{7 
29 4(518:197 
29 - 47{{{{059 
29-4957(524 
29-5127091 
29-529(5161 
29 54(557:54 
29 56:54910 
29-580:{989 
‘ 29597 ‘ 297'2 
29 61411558 
29 6:51(t(548 
29 (5470:5‘25 
29 (>(54 7 9 39 
29-6{{16442 
29 (>9{{4848 
29-7153159 
29-7:{2i37r> 
29-7489496 
29-7657521 
29 7825452 
29-7993289 
2981(510:50 
29*8328(578 
29-11496231 
29-8663690 
29-8831056 
29 8998:528 
29-9165500 
2993325/91 
299499583 
,29 9n(i6481 
29-9833287 
30(KK)0000 


Cube R«)ot. 

9-476395 

9 480106 

0-48:5813 

9-487518 

9-491220 

9-494919 

9-498615 

9-502308 

9-505998 

9-509(585 

9513370 
9-517051 
9 5207:50 
9-52440(i 
9528079 

9-531749 

95:55417 

9 5:{<Hi{{2 
9-542744 
954(>40:{ 

9 .■).>0()59 
9-5,'>:{7]2 
9 .■i57:56:{ 
9-5(>10l I 
9 5()4656 
9-56i{298 
9-5719:58 
9 575574 
9 5792O8 
9-582{{40 
9 5J56468 
9-5<KK)94 

959:5716 

9597:5:57 

9-(J00955 

9-604570 

9(i08182 

9 (ill791 

9 615:598 

9(;i{H«)2 

9622(503 

9-62(5201 

9-629797 

9633:590 

9(53(5981 

9-640569 

9-644154 

9 647737 

9-651316 
9 654894 



SUl.'AICKs, CJBES, AND ROOl S. 


Ill 


Square Root. Cube Root. 


8186(14 
81ii4(H) 
817^16 
818625 
8208,86 i 
822648 i 
824164 ! 
826281 
828100 
828.821 ! 
881744 i 
8.18568 : 
8,85,886 , 
887225 ! 
8i8(»56 
840888 , 
J542724 : 
}M45(>1 ! 
8464(K) ; 
8*48241 ! 


8.5(M>84 7 

851828 7 

8.5;{776 7 

I 155562.1 7 

1 857476 7 

' 858:i28 7 

I 861184 7 

i 86.8041 8 

i 8648(K) 8i 
' 866761 8 ' 
868624 8 
870488 8 

872856 8 

874225 8 

876086 
877868 
878844 
881721 
8a8(K)0 
tUi5481 
1«17364 
889248 
881136 
883025 
89491(4 
886809 
888704 
800601 
802500 


731432701 
733870808 
736314327 
7.38763264 
741217625 
74.3677416 
746112643 
74861:1.312 
751088428 

75.3.571000 

7.560580.11 
758550528 
7610484‘>7 
76.3.551844 
766O6O875 
768;575286 
77108.5213 
77;i62o6;{2 
7761515.58 
778<«18fM)0 
781228861 
78.3777448 
786;i.3oj<)7 
788888021 
7814.5.3125 
784622776 
7865,6788:1 ! 
788178752 
80176.5088 
8O4.3570OO 
806854481 
808557568 
8121662.37 ' 
814780504 

817400375 

820025856 

822656853 

82529.3672 

82783(H)18 

8:40584000 

8^3237621 

835886888 

838561807 

841232:184 


843808625 

846580536 

84927812.3 

851871382 

854070348 

^57375000 


3001G6620 
:i00.333148 
30(»49<K584 
300665928 
30 0832178 
.30 (H)88:i38 
:10 1164407 
301.3.30:183 
301486268 
30166206.3 
30 1827765 
3 ( 5 - 189.3:177 
:10-2158888 
30 2324328 
30-2488668 1 
.30 2654818 ] 
:i0-2820078 i 
:10 288.5148 i 
30,3150128 ! 
:i0-.3.315018 ■ 
30.347.0818 
:i0 3644528 
.30.3808151 
:i0.387.3683 ! 
,30 41.38127 ' 
:10-4.302481 
,30 4 16(5747 
.30-46.30824 
.30 4785t)l,3 
.30-4958014 
30 5122826 
30 o2867i>0 
30-5450487 
.30 56141:16 
30-5777687 
30-5841171 
.30-6104557 
.30 62(>7«57 
.30-6431068 
.30 6584184 
3O67572.33 

.30-6820185 
30 7083051 
:-0-7245a30 
30-7408523 

30-75711:40 

.30-7733651 
30-7396086 
.30 8058436 
30-8220700 


9658468 

9-662040 

8-665609 

8- 668176 

9- 672740 
9-676302 
8-678860 
9-683416 
9-686870 
8'690.521 
8-694068 
8-697015 
8-7011.58 
8-7()4(>88 
8 70(5237 
8-711772 

8-7ir>30.5 

8-71({8.35 

8- 722:56:4 

9- 725888 
8 728411 
8 7.32831 
8-7:4(5448 
8-73886:4 
8-74347(5 

8- 746886 
8 750483 

9- 753988 
8-757500 
8 761000 
8-764487 
8 767882 
8771484 
8-774874 

8- 778462 

9- 782846 
8 785429 
{)-7889G9 

8 782386 

8- 795861 

9- 788334 

8- 802804 

9- 806271 
8-809736 
8-813189 

8- 816659 

9- 820117 
882.3572 

8-827025 

9 8.30476 







AiirniMiiTio. 




XiinibiT. 

Square. 

Cube. 

Square Root. 

Cube Root. 


904 401 

860085351 

30*8382870 

9*8.33924 

im 

iH)6304 

862801408 

30*8544972 

9*837309 

1)53 

908209 

865523177 

30*8706981 

9*840813 

1)54 

910116 

868250664 

30-8868904 

91144254 

955 

912025 

87098387‘» 

.30*90:10713 

9*847092 

95ti 

913936 

873722816 

30 9192497 

9*a51128 

957 

915849 

876467493 

30 9:154106 

9*851502 

958 

917764 

879217012 

.30 95157.51 

‘)’857993 

959 

919681 

88I974079 

.3f) 9677251 

9 8(>1422 

9fi() 

921600 

8847:Ui0tK) 

.30*J)8:i86(W{ 

9*86484{! 

9(il 

92:1521 

887503681 

.31 0000(M>0 

9 868272 

m 2 

925444 

890277128 

31*0161248 

9 871694 

9 tl 3 

927369 

893056347 

31*0322413 

9 875113 

964 

929296 

8J)5841344 

.31*048:1494 

9*8785,30 

9(>5 

931225 

81)86:12125 

31*0644491 

9*881’)45 

96() 

9:i3156 

901428696 

31*0805195 

9*885:157 

967 

9:i,-|(>89 

90123106:1 

3l*09fk>2:i6 

9*888767 j 

9f>8 

9:17021 

907039232 

3M126984 

9*892175 { 

969 

9:J8961 

90985:i2(H) 

31*1287648 

9*895580 j 

970 

910900 

9l2673fKH) 

31*1118230 

i:*:i9898:i 

071 

942841 

915498611 

31*160872*) 

9*902:18:1 

972 

914784 

918330048 

31*1769145 

9-905782 

973 

916729 

921167317 

31-1929170 

9-909178 

974 

948676 

924010424 

:ii 20f{97;il 

9-912571 

975 

950625 

926859370 

31-221i)990 

9*i)159<;2 

976 

952576 

929714176 

31*249i)987 

9*919.351 

977 

954529 

9325748.13 

31 2569992 

9*9227:18 

978 

956484 

935441:152 

31*2729915 

9-926122 

979 

958441 

93831:1739 

.31*2889757 

9-929504 

980 

9<J0400 

941192000 

.31*3049517 

9*932884 

981 

962361 

944076141 

.31*3209195 

9 9.36261 

982 

964324 

946966168 

31*:i.36({792 

9-9:19636 

983 

966289 

949862087 

.31 :i52}s308 

9*9-13009 

‘H{4 

968256 

95276:1904 

31*.3«17743 

11-l)4a380 

985 

970225 

955671625 

31*3847097 

0 949748 

986 

972196 

9.58585256 

31*4006369 

9*953114 

987 

974169 

961504803 

.31*416.5561 

9*956477 

988 

976144 

964430272 

31 4.324673 

9*9:)98.39 

989 

978121 

907361669 

.31*14^3704 

9*96,3198 


980100 

970299(K)0 

31*4642654 

9*9665.55 

991 

982081 

973242271 

31*4801525 

0*969909 

992 

984064 

976191488 

,31*4960315 

9*973262 

993 

986049 

979146fi57 

31*5119025 

9*976612 

994 

988036 

982107784 

.31 *.52776,55 

9*979960 

995 

990025 

985074875 

,31-5430206 

9*983305 

1H)6 

992016 

988047930 

31 *5.5946:77 

9*986649 

997 

i)<)4009 

001026973 

31*575.3068 

9*989990 

998 

996004 

994011992 

.31 5911380 

9*99:1329 

999 

9<)8001 

997002999 

31*6069613 

9*996066 


lOflOOOO 

lOfKlOOOOOO 

31*6227700 

10*000000 
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OF RATIOS, PROPORTIONS, AND PRO¬ 
GRESSIONS. 

Numbkus arc compared to each other in two different 
ways: the one comparison considers the difference of the two 
numbers, and is named Arithmetical Relation; and the dif¬ 
ference sometimes the Arithmetical Ratio; the other con¬ 
siders their quotient, which is called Geometrical Relation ; 
and the quotient is the Geometrical RSitio. So, of these two 
numbers 6 and 3, the difference, or arithmetical ratio is 
6 — 3 or 3, but the geometrical ratio is ^ or 2. 

There must be two numbers to form a comparison. the 
number which is compared, being placed first, is called the 
Antecedent; and that to which it is compared, the Con¬ 
sequent. So, in the two numbers above, 6 is the antecedent, 
and 3 the consequent. 

If two or more couplets of numbers have equal ratios, or 
equal differences, the equality is named Proportion, and the 
terms of the ratitjs Proportionals. So, the two couplets, 4, 2 
and 8 , 6 , arc arithmetical proportionals, because 4 — 2=8 
— 6=2; and the two couplets 4, 2 and 6 , 3, are geome¬ 
trical proportions, because ♦■ = ^ — 2 , the same ratio. 

To denote numbers as being geometrically proportional, a 
colon is set between the terms of each couplet, to denote their 
ratio; and a double colon, or else a mark of equality, between 
the couplets or ratios. So, the four proportionals, 4,2,6, 3 
are set thus, 4 : 2 :: 6 : 3, which means, that 4 is to 2 as 6 
is to 3; or thus, 4 : 2 = 6 ; 3, or thu.s, ♦. = |, both which 
mean, that, the ratio of 4 to 2, is equal to the ratio of 
6 to 3. 

Proportion is distinguished into Continued and Discon¬ 
tinued. When the difference or ratio of the consequent of 
one couplet, and the antecedent of the next couplet, is not 
the same as tiic common difference or ratio of the couplets, 
the proportion is discontinued. So, 4, 2 , 8, 6 , are in discon¬ 
tinued arithmetical proportion, because 4 — 2 = 8 — 6=2, 
whereas 8 — 2=6: and 4, 2, 6 , 3 are in discontinued geo¬ 
metrical proportion, because | = | = 2, but | = 3, wliicli is 
not the same. 

But when the difference or ratio of ever^ two succeeding 
terms is the same qaantity, the proportion is said to be Con¬ 
tinued, and the numbers themselves make a series of Con- 
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tinueil Proportionals, or a progression. So 2, t, 6, 8 form 
an arithmetical progression, because 4—•2 = 6 — 4=:8~ 
6 = 2, all the same common difference; and 2, 4, 8, 16, a 
geometrical progression, because ^ = + = '/ = 2, all the 
same ratio. 

When the following terms of a progression increase, or 
exceed eacli other, it is called an Ascending Progression, or 
Series; but when the terms decrease, it is a descending 
one. 

So, 0,1,2,3,4, &c. is an ascending arithmetical progression, 
but 9,7,5, 3,1, &c. is a descending arithmetical progression. 
Also 1,2,4,8,16, &c. is an ascending geometrical progression, 
and 16,8,4,2, l,&:c. is a descending geometrical progression. 


ARITHMETICAL PROPORTION AM) 
PROGRESSION. 

In Arithmetical Progression, the numbers or terms have 
all the same common difference. Also, the first and last 
terms of a Progression, arc called the Extremes; and the 
other terms, lying l)ct\veen them, the Means. The most 
useful part of arithmetical proportion, is contained in the 
following theorems: 

Theorem 1. When four (|uantities are in arithmetical 
promrtion, the sum of tlie two extremes is equal to the sum 
of tne two means. Thus, of the four 2, 1, 6, 8, here 2 + 
8 = 4 + 6 = 10. 

Theorem 2 . In any continued arithmetical progrcssifim 
the sum of the two extremes is equal to the sunf of any two 
means that are cijually distant from them, or equal to double 
the middle term when there is an uneven numlier of terms. 

Thus, in the terms 1, 3, 5, it is 1 + 5 = 3 + 3 6. 

And in the series 2, 4, 6, 8, 10, 12, 14, it is 2+11=4 
-I- 12 = 6 + 10 = 8 + 8 = 16. 

Theorem 3. The difference between the extreme terms 
of an arithmetical progression, is equal to the common dif¬ 
ference of the scries multiplied by one less than the number 
of the terms. So, of the ten terms, 2, 4, 6, 8, 10, 12, 14, 
16, 18, 20, the common difference is 2, and one less than 
the number of terms 9; then the difference of the extremes 
is 20 - S = 18, and 2 x 9 = 18 also. 
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Consequently the greatest term is equal to the least term 
added to the product of the common difference multiplied by 
1 less than the number of terms. 

Theorem 4. The sum of all the terms, of any arith¬ 
metical progression, is equal to the sum of the two extremes 
multifdied by the number of terms, and divided by 2; or the 
sum of the two extremes multiplied by the number of the 
terms, gives double the sum of all the terms in the series. 

This is made evident by setting the terms of the series in 
an inverted order, under the same series in a direct order, and 
adding the corresponding terms together in that order. Thus, 
in the scries 1, 3, 5, 7, 9, 11» 13, 15; 

ditto inverted 15, 13, 11, 9, 7, 5 , 3, 1; 

the sums are l(j -f-16 -f-13 +16 + 16 +16 + 16 + 16, 
which must be double the sum of the single series, and is 
equal to the sum of the extremes repeated as often as are the 
number of the terms. 

From these theorems may readily be found any one of 
these five })arts ; the two extremes, the number of terms, the 
common difference, and the sum of all the terras, when any 
three of them are given ; as in the following problems: 


PROBLF.M I. 

Given Ihc K,rtrcnieft, and the Number ofTerms^ to find the 
Sinn all the Terms, 

Add the extremes together, multiply the sum by the 
number of terms, and divide by 2. 

EXAMPLES. 


1. The extremes being 3 and 19, and the number of 
terms 9 ; required the sum of the terms ? 

19 


3 


22 


_9 

2) 198 
Ans. 99 


Or, 12^ x9=^x9=ll x9 = 99, 

the same answer. 


2. It is required to find the number of all the strokes a 
common clock strikes in one whole revolution of the index, 
or in 12 hours. Ans. 78. 
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Ex. 3. How many strokes do the clocks of Venice strike 
in the compass of tlie day, which go continually on from 1 
to 24 oVitK'k ? Ans. 300. 

4. What debt can be discharged in a year, by weekly 
payments in arithmetical progression, tlie first payment being 
l5, and the la.st or 52d payment 5/05? Ans. 135/ 4‘X. 


PROBLEM IF. 

Given the Extremes, and the Number of Terms; to find 

the Common Difference. 

Subtract the less exUeme from the greater, and divide 
the remainder by 1 less than the number of terms, for the 
common difference. 


EXAMPLES. 


1. The extremfs being 3 and 19, and the number of terms 
9 ; required the common difference ? 


19 

.3 


8) 

10 

Ans. 

o 


Or, 


19-3_ ^ 


2. If the extremes be 10 and I'O, and the number of terms 

21; what is the cotnmon difference, and the sum of the 
series.^ Ans. the com. diff. is 3, and the sum is 840. 

3. A certain debt can be discharged in one year, by weekly 

payments in arithmetical progression, the first payment being 
l5, and the last 5/ 3s \ what is the common difference of the 
terms? Ans. 2. 


PROBLEM III. 

Given one of the Extremes, the Common Difference, and the 
Number of Terms; to find the other Extreme, and the 
Sum (f"the Set ies. 

Multiply the common diflTerence by 1 less than the 
number of terms', and the product will be the difference of 
the extremes: Therefore aad the product to the Jess ex¬ 
treme to give the greater ; or subtract ft from the greater, 
to give the less extreme. 
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EXAMPLES. 

1. Given the least term S, the common cli0ercncc 2, of 
an arithmetical series of 9 terms; to find the greatest term, 
and the ^ni of the series. 

Here 2 x (9 — 1) + 9 =: 19, the greatest term. Theref. 
(19 + 3) T = ‘ I * = 99, the sum of the series. 

2. If the greatest term be 70, the common diff'erence 3, 
and the number of terms 21, what is the least term, and the 
sum of the series ? 

Ans. The least term is IT), and the sum is 840. 

3. A debt can be discharged in a year, by paying 1 shilling 
the first week, 3 shillings the second, and so on, always 2 
shillings more every week; what is the debt, and what will 
the last payment be ? 

Ans. The last payment will be 5/3s, and the debt isl35Z45. 


PROBLEM IV. 

To find an Arithmetical Mean Proportional between two 

given terms. 

AiU) the two given extremes or terms together, and lake 
half their sum for the arithmetical mean required. 


EXAMPLE. 


To find an arithmetical mean between the two numbers 
4 and 14. Here 

14 

4 


2) 18 


Ans. 9 the mean required. 


PftOBLEM V. 

To find hoo Arithmetical Means helicecn two givin 

Extremes. 

Subtract the Itss extreme from the greater, and divide 
the difference by 3, so will the quotient be the common dif- 
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lerence; which being continually added to the less extreme, 
or taken from the greater, will give the means. 


EXAMPLE. 


To find two arithmetical means between J2 and 
Here 8 
2 


3) 6 
com. dif. 2 


Then 2 -f- 2 =: 4 the one mean, 
and 4 + 2 = G the other mean. 


7’o Jind any Number ^Arithmetical Means hetu'cen two 
given Terms or Extremes. 

Subtract the less extreme from the greater, and divide 
the difference by 1 more than the number of means rei|ulred 
to be found, which will give the common difference; then 
this being added continually to tbe least term, or subtracted 
from the greatest, will give the mean terms re(|uired. 


EXAMPLE. 

To find five arithmetical means between 2 and 14. 

Here 14 
2 


6 ) 12 
com. dif. 2 


Then by adding this com. dif. continually, 
the mean.s are found 4, 6, 8, 10, 12. 


See more of Arithmetical progression in tbe Algebra. 


GEOMETRICAL PROPORTION AND PRO¬ 
GRESSION. 


If there be taken two ratios, as those of G to 3, and 14* 
to 7, which, by what has been already said (p. 113), may 
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l)e expressed fractionally, ^ and ; to judge whetlier they 
are equal or unequal, we must reduce them to a common 
denominator, and we shall have C x 7, and 14 X 3 for the 
two numerators. If these arc equal, the fractions or ratios 
arc equal. Therefore, 

Theorem i. If four quantities be in geometrical propor¬ 
tion, the' product of the two extremes will he equal to the 
product of the two means. 

And hence, if the product of the two means be divided 
by one of the extremes, the quotient will give the other ex¬ 
treme. So, of the above numbers, if tl^e product of the means 
42 be divided by C, tlic quotient 7 is the other extreme; 
and if 42 be divided by 7, the (juotient G is the first ex¬ 
treme. This is the foundation of the practice in the Rule 
of Th rir. 

We see, also, that if we have four numbers, 6, 3, 14, 7, 
such, that the products of the means and of the extremes are 
equal, we may hence infer the equality of the ratios ^ 
or the existence of the proportion C : 3 ; : 14 : 7. Hence 

Theorem ii. We may always form a proportion of the 
factors of tw'o equal products. 

If the two means are equal, as in the terms 3, G, G, 12, 
their product becomes a square. Hence 

Tueouem hi. The mean proportional between two mim- 
ber?, is the stpiare root of their ])roduct. 

Wv may, w ithout destroying the accuracy of a proportitin, 
give to its various terms all the changes wdiich do not affect 
the e(|ua]ity of‘ the products of the means and extremes. 

Thus, with respect to the proportion G : 3 :; 14 : 7, 
width gives G x 7 = 3 X 11, we may displace tlic extremes, 
or the means, an operation which is denoted by the word 
Jltcruundo. 

This will give G : 11 :: 3:7 

or 7 ; 3 : : 14 ; G 

or 7:11:: 3 : G. 

Or, 2dly, we may pul the extremes in the places of the means, 
called Im'cricnJo. 

Thus 3 : 6 :: 7:14. 

Or, 3dly, we rn^ multiply or divide the two antecedents, 
or the two consequents, by the same number, when propor- 
tionalily will subsist. 
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As 6 X 4 : S : : 14 X 4:7; via. 24 : 3 :: 50 : 7 
and 6-f-2:3::14 viz. 3:3:: 7:7. 


Also, applying the proposition in note 2, Addition of 
Vulgar Fractions, to tlte terms of a proportion, such as 
30 : 6 :: 15 : 3, or y* =: y, we shall have 


30±15 _ 15 30 + 15 _ 30-15 
6±3 3 0 + 3 6-3 * 


Hence 


Theorem iv. The sum or the difference of the ante¬ 
cedents, is to that of the consequents, as any one of the 
antecedents is to its consequent. 


Theorem v. The sum of the antecedents is to their 
difference, as the sum of the consequents is to their dif¬ 
ference. 

In like manner, if there be a series of equal ratios, 
— y __ ; we have 


0 + 10 + 14+^ = 

3 + 5f7+i5 "7 “15 


Therefore, 


Theorem vi. In any series of ei|ual ratios, the sum of 
the antecedents is to that of the consecpients, as any one 
antecedent is to its consequent. 


Theorem vii. If tvvo proportions are mulliplietl, term 
by term, the products will constitute a pro|K>rtional. 

Thus, if30 : 15 :: 0 : 3 
and 2 ; 3 : : 4 : 6. 

Then 30 X 2: 15 x 3:;6x4:3x6 
or* 00 : 45 : : 24 : 18; or 

Theorem viii. If four quantities are in proportion, their 
sqiiare.s, cubes, &c. will be in projiortion. 

For this will evidently be nothing cl.se than a.ssuming the 
proportionality of the products, term by term, of two, three, 
or more identical proportions. 

The same properties hold with regard to surd or irra¬ 
tional expressions. 

Thus, x/nO : VSO : : -✓507 : x/63 
and v'12 : :: v^4 : v'F 


For 


✓720 _ v/O . 80 _ 3 ^567 _ -i/OxOS 

✓80 v/80 l’ v/Oa ✓OS 

j _ v'4 __ 2 


3 

1 
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TiiEonEM IX. The quotient of the extreme terms of a 
geometrical progression is equal to the common ratio of the 
series raised to the power denoted by 1 less than the number 
of the terms. 

So, of the ten terms 2, 4-, 8, 16, 32, 64, 128, 256, 512, 
1024, the common ratio is 2, one less than the number of 
terms 9; then the quotient of the extremes is ' y-* = 512, 
and 29 = 512 also. 

Consequently the greatest term is equal to the least term 
multipliecl by the said power of the ratio whose index is 1 
less than the number ol terms. 

Theorem x. 'I'lie sum of all the terms, of any geome¬ 
trical progression, is found by adding the greatest term to the 
difference of the extremes divided by 1 less than the ratio. 

So, the sum of 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 

1024 — 2 

(whose ratio is 2) is 1021 -j- ——-— = 1024-f-1022=2046. 

This subject will be resumed in the Algebraic part of this 
work. A few examples may here be added. 


EXAMPLES. 

1. The least of ten terms, in geometrical progression, 
being I, and the ratio 2 ; what is the greatest term, and the 
sum of all the terms ? 

Ans. The greatest term is 512, and the sum 1C23. 

2. What debt may be discharged in a year, or 12 months, 
by paying 1/ the first month, 21 the second, \l the third, and 
so on, each succeeding payment being double the last; and 
whi^t will the last payment be? 

Ans. The debt 4095/, and the last payment 2048/. 


PROBLEM I. 

To find mie Geometrical Mean Proportional beticccn any 

two Numbers, 

Multiply the two numbers together, and extract the 
square root of tHe product, which will give the mean pro¬ 
portional sought. 
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EXAMPLE. 

To find a geometrical mean between the two numbers 
3 and 12. 

12 

3 


36 ( 6 the mean. 


36 

PROBLEM 11. 

'Fo find two Geometrical Mean Proportionah' hetroecn any 

tieo Xuvihcm. 

Divide the greater number by the less, and extract the 
cube root of the quotient, which will give the comnioii ratio 
of the terms. Then multiply the least given term by the 
ratio for the first mean, and this mean again by the ratio for 
tlie second mean: or, divide the greater of the two given 
terms by the ratio for the greater mean, and divide this 
again by the ratio for the less mean. 


exam I’lK. 

To find two geometrical means between 3 atid 21. 

Here 3)24 ( 8; its cube r(x>t 2 is the ratio. 

Then 3x2 = 6, and 6 x 2 = 12, the two means. 

Or 24 2 = 12, and 12 2 = 6, the same. 

That is, the two means between 3 and 24, are 6 and 12. 


PROBLEM in. 

/ 

Tv find any number of'Geometrical Means beliccen Ixvo 

Numbers, 

Divide the greater number by the less, and extract such 
root of the quotient whose index is 1 more tlian the number 
of means required ; that is, the 2d rotit for one mean, the 3rd 
root for two means, the 4th root for three means, and so on ; 
and that root will be the common ratio of all the terms. 
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Then, witji the ratio, multiply continually from the first 
term, or divide continually from the last or greatest term. 


EXAMPLE. 

To find four geometrical means between 3 and 96. 

Here 3) 96 (32; the 5th root of which is 2, the ratio. 
Then 3x2=6,&6x2 = 12,& 12 x2=21, & 24 x2 = 48. 
Or96-H2 = 48, & 48-i-2 = 24, & 24-^2 = 12, & 124-2=6. 
'riiat is, 6, 12, 24, 48, are the four means between 3 and 96. 


OF IIARMONICAL PROPORTION. 

There is also a third kind of proportion, called llarmo- 
nical or musical, which being but of little or no common 
use, a very short account of it may liere suffice. 

Musical Proportion is when, of three numbers, the first 
has the same proportion to the third, as the difference be¬ 
tween the fh-st and second lias to the difference between the 
second and third. 

As in these three, 6, 8, 12 ; 
where 6 : 12 : : 8 — 6 : 12 — 8, 

that is 6 : 12 : : 2 : 4. 

When four numbers are in musical proportion ; then the 
first has the same ratio to the fourth, as the difference be¬ 
tween the first and second has to the difference between the 
third and fourth. 

As in these, 6, 8, 12, 18; 

where 6 : 18 : : 8 — 6 : 18 — 12, 

that is 6 : 18 : : 2 : 6. 

When numbers arc in musical progression, their reci¬ 
procals are in arithmetical progression; and the converse, 
that is, when numbers are in arithmetical progression, their 
reciprocals are in musical progression. 

So in these musicals 6, 8, 12, their reciprocals -rn 
are in arithmetical progression; for + tV = tV = i 5 
and ^ + ^ = I- = I; that is, the sum of the extremes is 
equal to double the mean, which is the property of arith- 
nicticals. 
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The nicthucl ot Hudiiinr out inmibcrs in imihicul |)ro|W)rtion 
is best expressed by letters in Alirebra. 


FELLOWSHIP, OR PARTNERSHIP. 

Fellowship is a rule, by which any sum or <piantity 
may be divided into any number of parts, which sliail be in 
an}' given proportion to one another. 

By this rule arc adjusted the gains or loss (w charges 
of partners in company; or the effects of bankrupts, or 
legacies in case of a deficiency of assets or effects; or the 
shares of prizes; or the nuniijers of men to form certain 
detachments ; or the division of w'aste lands among a num¬ 
ber of proprietors. 

Fellowship is either (SVwg/t* orIt is single, when 
the shares or |iortions are to be proportional each to one 
single ^ven number only; as when the stocks of partners 
are all employed for the same tinjc : and Dou!)le, when 
each jX)rtion is to be pro|)urtional to two or more nunjbers; 
as w’h^n the stocks of partners arc cmploytHl for difterem 
times. 


blNGLE FELLOWSHIP. 

OEXEUAL I(ULE. 

Ann together the numbers that denote the pro)H>rtion of' 
the shares. Then say. 

As the sum of the said proportional numbers. 

Is to the whole sum to he parted or divided, 

So is each several proportional niiml>er, 

To the corresponaing share or part. 

Or, as the whole stock, is to the whole gain or loss, 

So is each man’s particular stock, 

To his particular share of the gain or loss. 

To PROVE THE Work. Add all the shares or parts 
together, and the sum will be equal to -the whole number 
to be shared, when the work is right. 
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EXAMPLES. 


1. To divide the number 240 into three such parts, as 
sliall be in proportion to each other as the three numbers 1, 
2 and 3. 

Here 1+2 1-3 = 0, the sum of the numbers. 

Then, asC : 240 : : 1 : 40 the 1st part, 

and ns 6 : 240 ; : 2 : 80 the 2d part, 

also as 6 : 240 ; ; 3 : 120 tiie fjjfi part. 

Sum of all 240, the proof. 

2. Th rec persons, a, n, r, freighted a ship with 340 tuns of 
wine: of which a loatled 110 tuns, b 97, and c the rest: in a 
storm the seamen were obliged to throw’overboard 85 tuns; 
how much must each person sustain of the loss ? 

Here 110 +, 97 = 207 tuns, loaded by a attd b ; 

theref. 340 — 207 n 133 tuns, loaded by c. 

Hence, as 340 : 85 : : 110 ^ 

or as 4 ; 1 ; ; 110 : 27^ tuns =: a’s loss; 

and as 4 : 1 97 : 24^ tuns = us loss; 

also as 4 : 1 133 : 33^ tuns = c's loss; 

Sum 85 tuns, the proof. 

3. Two merchants, c and d, made a stock of 120/; of 
which c contribufed 75/, and d the rest: by trading they 
gained 30/; what must each have of it ? 

Ans. c 18/ 15s, and d 11/ 5s. 

4. Three merchants, e, f, g, make a stock of 7(K)/, of 
which E contributed 128/, f 358/, and g the rest: by trading 
they gain 125/ lOj?; what must each have of it ? 

Ans. E must have 22/ IsO^/ 

V - - - 64 8 8 OH- 
G - - - 39 5 3 lA. 

5. A General imposing a contribution * of 700/ on four 


* Contribution is a tax paid by provinces, towns, villages, &c. 
to excuse them front beiug plundered. It is paid in provisions 
or in money, and sometimes in both. 
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villages, to be paid in proportion to the number of inhabitants 
contained in each ; the first containing 250, the 2d 350, the 
3d 400, and the 4lh 500 persons; what part must each vil¬ 
lage pay ? Ans. the 1st to pay 116/ 13j id 

the 2d - - 163 6 8 

the 3d - - 186 13 4 

the 4th - - 233 6 8 

6. A piece of ground, consisting of 37 ac 2 ro 14 ps, i?. 

to be divided among tliree persons, l, m, and n, in propor¬ 
tion to their estates ; ijow if l’s estate be worth 500/ a year, 
m’s 320/, and x’s 75/; what (juantity of land must each one 
have ? Ans. L must have 20 ac 3 ro .391 1 ”,ps. 

M - - - 13 1 30*Vv 

N - - - 3 0 23: 

7. A person is indebted to o 57/ 15.s, to r 108/,3jf 8d, 
to ^ 22/ lOd, and to r 73/; but at his decease, his effects 
are found to be worth no more than 170/ 1 U ; how must it 
be divided among his creditors.^ 

^ Ans. o must have 37/ 15.? 5d 2-j’ y. 

i> - - - 70 15 2 2;,Vs’‘-> 

y ... 14 S 4 O^.V.^V 
R - - - 47 1411 

8. A ship, worth 900/, being entirely lost, of which ^ 
belonged to s, | to t, and the rest to v ; what loss will each 
sustain, supposing 540/ of her were insured ? 

Ans. s will lose 45/, t 90/, and v 225/. 

9. Four persons, w, x, y, and z, spent among them 25.v, 

and agree that w shall pay 4 of it, x 1^, y and z 4; that 
is, their shares are to be in projxwtion as i, i, J, and 4’ 
what are their shares.^ Ans. w must pay 9s Sd 

X - - - 6 5 34^. 

Y - - - 410 I4’. 

z - - - 310 3yV- 

10. A detachment, consisting of 5 companies, being sent 
into a garrison, in which the duty required 76 men a day; 
what number of men must be furnished by each company, in 
proportion to their strength; the 1st consisting of 54 men. 
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the 2tl of* 51 men, tlie 3d of 48 men, the 4th of 39, and the 
5th of 3C men r' 

Ans. Tlie Ist must furnish 18, the 2d 17, the 3d 16, the 
4th 13, and the 5th 12 men *. 


DOUBLE FELLOWSHIP. 

Double Fellowship, as has been said, is concerned in 
cases in which the stocks of partners "are employ ed or con¬ 
tinued for different times. 

Rule f.— Multiply each person’s slock by the time of 
its continuance; then divide the quantity, as in Single 
Fellowship, into sliares, in j)ro|>orlion to these products, by 
saying, 

As the total sum of all the said products, 

Is to the wliole gain or loss, or quantity to be parted, 

So is each particular product 

To the correspondent share of the gain or loss. 


EXAMPLES. 


1 . A had in company 50/ for 4 months, and b had 60/ for 
.5 nn)nths; at the end of which time they find 24/ gained: 
liow must it be divided between them 
Here 50 60 

4 5 


200 -f- 300 = 500 


* Questions of this nature frequently occurring in military 
service, Ciencral Haviland, an officer of great merit, contrived 
an ingenious instrument, for more expeditiously resolving them j 
which is distinguished by the name of the inventor, being called 
a Haviland. 

t The proof of this rule is as follows : AVhen the times arc 
equal, the shares of the gain or loss are evidently as the stocks, 
as in Single Fellowship; and w'hen the stocks are equal, the 
shares are as the tifnes; therefore, when neither are equal, the 
shares must be as their products. 
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Then as 500: 24:: 200 : = 9/12.f = a's share, 

ami as 500 : 24 : : 300 : 14^ = 14 8 = n’s share. 

2 . c and d hold a piece of ground in common, for which 

they arc to pay 54/. c put in 23 horses for 27 day.s, and n 
21 horses for 39 days; how much ought each man to pay 
of the rent ? Ans, r must pay 23/ 5s 9//. 

D must pay 3014 3. 

3. Three persons, c, r, g, hold a pasture in common, 

for which they are to pay 30/ per annum ; into M'hicli f. put 
7 oxen for 3 months, f put 9 oxen for 5 months, and o put 
in 4 oxen for 12 months; how’ much must each |K.*rson pay 
of tlie rent ? Ans. E must i)ay 5/ 10s Od 1 ’- 7 . 

F - - 11 1610 O.V 

r' 10 10 'T O 

4. A Shipp’s company take a prize of 1000 /, which they 
agree to divide among them according to their pnv and the 
time they have been on board: now the officers and midship¬ 
men have been on board 6 months, and the sailors 3 months; 
the officers have 40.v a month, the midshipmen 80.v, and the 
sailors 22i a month ; moreover, there are 4 officers, 12 njid- 
shipmen, and 110 sailors : what will each man's share be ? 

Ans. each officer must have 2.3/ 2 .s’ Sd 0 ,Vt 7- 
each midshipman - 17 6 9 

each seaman - - 6 7 2 0 /^* 5 -. 

5 . H, with a capital of 1000 /, began trade the first of 
January, and, meeting with success in business, took in i as 
a partner, with a capital of 1500/, on the first of March fol¬ 
lowing. Three montlis after that they admit k as a thirtl 
partner, who brought into stock 2800/. After trading toge¬ 
ther till the end of the year, they find there has been gained 
1776/10#; how must this lie divided among the partners? 

Ans. H must have 457/ 9s 
t - - - 571 16 8i 

K - - - 747 3 Hi irh 

6 . X, Y, and z made a joint-stock for 12 months; x at 
first put in 20/, and 4 months after 20/ more; y put in at 
first 30/, at the end of 3 months he put in 20/ more, and 2 
months after he put in 40/ more; z put in at first 60/, and 
5 months after he put in 10 / more, 1 n\pnth after which lie 
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took out 30/; iluring the 12 months they gained 50/; how 
much of it must each have.'* 

Ans. X must have 10/ 18# 6d 

Y - - - 22 8 1 044, 
z - - - 1C 18 4 0. 


SIMPLE INTERIlST. 


Interest is the preimum or sum allowed for the loan, or 
forbearajicc of money. The money lent, or forborn, is 
called the Principal; and the sum of the principal and its 
interest added togellicr, is called the Amount. Interest is 
allowed at so much per cent, per annum; which premium 
per cent, per annum, or interest of 100/ for a year, is called 
the rate of interest:—So, 


AVhen interest is at 3 per cent, the rate is 3; 


- 

- 

4 per cent. - 

- - 4; 

- 

- 

5 per cent. - 

- - 5; 

- 

- 

- 6 per cent. - 

- - 6. 


Hut, by law, interest ought not to be taken higher than at 
the rate of 5 per cent. 

Interest is of two sorts; Simple and Compound. 

Simple Interest is that which is allowed for the principal 
lent or forborn only, for the whole time of forbearance. 
As the interest of any sum, for any time, is directly pro¬ 
portional to the principal sum, and also to the time of 
continuance; hence arises the following general rule of 
calculation. 

As 100/ is to the rale of interest, so is any given principal 
to its interest for one year. And again. 

As 1 year is to any given time, so is the interest for a 
year, just found, to the interest of the given sum for that 
time. 

Otherwise. Take the interest of 1 pound for a year, 
which multiply by*thc given principal, and this product 

VOL. I. ‘ ^ L 
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again by the time of loan or forbearance, in years and parts, 
for the interest of the proposed sum for tliat time. 

Note. When there are certain parts of years in the time, 
as quarters, or months, or days: they may be worked for, 
either by taking the aliquot or like parts of the interest of a 
year, or by tlie Rule of Three, in the usual way. Also, to 
divide by 100, is done by only }K)inting off two figures for 
decimals. 


EXAMPLES. 


1. To find the interest of 200/ IOj, for 1 year, at the rate 
of 4 per cent, per annum. 

Here, As 100 : 4 : : 230/ 10s : 9/ 4s W- 

4 


100 ) 9,22 0 

20 


4'40 

12 


4-80 Alls. 9/ 4« 4 jd. 
4 


3*20 


2, To find the interest of 547/ 156*, for 3 years, at 5 per 
cent, per annum. 

As 100 : 5 : : 547*75 

Or 20 : 1 : : 547*75 : 27*3875 interest for 1 year. 

3 


/ 82*1625 ditto for 3 years. 

20 


s 3*2500 
_ 1 £ 

d 3*00 Ans. 82/ 3« 3d. 


3. To find the interest of 200 guineas, for 4 years 7 months 
and 25 days, at per cent, per annum. 
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210/ 

ds / ds 

As 356 : 9*45 ; : 25 : 

4i 

or 73 : 9-45 : : 5 : 

840 

5 

105 

73) 47*25 (-6472 

—• 

.34.5 

9*45 interest for 1 yr. roa 

4 

19 

37*80 

ditto 4 years. 

^ 4*725 

ditto 6 month. 

1 *7875 

ditto 1 month. 

■6472 ditto 25 days. 


I 43*9597 

20 

1 

s 191910 
12 


I 

•6472 


(i 2*3280 
4 


q 1*3120 


Alls. 43/ 19^ 




4. To find the interest of 450/, for a year, at 5 per cent, 

per annum. Ans. 22/ I Os. 

5. To find tlie interest of 715/ 12s 6d, for a year, at 4^ 

per cent, per annum. Ans. 32/ 4s 0|d. 

6. To find the interest of 720/, for 3 years, at 5 per cent. 

per annum. Ans. 108/. 

• 

7. To find the interest of 355/ 15s, for 4 years, at 4 per 

cent, ner annum. Ans. 56/ 18s 4id, 

a 

8. To find the interest of 32/ 5s 8d, for 7 years, at 4f 

per cent, per annum. Ans. 9/ 1^^ Id. 

9. To find the interest of 170/, for H year, at 5 per cent, 

per annum. Ans. 12/ 15s. 

10. To find the insurance on 205/ 15s, for f of a year, at 

4 per cent, per annum. Ans. 2/ Is Ijd. 

11. To find the interest of 319/ 6d, for 5} years, at 3} per 

cent, per annum. • Ans 68/ 14s did. 

12. To find the insurance on 107/, for 117 days, at 4J per 

cent, per annum. Ans. 1/ 12,t7d. 

L 2 
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IS. To 6nd the interest of 17/ 5s, for 117 days, at 41 per 
cent, per annuiii. Ans. 5s 5(L 

14. To find the insurance on 712/ 6s, for 8 months, at 
7^ per cent. |x:r annum. Ans. 35/ 12s 3J<f. 

Note. The Rules for Simple Interest, serve also to cal¬ 
culate Insurances, or tlie Purchase of Stocks, or any thing 
else that is rated at so much per cent. . 

See also more on the subject of Interest, with the alge¬ 
braical expression and investigation of the rules at the cnti of 
the Algebra. 


COMPOUND INTEREST. 

CoMPorND Interest, called also Interest upon Interest, 
is that which arises from the principal and interest, taken 
together, as it liecomes due, at the end of each stated time 
of payment. Though it be not lawful to lend nionev at 
Compound Interest, yet in purchasing annuities, nensfons, 
or leases in reversion, it is usual to allow C\)nnx)una Interest 
to the purchaser for his ready money. 

R I'LEs. — 1. Find the amount of the given principal, for 
the time of the first payment, by Sim])ic Interest. Then 
consider this amount as a new principal for the second pay¬ 
ment, whose amount calculate as before. And so on through 
all the payments to the last, always accounting the last amount 
as a new jirincipal for the next payment. 'J’lic reason of 
which is evident from the delinition of Compound Interest. 
Or else, 

2. Find the amount of 1 pound for the time of the first 
payment, and raise or involve it to the power who.se index 
IS denoted by the number of payment.s. 'J'hen that power 
multiplied by the given principal, will produce the whole 
amount. From wliich the said principal being subtracted, 
leaves the Compound Interest ot the same. As is evident 
from the first Rule. 


EXAMPLES. 

1. To find the amount of 720/, for 4 years, at 5 per cent, 
per annum. 

Here 5 is the 20th part of 100, and the intere^ of 1/ibr a 
year is or '95, and its amount I '05. Tlierefbre, 
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1. By the Rule. 


3. By the 3nd Rtde. 


I s d 

20) 720 0 0 Istyr’s princip. 

36 0 0 1 St yr’s interest. 

20) 756 0 0 2il yr’s princip. 

37 16 0 2d yr’s interest. 

20) 793 16 0 3d yr’s princip. 

19 13 9|-3d yr’s interest. 

20) 833 9 9 4tli yr’s princip. 
41 13 54 4th vr’s interest. 

•r •• 

875 3 3i the whole amo*. 

-or ans. required 


1*05 amount of 1/. 
1-05 


1 *1023 2d power of it. 
M025 


1-21550625 4th power of it. 
720 


I 875-1645 

20 

j 0-2900 

d 3-4800 


2. To find the amount of 50/ in 5 years, at 5 per cent. 

|)er annum, compound interest. Ans. 63/ IGs 8-td. 

3. To find the amount of 50/ in 5 years, or 10 half-years, 

at 5 per cent, per annum, compounc) interest, the interest 
payable half-yearly. Ans. 61/ O 5 Id. 

4. To find the amount of 50/ in 5 years, or 20 quarters, 

at 5 per cent, per annum, compound interest, the interest 
payable quarterly. Ans. 64/ 3s 0|d. 

5. To find the compound interest of 370/ forborn for 6 

} ears, at 4 per cent, per annum. Ans. 98/ Sj 4^d. 

6. To find the compound interest of 410/ forborn for 24 

years, at 14 per cent, per annum, the interest payable half- 
yearly. Ans. 48/ 45 ll^d. 

7. To find the amount, at compound interest, of 217/, 

forborn at 2:^ years, at 5 per cent, per annum, the interest 
payable quarterly. Ans. 242/ 135 44</. 


ALLIGATION. 

Alligation teaches how to compound or mix together 
several simples of different qualities, so that the composition 
may be of some intermediate quality, or rate. It is com¬ 
monly distin^ished* into two cases, Alligation IMedial, and 
Alligation Adternate. 
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ALLIGATION MEDIAL. 

Allioatiok Medial is the method of finding the rate 
or quality of the composition, from having the quantities 
and rates or qualities of the several simples given. And it 
is thus performed : 

* Multiply the quantity of each ingredient by its rate or 
quality; then add all the products together, and add also all 
the quantities together into another sum ; then divide the 
former sum by the latter, that is, the sum of the pnxlucts 
by the sura of the quantities, and the quotient will be the 
rate or quality of thcv composition required. 

EXAMPLES. 

1. If three sorts of gunpowder be mixed together, viz. 
501b at a pound, 441b at dd, and ^61b at 8d a pound ; 
how much a pound is the composition worth ? ' 

Here 50, 44, 26 are the quantities, 
and 12, 9, 8 the rates or qualities; 
then 50 x 12 =: 600 
44 X 9 = 396 

26 X 8 = 208 


120) 1204 (lO^-t, = lO^iL 

Ans. The imte or price is lOy^d the pound. 


* Demonstration. The Rule is thus proved by Algebra. 

Let a, b, c be the quantities of the ingredients, 

and *», p their rates, or qualities, or prices ; 

then am^ on, cp are their several values, 

and am bn + cp the sum of their values, 

also a •¥ b + c m the sum of the quantities, 

and if r denote the rate of the whole composition, 

then (a + 64-c)xr will be the value of the whole, 

conseq. (a + 6 + c) x r = am + bn + cp, 

and r = (am -H in + cp) — (a + 6 + c), which is the Rule. 

Note. If an ounce or any other quantity of pure gold be re¬ 
duced into 24 equal parts, these parts are called Caracts; but 
gold is often mixed with some base metal, which is called, the 
Alloy, and the mixture is said to be of so many caracts fine, ac¬ 
cording to the proportion of pure gold contained in it: thus, if 
22 caracts of pure gold, and 2 of alloy be mixed together, it is 
said to be 22 caracts fine. 

If any one of the simples he of little or no value with respect 
to the rest, its rate is supposed to be nothing j as Water mixed 
with wine, and alloy with gold and silver. 
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2. A composition being made of 5lb of tea at 7^ per lb, 

91b at 85 6t/ per lb, and 14|lb at 5s lOd per lb; what is a 
lb of it worth ? Ans. Os lO^df. 

3. Mixed 4 gallons of wine at 4? lOd per gall, with 7 gal¬ 

lons at 5s per gall, and 9| gallons at 5s Sd per gall; wnat 
is a gallon of this composition worth ? Ans. 5s 4>\d. 

4. Having melted together 7 oz of gold of 22 caracts fine, 
124 oz of 21 caracts fine, and 17 oz of 19 caracts fine: I 
would know the fineness of the composition? 

Ans. 20f I caracts fine. 


ALLIGATION ALTERNATE. 

Alligation Alternate is the method of finding what 
quantity of any number of simples, whose rates are given, 
w ill compose a mixture of a given rate. So that it is the re¬ 
verse of Alligation Medial, and may be proved by it. 

RULE I *. 

1, Set the rates of the simples in a column under each 
other.—2. Connect, or link with a continued line, the rate 


* Demonst. By connecting tlic less rate with the greater, and 
placing the difference between them and the rate alternately, 
the quantities resulting arc such, that there is precisely as much 
gained by one quantity as is lost by the other, and therefore the 
gain and loss upon the whole is equal, and is exactly the pro¬ 
posed rate: and the same will be true of any other two simples 
managed according to the Rule. 

In like lufinuer, whatever the number of simples may be, and 
with how many soever every one is linked, since it is always a 
less with a greater than the mean price, there will be an equal 
balance of loss and gain between every two, and consequently 
an equal balance on the whole, q. e. d. 

It is obvious, from the Rule, that questions of this sort admit 
of a great variety of answers ; for, having found one answer, we 
may find as many more as we please, by only multiplying or di¬ 
viding each of the quantities found, by 2, or 3, or 4, &c.: the 
reason of which is evident: for, if two quantities, of two simples, 
make a balance of loss and gain, with respect to the mean price, 
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of each simplo, which is less than that of the compound, with 
one, or any number, of those that are greater than the com- 

I iound ; and each greater rate with one or any number of the 
ess.—3. Write the difference between the mixture rate, and 
that of each of the simples, opposite the rate with which they 
are linked.— 4^. Then if only one difference stand against 
any rate, it will lie the quantity belonging to that rate; but 
if there be several, their sum will be the quantity. 

The examples may be proved by the rule for Alligation 
Medial. 


« liXAMPI.LS. 

1. A merchant would mix wines at 16;, nt 18^, and at 
22s per gallon, so as that the mixture may be worth 20tf the 
gallon ; what quantity of each must be taken ? 

- 2 at 

Here 20< 18 ii sii 18s 

' 4 -f a = G at 

2. How much sugar at 4:d, at (kl, and at IIJ per Jb, must 
be mixed together, so that the composition formed by them 
may be worth 7d per lb ? 

Alls. 1 lb, or 1 stone, or I cwt, or any other eijual quan¬ 
tity of each sort. 

8. How much corn at 2.? 6d, fis 8 c?, 4i, and 4j; 8d per 
bushel must be mixed together, that the conqioiind may be 
worth Sj lOd per bushel F 

Ans. 2 at 2s 6d, 3 at 3s 8d, 3 at 4s, and 3 at 4^ Hd. 

RULE II. 

When the whole composition is limited to a certain 
quantity : Find an answer as before by linking; then say, as 
the sum of the quantities, or difPercnces thus determined, is 
to the given quantity; so is each ingredient, found by link¬ 
ing, to the required quantity of cacli. 


80 must also the double or trclile, the i or ^ part, or any other 
ratio of these quantities, and so on ad infimtum. 

These kinds of questions are called by algebraists indeter¬ 
minate or unlimited problems ; and by arr* analytical process, 
theorems may be raised that uili give all the possible aniwei'S. 
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EXAMPLE. 

1. How much gold of 15, 17, 18, and 22 caracts fine, 
must be mixed together, to form a composition of 40 oz of 
20 curacts fine ? 


Ilcre 20Vis 

3 22^^'' 5 H- 3 + 2 


2 

2 

2 

10 


• 16 

Then as 16 : 40 ; : 2 : 5 
and 16 : 40 : ; 10 : 25 

Alls, o oz of 15, of 17, and of 18 caracts fine, and 25 oz of 
22 caracts fine*. 


* \ great number of questions might be here given relating 
to the specific gravities of metals, &c. but one of the most curious 
may suliiee. 

Micro, king of Syracuse, gave ordeis for a crown to be made 
('iitireiy of pure gold , but .suspecting the workmen had debased 
It by mixing it with silver or cojiper, he recommended the dis- 
coveiy of the fraud to the famous Aichiracdes, and desired to 
kupvv the exact quantity of alloy in the crown. 

Archiiiicdcs, in order to detect the imposition, procured two 
other masses, the one of pure gold, the other of silver or copper, 
and eacli of the same w eight with the former; and by putting 
each separately into a vessel full of water, the quantity of w’ater 
expelled by them determined tlicir specific gravities : from which, 
and their given weights, the exact quantities of gold and alloy 
ill the crown may be determined. 

Suppose tlie weight of each crown to be lOlb, and that the 
w ater expelled by the copper or silver was 921b, by the gold 
and by the compound crown 04lb j what will be the quan¬ 
tities of gold and alloy in the crow n ? 

The rates of the simples arc 92 and 32, and of the compound 
64 ; therefore 


64 


62 —\ 12 of copper 

i‘2- 


52-^28 of gold 

And the sura of these is 12 + 23 = 40, which should have 
hocn 10; therefore by the Rule, 

44) : 10 :• 12 : 31b of copper ) 

40:10 .. - -rr Jihe 


28 ; 7lb of gold ) 


answer. 
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RULE III*. 

When one of the ingredients is limited to a certain quan¬ 
tity ; Take the difference between each price, and the mean 
rate as before ; then say, As the difference of that simple, 
whose quantity is given, is to the rest of the differences 
severally; so is the quantity given, to the several quantities 
required. 


EXAMPLES. 


1. How much wine at 5s, at 5s 6’d, and 6s tlie gallon, must 
be mixed with 3 gallons at 4s per gallon, so that the mixture 
may be worth 5s Ad per gallon ? 


Here 64 



8 - 1-2 = 10 
8 + 2 = 10 
16 + 2 = 20 
16+2 = 20 


Then 10 : 10 : : 3 : 3 
10 : 20 ; : 3 : 6 
10 : 20 : : 3 ; 6 


A ns. 3 gallons at 5s, 6 at 5s 6d, and 6 at 6s. 

2. A grocer would mix teas at 12s, 10s, and 6s per lb, 
with 20lb at 4s per lb: how much of each sort must he take 
to make the composition w'orth 8s per lb ? 

Ans. 201b at 4s, lOlb at 6s, lOib at 10s, and 201b at 12s. 


POSITION. 

Position is a rule for performing certain questions, which 
cannot be resolved by the common direct rules. It is some¬ 
times called False Position, or False Supposition, because 
it makes a supposition of false numbers, to work with the 


* In the very same manner questions may be wrought when 
several of the ingredients are limited to certain quantities, by 
finding first for one limit, and then for another. The two last 
Rules can need no demonstration, as they evidently result from 
the first, the reason of which has been already explained. 
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same as if they were the true ones, and by their means dis¬ 
covers the true numbers sought. It is sometimes also called 
Trial-and-Error, because it proceeds by trials of false num¬ 
bers, and thence finds out the true ones by a comparison 
of the error#. — Position is either Single or Double. 


SINGLE POSITION. 

Single Position is that by which a question is resolved 
by means of one supposition only. Questions which have 
their result proportional to their supposition, lielong to 
Single Position: such as those which require the multiplica¬ 
tion or division of the number sought by any proposed num¬ 
ber; or when it is to be increased or diminished by itself, 
or any parts of itself, a certain proposed number of times. 
The rule is as follows ; 

Take or assume any number for that which is required, 
and perform the same operations with it, as are described or 
performed in the question. Then say. As the result of the 
said operation, is to tiie position, or number assumed ; so is 
the result in the question, to a fourth term, which will be 
the number sought*. 


EXAMPLES. 

1. A person after spending }j and \ of his money, has yet 
remaining 60/; what nad he at first 


* The reason of this Rule is evident, because it is supposed 
that the results are proportional to the suppositions. 

Thus, na : a :: nz : z, 
a z 

or n * fii' • • 



and so on. 


z z „ 
—&c. 
n m 
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Sup])ose he had at hr&t 120/. 
Now ^ of* 120 is 40 
^ of it is 30 


Proof. 

A of 144 is 48 
4 oi’ 144 is 36 


their sum is 70 
which taken from 120 


their sum 84 
taken from 144 


leaves 50 leaves 60 as 

Then, 50 : 120 : : (iO : 144 the A'lswcr. per question. 

2. What number is that, which being increased by 

and \ of itself, the sum shall be 75 ? Ans. 36. 

3. A general, after sending; out a foraging ^ and \ of his 

men, .had yet remaining 1000 : what number had he in 
command ? Ans. 6000. 

4. A gentleman distributed 52 jx?nce among a numl)er of 

}X)or people, consisting of men, women, and children; to 
each man he gave 6</, to each woman id, and to each child 
2d: moreover there were twice as many women as men, and 
thrice as many children as wonicn. liow many were there 
of each ? Ans. 2 men, 4 women, and 12 cliildren. 

5. One being asked his age, said, ifof tiie years I have 
lived, be multiplied by 7, and ^ of them be added to the 
product, the sum will be 219. What was his age ? 

Ans. ‘45 years. 


DOUBLE POSITION. 

Double Position is the method of resolving certain 
questions by means of two suppositions of false numbers. 

To the Double Rule of Position belong such questions as 
have their results not proportional to their positions: such are 
those, in which the number sought, or their parts, or their 
multiples, are increased or diminished by some given absolute 
number, which is no known part of the number sought. 

RULE*. 

Take or assume any two convenient numbers, and pro¬ 
ceed with each of them separately, according to the con- 


* Demongtr. The Rule is founded on this svpposition, namely, 
that the first error is to the second, as the difference between 
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tlilions of tlie question, as in Single Position; and find how 
much each result is different from the result mentioned in 
the question, calling these differences the errors^ noting also 
whether the results are too great or too little. 

Then multiply each of the said errors by the contrary 
supposition, namely, the first position by the second error, 
and the second position by the first error. Then, 

If the errors are alike, divide the difference of the pro¬ 
ducts by the difference of tlie errors, and the quotient will 
be the answer. 

But if the errors are unlike, divide the sum of the pro¬ 
ducts bvthe sum of the errors, for the answer. 

'Sotc^ The crroi's arc said to be alike, when they are either 
both too great or both too little; and unlike, when dhe is 
too great and the other too little. 


the true and first supposed number, is to the diffL'rcncc between 
the true and second supposed number; when that is not the 
case, the exact .arisweT to the question cannot be found by this 
Kulc.—Tliat the Uule is true, according to the assumption, 
may be thus proved. 

Let a andj^ lie the two suppositions, and a anda their results, 
produced by similar operation j also r and .? their erroj-s, or the 
differences between the results a and a from the true result N j 
and let .r denote the nninber sought, answering to the true 
result N of the question. 

Then is n — a — r, and n— a — or b —A r: r •— s. And, 
according to the supposition on which the Rule is founded, r : s 
; : .f —a : x—A; hence, by multiplying extremes and means, 
7 x — rh — sx — sa j then, by transposition, rx — ix = rb — sa ; 

and, by division, .1’= ^ 3: the number sought, which is 


the rule w hen tlie results are both loo little. 

If the results be both too great, so that a and b are both 
greater than N j then n — a = — r, and n — b = —«, or r 
and s are both negative; hence— r ; — s : : x—a : x—6, but 
— r : — s : : + r : therefore r : s : : x —a : .r — 6; and 

the rest will be exactly as in the former case. 

But if one result a only be too little, and the other b too 
great, or one error r positive, and the other s negative, then the 


theorem becomes x = ———> 

r+.y 

or when the errors are unlike. 


which is the 


rule in this case, 
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EXAMPLE. 

1. What number is that, which being multiplied bj- 6, 
the product increased by 18, and the sum divided by 9, the 
quotient should be 20 ? 

Suppose the two numbers 18 and 30, Then, 

First Position, Second Position. Proof. 



19 

6 

Suppose 

mult. 

30 

6 

27 

6 


lOH 


180 

162 

« 

18 

add 

18 

18 


126 

div. 9 ) 

198 9) 

180 


14 

results 

22 

20 


20 

true res. 

20 




errors unlike 

-2 


2d pos. 

30 

mult. 

18 1st |K)S. 


Er- 7 2 

180 


- 36 


rors j 6 

36 




sum 8) 

216 

sum of products 




27 

Answer sought. 




RULE IT. 

Find, by trial, two numbers, as near the true number as 
convenient, and work with them as in the question ; mark¬ 
ing the errors which arise from each of them. 

Multiply the difference of the two numbers assumed, or 
found by trial, by one of the errors, and divide the product 
by the difference of the errors, when they are alike, but by 
their sum when they are unlike. Or thus, by proportion. 
As the difference of the errors, or of the results, (which is 
the same thing), is to the difference of the assumed numbera, 
so is either of the errors, to the correction of the assumed 
number belonging to that error. 

Add the quotient, or correction, last foasnd, to the number 
lielonging to the said error, when that number is too little. 
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but subtract it when too great, and the result will give the 
true quantity sought 


EXAMPLES. 

1 . So, the foregoing example, worked by this 2d rule, 
will be as follows : 

30 positions 18; their diff. 12 

—2 errors ^ least error 2 

sum of errors 8 *) 24 ( 3 subtr. 
from the position 30 

leaves the answer 27 

Or, as 22 — 14 : 30 — 18, or as 8 : 12 ; : 2 ; 3 the cor¬ 
rection, as above. 

2 . A son asking his father how old he was, received this 

answer: Your age is now one-third of mine; but 5 years 
ago, your age was only one-fourth of mine. What then are 
their two ages ? Ans. 15 and 45. 

3. A workman was hired for 20 days, at 3s per day, for 

every day he worked ; but with this condition, that for every 
day he did not work, he should forfeit l 5 . Now it so hap- 
pened, that upon the whole he had 2/ 4s to receive. How 
many of the days did he work ? Ans. 16. 

4. A and b began to play together with equal sums of 
money : a first won 20 guineas, but afterw'ards lost back 4 
of what he then had ; aner which b had four times as much 
as A. What sum did each begin with ? Ans. 100 guineas. 

5. Two persons, a and b, have both the same income, 
A saves 4- of his; but b, by spending 50/ per annum more 
than A, at the end of 4 years finds himself 100/ in debt. 
What does each receive and spend per annum ? 

Ans. They receive 125/ per annum; also a spends 100 /, 
and B spends 150/ per annum. 


* For since, by the supposition, r : s : : .r — a: a? — 5, there¬ 
fore by division, *: : d — o;a’ — A, orasB — a:4 — n 

:: « : r A, for B — A is = »• — 5 : which is the 2d Rule. 
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Quest. 1. The swiftest velocity of a cannon-ball, is 
about 2000 feet in a second of time. Then in what lime, 
at that rate, w'ould such a ball move from the earib to the 
sun, admitting the distance to be 100 millions of miles, and 
the year to contain SGo days 6 hours ? Ans. years. 

Quest. 2. -What is the ratio of the velocity of light to 
that of a cannon-ball, which issues from the gun with a ve¬ 
locity of I.'jOO feet per second ; light passing IVoin the sun 
to the earth in minutes i Ans. the ratio of 782222^ to 1. 

Quest. 3. The slow or parade-step being 70 jwces per 
minute, at 28 inches each pace, it is required to deleniiiiic 
at W'hat rate |)er hour that movement is? Ans. 1 ] IJ miles. 

Quest. 1. The quick-time or .step, in m.arcliing, being 
2 paces per second, or 120 per minute, at 28 inches each ; 
at what rate |)er hour does a trooj) march on a r<mt, and 
how long will they be in arriving at a garrison 20 miles 
distant, allowing a halt of one hour by llie way to refroh ? 

. ) the rate is 3 miles an hour. 

5 and tlie lime 7^ hr, or Th 17) min. 

Quest. 5. A wall was to he built 700 yard.s long in 2{) 
days. Now, after 12 men had been employed on it for 11 
days, it was found that they had completed only 220 yartis 
of the wall. It is required to determine liow many men must 
be added to the I’ormer, that the whole number of them may 
just finish the wall in the time proposed, at the same rate of 
working. Ans. 4 men to be added. 

Quest. 6 . Determine how far 500 millions of guineas will 
reach, when laid down in a straight line touching one an¬ 
other; supposing each guinea to be an inch in diameter, as 
it is very nearly. Ans. 7891 miles, 728 yds, 2 ft. 8 in. 

Quest. 7. Two persons, a and b, being on opposite sidc.s 
of a wood, which is 536 yards about, they begin to go round 
it, both the same way, at the same instant of time; a goes at 
the rate of 11 yards per minute, and b 34 yards in 3 mi¬ 
nutes ; the question is, how many times will the wood be 
gone round before the quicker overtake the slower ? 

Ans. 17 times. 
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Qi^est. 8. A can tlo a })lece of‘work aiunc in 12 days, 
and B alone in 14; in what time will ijtey both together per¬ 
form a like quamity of work { " Ans.-6j.?j- days. 

<^rEST. 9. A person who w'as |X).ss>esscd of a sliare of a 
c(»j>})er mine, sold of liis interest in it for 1800^; wliat was 
the reputed value olthe whole at ihe same rate? A ns. 4G0()/. 

<xh'F,sT. !0. A pers-on after spending 90/ more than | of 
his yearly income, had then remaining .‘iO/ more than the 
halt'of it; what was lii*^ income? .iVns. 900/. 

Ql kst. 11. J'lie hour and minute hand of a clfick are 
exactly together at 19 o’clock ; vvlien .iTe they next together ? 

Alls, at 1 /, hr. or 1 hr. 5 ,',~ min. 

Qi i;s i. 19, If a gentleman whose annual income is 1500/, 
spend 90 guineas a week ; w'liether will he save or rim in 
<ieht, and how nuieh in the yciu ? Ans. save 408/. 

Qi j.sT. Id. A person bought ISO oranges at 9 a penny, 
and 1st) more at 3 a jitnnv : alitr which, selling them out 
again at -i for 9 jience, whetlK r dul lie gain or lose hv the 
hargaiii ? -\ns. he lost (i pence. 

(^ri:sT. 1 1. Il a quantity of provisions serve.s 1500 men 
19 weeks, at the rate ol 90 ounces a day for each man ; how* 
many men will the same provisions maintain for 90 weeks, at 
the rate ol 8 ounee.s a day for each man ? Ans. 9950 men. 

Qur.sT. 15. In the latitude of London, the distance round 
the earth, measured on the parallel oflatitude, is about 15550 
miles; now as the earth turns round in 98 hours 56 minutes, 
at what rate ]K’r hour is the city of London carried by this 
motion from west to east? Ans. 610miles an hour. 

Quest. 16. A father left his son a fortune, J of which lie 
ran through in 8 months: 4- of the remainder lasted liim 19 
months longer; after whien he had 820/left. What sum 
did the lather bequeath his son r Ans. 1918/ 6s 8^/. 

Quest. 17. If 1000 men, besieged in a town, with pro¬ 
visions lor 5 weeks, allowing cacli man 16 ounces a day, be 
reinforced with 500 men more ; and supposing that they can¬ 
not be believed till the end of 8 weeks, how many ounces a 
day must each man have, that the provision may last that 
time? Ans. 61 ounces. 

Quest. 18. A younger brother received 8490/, which 
was just ^ of his «lder brother's fortune : What was the 
father worth at his death ? Ans. 19900/. 

VOL. I, • M 
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Quest. 19. A ]iersou, looking on lus watch, was asked 
what was the time of the day, wl»o answered. It is between 
5 and 6 ; but a more particular answer being required, he 
said that the hour and minute hands were then exactly to¬ 
gether : What was the time ? Ans. 27^?^ '^dn. past 5. 

Quest. 20. H* 20 men can perform a piece of work in 
12 days, iiow many men will accomplish another thrice as 
arge hi one-fifth of the limeAns. 300. 

Quest. 21. A fatlicr devised of his estate to one of 
his sons, and of the residue to another, and the surplus to 
his relict for life. The children’s legacies were found to be 
SH*/6 a' ad different: What money did he leave the widow 
the use of? Ans. 12'?0/ J.s 

Quest. 22. A iierson, making his will, gave to one child 
4 A of his e.state, and the rest to another, ^^'^hcn these legacies 
came to be paid, the one turned out 1200/ more than the 
other: What did the testator ilie ^^o^th ? Ans. 400(V. 

Quest. 23. Two persons, a and u, travel between Lon¬ 
don and Lincoln, distant 100 miles, a from London, and n 
from Lincoln, at the same instant. After 7 hours they meet 
on the road, when it appeared that a had rode 1 ’ miles an 
hour more than n. At what rate per hour then did each of 
the travellers ride? Ans. a and u 6^4 miles. 

Quest. 24. Two persons, a and u, travel between Lon¬ 
don and Exeter, a leaves ICxefcer at 8 o’clock in the morn¬ 
ing, and walks at the rale of 3 miles an hour, without inter¬ 
mission ; and b sets out from London at 4 o’clock the same 
evening, and walks for Exeter at the rale of 4 miles an hour 
constantly. Now', supposing the distance between the two 
cities to be 130 miles, whereabouts on the road will they 
meet ? Ans. 694 miles from Exeter. 

Quest. 25. One hundred eggs being placed on the 
ground, in a straight line, at the distance of a yard from each 
other: How far will a person travel who shall bring them 
one by one to a basket, which is placed at one yard from the 
first egg? Ans. 10100 yards, or 5 miles and 1300 yds. 

Quest. 26. The clocks of ltal 3 r go on to 24 hours: 
Then how man^ strokes do they strike in one complete re- 
■vi^uon of the index ? Ans. 800. 
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Quest. 27. One Scs^a, an Indian, having invented the 
game of ches.s, showed it to his prince, who was so delighted 
with it, that he promised him any reward he should ask ; on 
which Sessa requested that he might be allowed one grain of’ 
wheat for the first square on thecliess board, 2 for the second, 
4 for the third, anti so on, doubling continually, to 64, the 
whole number of squares. Now, sup|x>Hing a pint to con¬ 
tain 7(j80 of these grains, and one quarter or 8 bushels to be 
worth U7s (id, it is required to conqmte the value of all the 
corn ? vAns. 6450468216285/ 175 3d 

Qj EST. 28. A person incre.'i ;etl his estate annually by 
100/ more than the } part, of it : 'iml at the end of 4 years 
found that Iiis estate amounted t<; .')312/ 3s 9d. What had 
he at first f Ans. 4000/. 

Qi i;>T. 29. Paid 1012/lOs for a principal of 750/, taken 
in 7 years before: at what rate ])er cent, per annum diti I 
pay interest ? - Ans. 5 per cent. 

Qi Esr. 30. Divide 1000/ among a, n, ; so as to give 
A 120 more, and u 95 less than <. 

Ans. A 445, b 230, c 325. 

Quest. 31. A person being asked the hour of the dav, 
said, the time past noon is etjual to jths of the time till 
midnight. What was the time.^ Ans. 20 min. past 5. 

Quest. 32. Siqipose that I have of a ship w'orth 
1200/; what ])art of her have I left after selling ^ of ± of 
my share, and what is it w'orth Ans. worth 185/. 

Quest. 33. Part 1200 acres of land among a, r, c ; so 
that B may have 100 more than A, and c 64 more than b. 

Ans. A 312, B 412, c 476. 

Quest. 34. What number is that, from which if there 
be taken y of and to the remainder be added yy of 
the sum will be 10Ans. 9^ 

Quest. 35. There is a imnlber wliicb, if multiplied by 
I of of Ij, will produce 1 : what is the square of that 
number.? Ans. 1./^. 

Quest. 36. What length must be cut off a board, 8| 
inches broad, to contain a square foot, or as much as 12 
inches in length and 12 in breadth ? Ans. lO j-f inches. 

Quest. 37. What sum of money will amount to 138/ 2s 
6dy in 15 months, af 5 per cent, per annum simple interest? 

Ans. 130/. 
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QrEST. i}H. A latlicr divided his fortune amonj^ his throe 
SOU'S, A, n, c, giving A 4 as often as b 3, and c 5 as often as 
M 6 •. what was the whole legacy, supposing a’s share was 
4000/? Ans. 9.)00/. 

Quest. 39. A young liarc starts 40 yards before a grey¬ 
hound, and is not perceived hy him till she has been up 40 
seconds; sl.e scuds away at ti)e rate of 10 miles an hour, and 
the dog, on view, makes after her at the rate of 18: how 
long will the course hold, and what ground will he run over, 
eour.ting from the oiitsetliug ol’the dog? 

A!i>. bo see. and 530 vnrds run. 

Qn>T. 40. Two young gentlemen, \\iLhoiit piivate for¬ 
tune, obtain commissions at the same lime, and at tiie age of 
18. One thonghtlesslv .•>•pend^ 10/ a vear more than his p;t\ ; 
but, shocked at the idea of not ))a\ing liis debt', gi\t> his 
creditor a bond tor the nionev, at tiie enil of everv vear, and 
also insures his h!e for the amount; each bond cost' him 30 
shillings, lx‘sides the lawl’ul mlei\.sl of 5 })er cent, aiul li) 
In.suro liis life i;osl«i him (i per cent. 

^1 he other, having a proper pride, is determined never to 
run in debt; and, that In* may assist a frund in rued, per¬ 
severes in saving 10/ t verv \ear, for which he ohn.ins an 
interest of 5 per ecut. whidi iiuere>l is eveiy \ear added to 
his sa\ings, anil laid mu, so as to answer the eifeet ofeoin- 
jiound interest. 

Suppose these two officers to meet at the age of 50, when 
each receives from Government 400/ per anmirn ; that the 
one, seeing his j)a>t i rrors, is resolved in 1‘uinre to s))en(l no 
more than he actually has, after paying the intere.st for what 
he owes, and the insurance on his life. 

The other, having now .something beforehand, means in 
future to spend his full income, without increa.slug liis stock. 

is desirable to know how much each has to spend per 
annum, and what money the latter has by him to assist tlic 
distres.scd, or leave to those who ileserve it? 

Ans. The reformed officer has to spend 66/19^ li'5389<^. 
per annum. 

The prudent officer has to spend 437/ 12s lli 4379d. 
per annum, and 

The latter has saved, to dispose of, 752/ 19s 9*1896^/. 
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OF LOGARITHMS*. 


Lot;\Kn II vjs are made lo laeililate troublesome calcu- 
l.iiioiK in numbers. This lliey do, beeause they perform 
inultlpluMtion by only addition, and di\lsn)n by subtraction, 
.iiul of powers bv niidllplyln*; llio lonrarllhni l>v the 

index of* the power, aiul extraclin<j; of roots liy dividing- 
the Itin^arlllun oj’ the number by tlie index of the root. 
Tor, loi;vnilhins are numbers so contrived, and adapted to 
other numliers, tiiat th(‘ sums anti differences oV the former 
shall eorrt'-spond to, anti show the products and cjiiotieiUs t>f 
the latter, ^ce. 

Or. more generally, lof^aritljms are tlie mimerieal expo- 
tienls ol' ratios; or tficv are a series of numiiers in arilh- 


* The invent ion of Logarilluns is tine to Lord Xapier, Laron 
of Meieltiston, in Scotland, and is propcily considered as one 
of the iuo>t useful inventions of inatlern tinus. A talde of these 
iiunihers was tir.st puhlished hy the inventor at Edinburgh, in 
the year ](>i4-, in a treatise entitled Canon Mirificum Lo^anth- 
moruni ; which was eagerly received by all the learned tlnough- 
t»ut Europe. Mr. Henry liriggs. then pr<»fessor of geometry at 
(ireshain College, soon after the iliseoNery, ueiit to visit the 
noble inventor j after uhieh, they jointly undertook the arduous 
task of computing new tables (*n this subject, and reilueing 
them to a more convenient foim than that wliicli was .at first 
thought of. Hut Loid Napier djiiig soon after, the whole 
burden fell upon Mr. liriggs, «ho, m ith prodigious labour and 
great skill, made an eiiliie Clarion, according to the new form, 
for all numbers from 1 to liOffOO, and from 9 )()00 to lOlOOO, to 
I f places of figures, and published it at London in the year 
1624-, in a treatise «ntitled Anthinetica Logaritbmica, with di¬ 
rections for supplying the intermediate jiarts. 
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metical progression, answering to another series of numbers 
in geometrical progression. 

Tiii-c ^ b, Indices, or logarithms, 

f 1, 2, 4, 6, 16, 32$ 04, Geometric progrebsion. 

S 0, 1, 2, 3, 4, 5, 6, Indices, or logarithms, 

1, 9, 27, ^Hrj. 213, 729, Geometric progression. 

Q (0, 1, 2, 3, 4, T), Indices, or logs. 

( 1, 10, 100, 1000, 10000, lOOObo, Geom. progres. 

'VVlicre it is evident, that the same indices serve etjually 
for any geometric series ; and consetpiently there may be an 


This Canon was aeain piiblislietl in llullaiui by Adi inn Vlacq, 
in the year iOJS, togelbci with the Logarithms of all the riuiii- 
bers which Mr. Briggs had oiuittctl ; Init he contracted tluMii 
down to 10 places of decimals. Mr. Briggs also computed the 
Logarithms of the .sines, tangents, and secants, to c-verv degree, 
and ccntcsin, or K Otii part of a degree, of the whole quadrant ; 
and annexed tliera to tlie natural sines, tangents, and secants, 
which he had before computed, to fdtecii jilaco of figures. 
These taldes, with tlieir cnjistruction and use, were first piib- 
li-'lied in thejear lG3.'i, after !Mi. Briggs's death, by Mr. Henry 
Gellibrand, under the title of Trigonuiuetria Britanniea. 

Benjamin Ursinus also gave a Table of Napier's Logs, and of 
sines, to c\ery 10 seconds. And Chr. Wolf, in his Mathematical 
Lexicon, says that one V*an l.oscr had eomputed them to e\crv 
single second, but his untimely deatli pre\ented their publica¬ 
tion. Many other authors have treated on thi.s suhject ; liut a.s 
their numbers are frequently inaccurate and incotiimodiously 
disj)oscd, they are now generally neglected. 'J'ho 'I'aldes in 
most repute at present, are those of (tnrdiuer in 4to, first pub¬ 
lished in the year 17 ; and my own Tables in Hvo, first printed 

in the year 1785, where the Logarithms of all nninbers maybe 
easily found from 1 to lOSOOOOO; aridtho.se of the sines, tan- 
gonts, and secants, to any degree of accuracy required. 

Mr. Michael Taylor’s 'l ables in large Ito, containing the 
common logarithms, and the logarithmic sines and tangents 
to every second of the*quadrant, arc very valuable. And, in 
Trance, the new^ book of logarithms by Callet the 2d edition 
of which, in I "'Jo, has the tables still further extended, and are 
printed with what arc called stereotypes, the types in each page 
being soldered together into a solid mass or block. 

Dod.son’s Antilogarithmic Canon is likewise a very elaborate 
work, and used for finding the numbers afiswcriiig to any given 
logarithm, each to 11 places. 
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cudl«t»8 variety of sybiems of logarithms, to the same com* 
mon DuiMbers, by only changing the second term, 2, 3, or 
10, &c. of the geometrical series of whole numbers; and by 
interpolation the whole system of numbers may be made to 
enter the geometric senes, ahd receive their proportional 
logarithms, w hether integers or decimals. 

It is also apparent, from the Jiaturc of these scries, that if 
any two iiitlices be added together, their sum will be the 
index of that number which is equal to the product of the 
two terms, in the geometric progression, to which those in¬ 
dices l)eh)ng. 'I'hus the indices 2 and 3, being added to¬ 
gether, ntal^' 5 ; and llic mini hers 4 and 8, or the terms 
correspondii^ to those indices, being multiplied together, 
make i>2, w hich is the number answering to the index 5. 

In like manner, if any one index be subtracted from an¬ 
other, the tliffcrencc will be the index of that number wdiicli 
is c(jual to the quotient of the two terms to which those in¬ 
dices belong. Thus, the index G. minus the index 4, isr::2; 
aiul the terms corresponding to those indices are G4 and 16, 
whose (juolient is — 4, which is the number answering to 
the index 2. 

l'\)r the same reason, if the logarithm of any miinher 
be multiplied by the index of its power, the product will be 
cxpial to the logarithm of that power. Thus, the index or 
logarithm of 4, in the above scries, is 2 ; and if this number 
be multiplied by 3, the product will be =G; wdiich is the 
logarithm of G4, or the third jiowcr of 4. 

And, if the logarithm of any mimher be divided by the 
index of its root, the quotient will be equal to tlie logarithm 
of that root. I’hus, the index or logarithm of 64 is 6; 
and if this number be divided by ^2, the quotient will be 
= 3; wliicli is the logarithm of 8, or the square root 
of 64. 

The logarithms most convenient for practice, are such as 
arc adapted to a geometric series increasing in a tenfold pro- 
{Kirtion, as in the last of the above forms; and are tno.se 
which arc to be found, at present, in most of the common 
tables on this subject. The distinguishing mark of this 
system of logarithms is, that the index or logarithm of 10 
is 1; that of 100 ^s 2; that of 1000 is 3; &c. And, in 
decimals, the logarithm of *1 is —1; that of *01 is —2; that 
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of *001 is -i), S:c. *lhe log, of 1 being 0 in every system. 
Whence it follows, that tlie logarithm of any numlwr be¬ 
tween 1 and 10, must be 0 and some fractional parts; and 
that of a number iK'tween 10 and 100, will be 1 and some 
i’ractional parts; and so on, for any other number whatever. 
And since the integral part of a logarithm, usually called the 
Index, or Characteristic, is alwavs thus readily found, it is 
commonly omitted in the tables; being left to be supplied by 
the oper.tlor fiimself, as occasion riH^uircs. 

Anollna- Definition of Logarilluns is, that the logarithm ot’ 
any number is the index ol that j>m\er of some other nmn- 
ber, which is C(jual to the given munher. So, it'there be 
'szzr'. iheti n is ll)e log, of \ ; wheiv ;/ tnay be either po¬ 
sitive or negative, or n()lhlng, and the root or base/ anv 
number whatever, aeeorcliiig to tlie dlflVieiil svsleiii'. ot’ lo¬ 
garithms. Wlun n is r: (», then n i*. ~ 1, \\hate\er the 
value of/' is; which shows, that the log. of I is alwavs 0, in 
every svstem of logarithms. \\'lK'n>/is =: 1, then \ is t r: 
so that the radix r is alwavs that mimlnT who>e log. is I, in 
every s\.sten)v When the radix r is rr ‘i T icc. 

the indices ?i are the hvperholie or Napier's log. oflh.e ninn- 
bers N; so that // is alwavs tlie livp. log. of the number x 
or 718 &c.) '. 

Ikit when the radix / is — 10, then tlie index n lieeomes 
the common or Hriggs’s log. of the number n : so that tlie 
common log. of any number 10 ' or N, is w ibe index of tliat 
power of 10 which is equal to the said numlx r. I’hus 100, 
being the second power of 10. will have i2 for its logarillmi; 
and lOOOj being the third jiower of 10, will liave 0 for its 
logarithm: hence aKo, if 50 be n: 10'''*‘‘’s then is 1 G9897 
tlie common log. r/f 50. And, in general, the following 
decuple scries of terms. 

viz. 10^ 10*, ION lOh 10'*, 10-1, 10-% 10-M0-‘, 

or 10000, 1000, 100, 10, 1, 1, 01, -001, 0001, 

have 4, 8, 2, 1, 0, —1, - 2, —3, - 4, 

for their logarithms, respectively. And from thi.s scale of 
numbers and logarithms, the same properties easily follow, 
as above mentioned. 



LOOAHIIHMS. 


153 


I’KOBLEM. 

Tu fompute tfw Lagai'U/im to any of the Xatural Nurnbrnf 

1, 3, 4, 5, cS'c. 

ttl.'LF. I *. 

Take the geometric scries, I, 10, 100, lOOU, 10000, &c. 
rnul apply to it tlic arilliuietic ■scries, 0, 1, 3, 4, &:c. as 

lo^unltims.—Tine! a gc(jmctnc mean Ocluecn 1 anti 10, or 
between 10 and 100, or any other two adjacent terms of'tlu; 
series, between wlneh the number pi’oj)osed lies.—In like 
manner, between tlie mean, thus i'ongd, and the nearest ex¬ 
treme, find another ^-eometiienl mean ; and so on, till you 
arri\e within the jnoposed limit of the nntiiber wlnjse lop;a- 
rithm is sought.—Find also as many arithmetical means, in 
the same oiiler as you f\)und the geometrical ones, and tliesc 
will be the lonarlilmis answering to the said geometrietd 
means. 

l.\AMl’l I.. 

la't it be rccpiired to find the logarithm ol‘9.^ 

Here the proposed number lies between 1 and 10. 

First, then, the log. of 10 is 1, and the log. of] is 0: 

therei'. (1 0) ~ ~ \ = -5 is the arithmetical mean, 

and -s/lO X I “ ^'10= 3T(I.92777 the geom. mean; 
hence the log. of 3‘16*22777 is *5. 

Secondly, the log. ol 10 is 1, and the log. of 3'1622777 is *5 ; 
theref. (1 + -5) ~ 2 -- *75 is the arithmetical mean, 

and v'lOx 3*1622777=5*6234132 is the geom. mean ; 
hence the log. of 5 ()234132 is *75. 

Thirdly, the log. of 10 is 1, and the log. of 5*6234132 is *75 , 
theref. (I |- '75)=. 2 = 87.1 is the arithmetical mean, 
and ^/l0 X .>*6231132 = 7* 191^9122 ilie geom. mean ; 
lienee the log. ol’7* 1989122 is *87.5. 

Fourthly, tlie log t>f 10 is 1, and the log. of 7 4989122 is 'ST.? ; 
theref. (1 \ -875) h- 2 = *9375 is the arithmetical mean, 
and ^'10 X 7T989122 = S*6.>f)613l the geom. mean; 
hence the log, of 8*6596431 is *9375. 


* The rca<k'r v\lio ui.slies to inform himself more particularly 
(••niccrningthe hi.stoiy, iintiiic, ami construction of Logarithms, 
may consult my M»th( iiiatical Trnc'ts, vol. 1, l:itel\ jmhlislu'r), 
w lu'jc he will fiml his euriosily .'imj)ly yratificd. 
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Fifthly, the log. of 10 is 1, and the log. of 8’659G431 is *9375 ; 
theref. (1 — -96875 is the arithmetical mean, 

and ^/lO X 8*6596431 =: 9’30.>7204 the geom. mean ; 
hence the log, of 9*3057201 is ‘yOBTa. 

Sixthly, the log. of 8'6.*j96431 is •937.'), and the log, of 
9-3057204 is *96875; 

theref. (*9375 ‘fK iST 5) 2 = *953125 is ihearith. mean , 

and ^/8*6596431 x 9*3057204 = 8*9768713 the geo¬ 
metric mean; 

hence the log. of 8-9768713 is *95312.). 

And proceeding in this manner, after 25 extractions, it 
will be found that the logarithm of 8-9999998 is -9542425; 
whicli may be taken for the logarithm of 9, as it differs so 
little from it, that it is suffiGiently exact for all practical pur- 
jK)ses. In this manner were the logarithms of ahnost all the 
prime numbers at first computed. 


KTLE 11 *. 

Let b be tlic number whose logarithm is recpiircd to la- 
found \ and it the number next less than h, so that/) —« —1, 
the lt»garithm of « being known; and let 4' denote the sum 
of the two numbers a -\-h. Tlicn 

1. Divide the constant decimal *8685889638 &c. by ,v, 
and reserve the quotient: divide the reserved quotient by 
the S(juare of s, and reserve this quotient; diviile this last 
<]U0ticnt also by the square of 5, and again reserve the 
quotient: anfl thus proceed, continually dividing the last 
quotient by the square of as long as division can be 
iiftule. 

2. Tlien write these quotients orderly under one another, 
the first uppermost, and divide them re.spcctively by the otld 
numbers, 1, 3, 5, 7, 9, &c. as long as division <-an be made; 
that is, divide the first reserved quotient by 1, the second by 
3, the third by 5, the fourth by 7, and so on. 

3. Add all these last quotients together, and the sum will 
be the logarithm of 5 -f- «; therefore to this logarithm atld 
also the given logarithm of the said next less number a, so 
will llie last sum be the logarithm of the number b proposed. 


* For the demonstration of this rule, sfcc iny Mathematical 
Tables, p. lu'J, &c. and iny Tracts, vol. 1. 
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That is, 

U)g. of i is log. a + X (1 4- i i + &c. 

where 7i denotes the constant given decimal *8685889638 &c. 


EXAMPLES. 


V'x. 1. Let it he required to find the log. of the number 2. 
Here the given number b is 2, and the next less number a 
is 1, whose log. is 0; al»o the sum 2 + 1 = 3 = 5, and its 
square s'' = 9. Then the operation will be as follows: 


3 

) 

•8685889(54 

1 

) 

i) 

) 

•289529(i54 

3 

) 

0 

) 

3i21699()2 

5 

) 

9 

) 

3574140 

< 

) 

9 

) 

:i971()0 

9 

) 

9 

) 

44129 

11 

) 

9 

) 

4903 

13 

) 

9 

) 

545 

15 

) 

9 

) 

01 




•289529654 

( 

•289529654 

32169962 

( 

10723321 

3574440 

( 

714888 

397160 

( 

56737 

44129 

( 

44)03 

4903 

( 

446 

5 45 

( 

42 

61 

( 

4 

• 

log. of f 


•301029995 

add lo*;. 1 

- 

•00000(X)00 

log. of* 2 

• 

*301029995 


Kx. 2. To eoniputc the logarithm of the number 3. 

Here b = 3, the next less number « = 2, and the sum 
o q- 5 = 5 n 5, who.se square a* is 25, to divide by which, 
always multiply by 'Ol-. Then the operation is as follows: 


5 

) 

*868588964 

1 ) 

•173717793 ( 

*173717793 

25 

) 

173717793 

3 ) 

6948712 ( 

2316237 

25 

) 

6948712 

5 ) 

277948 ( 

55590 

25 

) 

277948 

7 ) 

11118 ( 

1588 

25 

) 

11118 

9 ) 

445 ( 

50 

25 

) 

445 

11 ) 

18 ( 

Q 



18 





log. of I - *176091260 

log. of 2 add *301029995 

log of 3 sought *477121255 

Then, because the sum of the logarithms of numbers, 
gives the logarithhi of tlieir product; and the difference of' 
the logarithms, gives the logarithm of the quotient of the 
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number^; from the al)(i\e iwu lo^urilbni.s, and ibc lup;aritl]ni 
of 10, xhab is 1, wi' uuiy obtain a great many logaritinn.s, 
as in the lbllo«ing examples: 


KXAMPLE. 3. 

Ik-eanse x ~ — 4, tbereli>re 
to log. 2 - •3()10‘2{)99:>| 
add log. 2 - •901029995.^ 


Kxv.Mri.r, (). 

Ikraust'd* — 9, tberef'oiv 
l<.g. ;3 - .^77121251-^ 

imdt. bv 2 


Sinn is log. 4 602059991 


lAAAIl’l.K 4. 

Because x 9 = 6, therilore 
to log. :> - -90102999:) 

add log. 3 - --177121255 


sum is log. 6 -779151250 


gives log.i> *954242509 


l.\ X.MI LL 7. 

neeausc r: 5. thereloie 

iVom lui 10 rocooooooo 

lake K g. 2 -,•-01(529995: 


le:ne> log. 5 ’CiksOlOOO 1' 


i:\.AAkPi,E ,}. 

Because 2’ = S, ihereiore 
log. 2 - -901029995 

mull, l-'v 9 9 


gives log. 8 •9090^;9987 


LX \.MrLI. s. 

Becaused < 1 “ 12, ilu reliax' 
to log. 9 - •l'Ili‘i]255 

add log. 1 - -602059991 


gi \ es log. 12 1 -(5791812 9) 

O 


And llius, eon,puling bv ibi.i genu-al lule. l!u- iog.irliiuns 
> the other jjriiiu' nun,l)ti-s, 7, 11, 1.1, IT, li), i.'b ixc. and 
mn using eoinpo.sition and ilixlsion, ^\e may easily lind as 
lany logaritinii.s a.s we please, or may sjieedilv ex.-.niine any 
iritiim in the table*. 


* TKere are, l esiiles tlie'C, in;ui\ other mgeaieii.' iiii lh, <ls, 
which Inter uriteis hiiMi distovercd lor liiifliiig the lo^.irithujs oi‘ 
iiundKrs, in a mneh ('asi( r uiiy lliaii hv tlio oii^iiial iave.itoi , 
but, as thi Y c-'Uiiiol be i.ndei stood witljoul a l;i,io\ ledge <.f si i:.e 
of the higlier br-inehcs of the uiathciuaties, it is thought propei 
to omit them, and to vefer (he leader to Oiose uoiks wlii< h aie 
written expressly on the subject, it would likewise miicli ex¬ 
ceed the limits of this compendium, to point out all the. |n'ctilhr 
artifices that are made use of for constructing an entire t.diic 
of these iiiimbcrs j bat any information of diis hind, which the 
learner wish to obiain, may be found in inv 7 aides. ISee 

also llu- ailnU’ on la>ga,itlims in the Jd \olumc, p. 3 10, ^xe- 
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JJesrriptuyn and Use of the Tablk of Logarithms. 

Having explained the manner of forming a table of the 
logarithms of numbers, greater than unity ; the next thing to 
be done is, to show how the logarithms of fractional quan¬ 
tities may be found. In order to this, it mav be observed, 
tliat ns in the former case a geometric series is supposed to 
increase towards the left, from unity, so in the latter case 
it is supj)ose<l to decrease towards the right hand, still be¬ 
ginning with iitiit ; a'^ exhihited in the general description, 
page 15J2, wln-re the indices Ixang made negative, still show 
the logarithms to winch llu'y helonij. Whence it appears, 
that ns + 1 is the log of 10, so — I is the log. ofor *1 ; 
and as -f- 2 is tlie log. ol‘ lOH, so — 2 is the log. of ^ ' or 
•hi ; and so on. 

Hence it aj>pc;ns in general, that all numbers which con¬ 
sist of l!)e same Hgurt'>., whether they he integral, or frac- 
iionul, or nn\ed, will have the decimal parts of their loga- 
rithm" the same, hut differing only in the inde.v, which ^^ili 
he inoie or h'ss, and ])(»itlve or negative, according to the 
])lace of the first figure of the mind)er. 

"riui", the logarithm of 2().al being 1 Ih, the log. of 

i'.* <’•* . 5 1 ' ^d’it will ])c as follow.s : 

Numbers. Logarithms. 

2 () .5 I fi -4 *2 ‘r\ 4 1 0 

() -.5 1 52 -4 52 3 1. 1 0 

.Q ()5 I 1 1 - 4 52 13 4 1 0 

52 -(i 5 1 ' 0 -4 52 .'3 4 10 

•52 () 5 1 - 1 -4 52 d 4 1 0 

•0 52 6 5 1 -52 -4 2 0 4 10 

0 0 2 0 5 1 -53 -4 2 0 4 1 0 

Hence it also appears, that the index ol'any logarithm, is 
always less by I than the number of integer figures which 
the natural number consists of: or it is etjual to the distance 
of the first figure from tlie place of units, or first place of in¬ 
tegers, wliclhcr on the left, or on the right, of it; and thi.s 
inilex is constantly to be placed on the left-hand side of the 
decimal part of the logarithm. 

When there are integers in the given number, the index 
is always aflirmati^e; but when there are no integers, the 
index is negative, and is to be marked by a short line drawn 
before it, or else above it. Thus, 

A number having 1, 2, 3, 4, 5, &e. integer places, 
the index of its log. is 0, 1.2, 53, 4, &c. or 1 less than those 
))laecs. 
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And a <ic’cimal fraction having its first effective hgiire in the 

Jst, i2d, tkl, 4th, &c. place of the decimals, has always 
— T, —2,—3,-4, lk,c. for the index of its logarithm. 

It may alst) be observed, that though llie indices of frac¬ 
tional quantities are negative, yet tlie decimal parts of their 
logarithms are always affirmative. And the negative mark 
(—) may be set either before the index or over it. 

I. TO FIND IN THE TABl.E, THE LOGAKITHM TO ANV 

NUMBER*. 

1. If the given N^umber be less than 100, or consist of only 
two figures; its log. is immediately found by inspection in 
the first page of the tadile, which contains ail numbers from 
1 to 100, with their logs, and the index immediately an¬ 
nexed in the next column. 

So the log. of 5 is 0 (i98970. Tlie log of 23 is 1-3C172S. 
The log. of 50 is 1*698970. And so on. 

2. If the Number be more than 100 but less than 10000; 
that is, consisting of either three or four figures ; tlie decimal 
part of the logarithm is found hv inspection in the other 
pages of the table, standing against tlie given number in this 
manner; viz. the fir^t three figures of the given number in the 
first column of the page, and the finirth figure one of llioso 
along the toji line of it; then in the angle of meeting are the 
last four figures of the logarithm, and tlie first two figures 
of the ^amc at the beginning of the same line in the second 
column of the page : to which is to be prefixed the proper 
index, which is always 1 less than the number of integer 
figures. 

So the logarithm of 251 is 2*399674, that is, the decimal 
*399674 found in the tabic, with the index 2 prefixed, be¬ 
cause the given nuinlier contains three integers. And the 
log. of 34*09 is 1*532627, that is, the decimal *532627 found 
in the table, with the index 1 prefixed, because the given 
number contains two integers. 

3. ffui iftheghen Number contain more than four figures ; 
take out the logarithm of the first lour figures by inspection 
in the table, as before, as also the next greater logarithm, 
subtracting llie one logarithm from the other, as also their 
ccaresponoing numbers the one from the other. Then say, 

As the difference between the two numbers. 

Is to the difference of their logarithms. 

So is the remaining part of the given number, 

To the proportional part of the logarithm, 

_ it 

* See the ♦lable of Logarithms, at the end of this volume. 
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Which part being added to the less logarithm, before taken 
out, gives the whole logarithm sought very nearly. 

EXAMPLE. 

To find the logarithm of the number 34’0926. 

The log. of 340900, as before, is .532627. 

And log. of 341000 - - is 532754. 

The ditts. arc 100 and 127. 

Then, as 100 : 127 : : 26 : 33, the pro{}ortiuna] part. 

'J'his added to - - - 532627, thenrstlog. 

Gives, with the index, 1 532660 fi:)r the log. of 34'0926. 

4. If the number consist both of integers and fractions, or 
is entirely fractional; find the decimal part of the logarithm 
the same as if all its figures were integral; then this, having 
prefixed to it the jiroper index, will give the logarithm re¬ 
quired. 

.5. And if the given number be a proper vulgar fraction ; 
subtract the logarithm of the denominator from the loga¬ 
rithm of the numerator, and the remainder will be the loga¬ 
rithm sought; which, being that of a decimal fraction, must 
always have a negative index. 

(». But if it be a mixed number; reduce it to an impro¬ 
per fraction, and find the difl'erence of the logarithm of the 
numerator and denominator, in the same manner as before. 

EXAMPLES. 

I. To find the log. of ij. i 2. To find the log. of 

Log. of 37 - 1-568202 | First, 17^4 = Vy • Then, 

Log. of 94 - 1-973128! Log. of 405 - 2-607455 

-Log. of 23 - 1-361728 

Dif. log. or II -1 -595074 - 

- Dif. log. of 17i-4 1-245727 

Where the index I is negative - 

II. TO FIND THE NATURAL NUMBER TO ANY GIVEN 

LOGARITHM. 

This is to be found in the tables by the reverse method 
to the former, namely, by searching for the proposed loga¬ 
rithm among those in the table, and taking out the corre¬ 
sponding number by inspection, in which the proper number 
of integers are to be pointed off, viz. 1 more than the index. 
For, in finding the number answering to any given logarithm, 
the index always shows how far the first figure must be 
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removed from the place of units, vi/. to the left hand, or in¬ 
tegers, when the index is affirmative; hut to the right liaiid, 
or^ecinials, when it is negative. 


LXAMPLLS. 

So, the number to the log. I 532882 is 34*11. 

And the number of the log. 1*532882 is *3411. 

But if the logaritlim cannot lx? exactly found in the table; 
take out the next greater and the next les*;, subtracting the 
one of tliese logarithms from the other, as al>o their natural 
numbers the one from the other, and the loss logarithm from 
the logarithm proposcxi. Then say, 

As the difference of the first or tabular logarithms, 

Is to the difference of their natural uumiK-rs, 

So is the differ, of the given log. aiifl the least tabular log. 
To their corresponding numeral difference. 

Which being annexed to the least natural nunil)er above 
taken, gives, the natural number sought, corrcs|M)nding to 
the proposed Icgaritlun. 


lA'AMPLL. 


So, to find tlic natural number answering to the given 
logarithm 1*532738. 

Here the next greater and next le.ss tabular logarithm.*;, 
with their corresponding numher.s, are as below : 

Next greater 532754 itsnum. 341000; given log. 532708 
Next less 532627 its num. 340f)00; next less 332627 


Differences 127 — 100 HI 

Then, as 127 : 100 : : 81 : 64, nearly tlic numeral differ. 

Therefore 34*0961- is the number sought, marking off'tw*(> 
integers, because the index of the given logarithm is 1. 

Had the index been negative, thus 1*532708, its eorre- 
s;)onding number would have been *340064, wholly decimal. 
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RllI.K. 

Take out the logarithms of the factors from tlie table, 
then add them together, and their sum will be the logarithm 
of the product required. Then, by means of the table, take 
out the natural numlier, answering to the sum, for the pro¬ 
duct sought. 

Take care to add what is to be carrietl from the decimal 
part of the logarithm to the affirmat^e index or indices, or 
else subtract it from the ncgativc. 

AIso, add the indices together when they are of the same 
kind, Ixjth affirmative or both negativi*; but subtract the 
less from the greater, when the one is affirmative and the 
other negati\e. ami prelix the sign of the greater to the re¬ 
mainder. 


EXA-MPLI'S. 


1 . '!'») mvthiply 2311 bv 2 
5-0(>2 ‘ ■ i 

Numbers I<ogs. ! 
28-14 - l-:J(>43(ifl 
5 062 - 0 704322; 


Product 117*1347 2 068685:1* 


To multiply 2*581926 
by 3*457291 
Numbers. Logs. 
2*581926 - 0*411944 
3-457291 - 0*538736 

ml. 8*92648 - 0*950680 


3. To mult. 3*902 and 597*16 
and *0314728 all together. 
Numbers. Logs. 
3*902 - 0*591287 

,597*16 - 2*776091 

*0314728 - 2*497935 


Prod. 73*3333 - 1 863313 


Here the — 2 cancels the 2 , 
and the 1 to carry from the 
decimals is set down. 


4. To mult.3*586, and 2*1046, 
and 0*8372, and 0*0294 all 
together. 

Numl)ers. Logs. 
3*586 - 0 554610 

2*1046 - 0*323170 

0*8372 -1*922829 

0*0294 - 2*468347 

Prod. 0*1857618 —1*268956 

Here the 2 to carry cancels 
the — 2 , and there remains 
the - 1 to set down. 
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DIVISION BY T.OGARITHMS. 




lu'i.r 

I’kom tliu logarithm of tlio dividencl subtract the loga¬ 
rithm of the divisor, ami the number answering to the re¬ 
mainder >vill be tlio quotient recjuired. 

Change the sign of llie index of the divisor, from affirm¬ 
ative to negative, or from negative to affirmative; then take 
the -sum <)f the indices if they f)e oi’the sajne name, or tht‘ir 
differenee when of different sign^. with the sign of the greater, 
for the index li> tlte lt)garithm ot'fh(' fjuotienl. 

A1 so, wlien 1 !s borrowed, in the left-hand jtluec of llie 
decimal pai’t of tlte logarithm, add it to the index of the 
divisor \Nhen that index is alfirm.it'ive, hut subtract it wheti 
negative; then let the sign of the intlex arising from hence 
he chaitixisl. and 'vorkt-fl with as l)er<»re 


j \ \ ,M iU,t s. 


1. T<» divide l>41(kihv 

NtimlKMN. I,«igs. 

Dlvldcml - 4 

Divij.i)r 45(i7 - O hoOh-'i 1 


Quof. .V529fn8 


'j/rodivi(le.>71 10l>v 

Numbers. Lc 
DWideud 87-149 - 1 5()9947 
j ni\ls,>r 7^9-7fl - f^*7l9lJ3l> 

(,>uot. ■O709'no-fi-85()SJ7 


nivifle-06:5m)v 007fm. 
N.innher'. I^og". 
Dividend -Ohd 14~5^800r>05 
Divisor 00721-1 - 9-859799 

f»>.iot, 8T1979 0-910508 

Ileie 1 carried from the 
decimals to the —9, malus it 
become —9, which taken from 
tlic other —9, leavts f) *rr- 
niaining. I 


j l'I’rulnnh‘-7i9Hl)vl99l-7fJ 

Nundu'is. 1j<i 

Divid. -7198 -lS7M5f; 
Divisor 19-9178 Ml 9189 

<0uoi. 057 417 -9-759907 

Here the 1 taken from tin* 
— 1, makes it hecome —9, to 
set <lf»wn. 


or Hule of ]’ro])orllt)n, is 


Note. The llule-oi-riuee, 
performed by adding the logarithms of the 2d and 9d terms, 
and subtracting that of the first tcrm^7'om their sum. In 
stances will occur in Plane'rrigonometry. 
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RUl.K. 


Takk out the logarithm of the given innuber from the 
table. ]\lulti|jly the logarithm thus found, by the index ol“ 
the power proposed. Find the number answ'ering to the 
product, and it will bo the power required. 


Nolc. In nuilli])lving a logarithm with a negative index, 
l)V an affirmative number, the produet will be negative. But 
what is to he carried from the decimal part of the logarithm, 
will always be affirmative. And then'forc their difference 
will be the index ol’ the product, and is always to be made 
of'the same Kind with tlie greater. 

C> 


r.XAMPLF.s. 


1 . Tt) s<juare the number 

Numb. Log. 

Hoot 9*.a791 - - ()‘41l4(i8 
The index - - fi ! 

Power b 65171 () S^>:^966 ! 

- t 

6 . To raise •()916b to tl>e 
'Itli power. 

Nnmh. 

Root 09166 -2-96‘2038 

The index - - 4 

Pow. •000070491 - 5-8481.5J2 

Here 4 times the negative 
index being —85 and 3 to 
carry, the difference —.5 "is 
the index of the product. 


Tt) find the cube of‘ 
.3-07146. 

Numb. Log. 

Hoot 6071 K 6 - - 0 4vS7d45 
The inde.x - - 

Power «8 9758 1-462035 


4. 'To raire T004.j to the 
365th powci'. 

Numb. Log. 

Hoot 1-0045 - - 0 001950 
The index - - .36.5 

9750 

11700 

5850 

Power 5 14932 0-711750 

N 2 
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Take the log. of the given number out of the table. 

Divide the log. thus found by the index of the root. Then 
the numlK'r answering to the quotient will be the root. 

\ofr. When the index of the logarithm, to be divided 
is negative, and does not exactly contain the divisor, without 
some remainder, increase the index hy such a number as 
will make it exactly divisible by the index, carrying the 
units borrowed, as so many tens, to the left-hand place of 
the fleeimal, and then divi<le as in whole numbers. 


l.X 


I. To lind the s(juar<‘ root of 

Nunxb. 

Power 

Root 191 OiJtti I28ni(*; 


To find the 10th root f)f 

Numh. Log. 

Powers - in)(»-30]ti:10 

Root LOT 1773 0 030103 


•5. I'o fin<l v' OO*.!- 
Nnmh. 

Power 093 2) - ii-9(i84-8;i 
Root •3049.59 -1 4842414 

Here the divi'sor 2 is con¬ 
tained exactly once in the ne¬ 
gative index —2, and there¬ 
fore the index f)f the quotient 
is —1. 


2. "J'(j flinl the 3d r«)ol of 

12.11.If. 

Xiiml). Loo. 
Power 123Li 311091191 
Hoot 2;Mll() 1 3()383(}; 


I. l'(* find the 3fi.>th nwit of 

LOlo. 

Numh. Log. 

P<»wer 10 [.o .3(;.j)0 0191lb 

Boot L000I21 0 0(KH).12' 


a. 'I'o find the -(MlOl-H. 

Numh. Log. 

IVtwer 00048 3)-1 681241 
Root -0782973 -2*893717 

Mere the divisor .'t. not tK>ing exartly 
conlained in —4, it is iiiignu<ntcd by 2, 
to make up (i, in which the divitior ii. 
contained just 2 times; tticn the 2, 
thus boiTowed, being carried to the de¬ 
cimal figure <>, inake> 26, which divided 
by •$. gives a, \i. 


7. To find 3-1416 x 82 y ^ 

8. To hnd •02918 x 751 *3 x 

9. As 7241 : .3-.58 : : 20-46 : .- 

10. A.S v^724 . ; : : 6-927 : ? 
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DEFINITIONS AND NOTATION. 

1. Algebra is the science of investigation by means of 
symbols. It is sometimes also called Analysis; and is a 
general kind of arithmetic, or universal way of computa¬ 
tion. 

2. In this science, (juantities of all kinds arc represented 
by the letters of the alphabet. And the oj)crations to be 
performed with them, as addition or subtraction, &c. are de¬ 
noted by certain simple characters, instead of being expressed 
by words at length. 

.'5. Jn algebraical inquiries, some quantities are known or 
given, viz. those whose values arc known : and others un¬ 
known, or are to be found out, viz. those whose values arc 
not known. The former of these arc represented by the 
leading letters of the alphabet, </, h, c, d, &c.; and the latter, 
or unknoH'n quantities, by the final letters, 2 :, .r, &c. 

4. The characters used to denote the operations, are 
chiefly the following: 

-f signifies addition, and is named plus. 

— signifies subtraction, and is named minits. 

X or . signifies multiplication, and is named into. 

-r- signifies division, and is named by. 

signifies the square root; i/ the cube root; ^ the 
4th root, &c.; and V the wth root. 

: ; : : signifies proportion. 

= signifies e(|uality, and is named equal to. 

And so on for other operations. 

Thus « + 5 denotes that the number represented by h is 
to be added to that represented by a. 

a~~ h denotes that the number represented by h is to be 
subtracted from that represented by a. 

ci'^h denotes thc*diffcrmcc of a and /», when it is not 
known wliiih it. the greater. 
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tib, or a X or u . b^ expresses the product, by iniillipli- 
calion of’the niiiubers represented by u and b. 


a 


n ~ Z>, or ~ , denotes, that the number represenletl by a 

is to be divided by that wltieli is expressed by b, 

a : b :: c : d, signifies that a is in the same proportion to 
b, as c is to d. 

X' zzza—b -f c‘is an equation, expressing that .r is equal 
to the difference of’ a and by added to the (piantity c, 

s/ a, or n‘\ denotes the square root of* a ; V//, or a \ the 

•j 

cube root of’« ; and ' or tlie cube root of the square ot‘/t; 

I <> 

- W — 

also '"■s/ii, or a ‘, is the ;atli root of ti ; and %/«" or « ' is the 




?Uh ])o’.ver of tlie 7 ath root of* a, or it is a to llie — power 


a* denotes tlie square of a ; a"' the eul)e of a; a* the fourlli 
power (if a ; and a" tlie nth power of a. 

fi ^ b X t'y or ('/ 4 - b) c, denotes the product of the com¬ 
pound (juantity a b imilli[)liLd by tlie simple quantity (. 

Using the bar-, or tlie parenthehi.s ( ) as a \incuhini, to 

connect several sinqile (|uantities into (inc compound. 


(/ 


/yor— expressed likt‘ a fraction, nieam; 
a —b 

the quotient of a 4 - b dl^ided by a — It. 

_ I 

ub -f- ((/, oi' {(th -tCty^y is the s<|uare root of the com¬ 


pound (juantity <:b -j- al. And c Vtib cdy or v {nh -f- cd) • , 
denotes the product of r into the square root of the com¬ 
pound (piantity ab t- cd. 

a + b — c\ or {a -f />» — denotes the cube, or third 
power, of the compound (juantity a b — c. 

3a denotes that the (juantity a is to be taken 3 times, and 
^{a - 1 - 6 ) is 4 times a b. And these nuniliers, 3 or 4, 
sliowing how (jften the quantities arc to be taken, or mul¬ 
tiplied, are called Co-efficicnts. 

Also denotes th^t x isjnultiplied by ^ ; thus ^ x .r or 

X. 

5. Like (juantitics, arc those which consist of the same 
letters, and jiowers. As a and iiu ; or Qiab and 4«6; or Su'ltc 
and —ba'lx'. 

(j. Unlike Quantities, are those vvhi.,li consist of differenl 
letters, or different jiowers. As a and 6 ; or 2ti and a": or 
3ab' and I3(i6(. 
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7. Simple Quantities are those which consist of one term 
only. As tja, or 5f(b, or Gabc'. 

8 . Compound Quantities arc tliose which consist of two 
or more terms. As a + b, or 2a — 3r, or a ^ 2b — 3c. 

9. And when the compound quantity consists of two 
terms, it is called a Binomial, as « + i; when of three terms, 
it is a Trinomial, as a 2b — 3r; when of four terms, a 
Quadrinumial, as 2a ~ Sb -\-c — id; and so on. Also a 
]\Iultinomial or Polynomial, consists of many terms. 

10. A Residual Quantity, is a binomial having one of the 
terms negative. As a — 2b. 

11. positive or affirmative Quaiflities, are those which 
are to he added, or have the sign +. As a or -y a, or ah : 
for when a (luantity is found without a sign, it is understood 
to he ])osItlvc, or have the sign + prefixed. 

P 2 . Negative Quantities, are tho.se which are to be sub¬ 
tracted. As — </, or — or ■— 3«/>’. 

13. Like Signs, are either all }>osilivc ( 4 - ), or all nega- 
live ( - ). 

11 . Unlike Signs, arc when some arc positiv M + )^ and 
others negative ( ~ ). 

U). 'J’he Co-enielcnt of any quantity, as shown above, is 
llie mnnher prefixed to it. As 3, in the (juantity 'iab. 

IG. The power of a quantity (a), is its square (a-), or 
t ube (« ’), or biquadrate {a*), ^cc.; called also, the 2 d power, 
(w 3tl power, or 1th ))ow'er. See. 

17. The Index or I'xpone^it, is the number which denotes 
the ]K)wcr or root of a cjuanlity. So 2 is the ex[)ontMit of 
the s(|uare or second ])owcr a"; and 3 is the index of the 

cube or 3d power; and is the index of the square root, a' 

or \/fl ; and ^ is the index of the cube root, or V«- 

18. A Rational Quantity, is tliat which lias no radical 
sign (-✓) or index annexed to it. As a, or Sab. 

19. An Irrational Quantity, or Surd, is that of which the 
value cannot be accurately expressed in numbers, as the 

s(juarc roots of 2, 3, .7. Surds are commonly expressed by 

i 

means of the radical sign : as V2, or \ a, or%/a'^, or ab^‘ 

20 . The Reciprocal of any quemtity, i.s that quantity in¬ 
verted, or unity divided by it. So, the reciprocal of or 

a . \ (t h ^ a . ,2'-j 1 / 

-, IS • the rccipiocal ('I , is — , that or- e - ' . 

l a ' » b (t a- -I 1/ a 
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2[. I’Jic IctlLTs. l>v wliicli any biniplt* quantity is expressed, 
may be ranged according to any order at pleasure. So the 
product of a and may be either expressed by aO^ or ba ; 
and the protluct of n, />, and c, by either ahe, or acb, or bac, 
or bca, or cab, or eba ; as it matters not winch (juantities are 
])Iaced or multiplied first. But it will be sometimes found 
convenient in long operations, to place the several letters 
according to their order in the alphabet, as <ibc\ wliich order 
also occurs most easily or naturally to the mind. 

22. Likewise, the several members, or terms, of which a 
comjwund quantity is composed, may be disposed in any 
order at pleasure, without altering the value of the sig¬ 
nification of the whole" 'J'hus, 3a — 2a(> -|- XaUc may also 
be written 3a + or iabv + oa — 2ah, or — 2nb + 

3a + 4fabc, &c.; for all these represent the same thing, namelv, 
the quanlit}' which remains, w'hen the quantity or term iltth 
is sublrnctetl from the sum oi‘ the terms or (juantities 3a attd 
4ahc. But it is most usual and natural, to begin with a [m»- 
sitive term, and with the first letters of the alphabet. 


SOMi: EXAMPLES 1 OK PRACTICE. 

In finding the numeral values of various expression-., or 
combinations, of quantities. 

Sup|>o.sing a = G, and b ~ 5, and c — I, and d — \, and 
e = 0. Then 

1 . Will + ikib - c- =: 36 + 90 - 16 = 110. 

2. And 2rt* — 3(i h ^ c' ~ 132 — .>10 + Gl rr —11. 

3. And a' x {a -f — 2nhc :r 3(> x II — 210 n 1.>G, 

a-' I 6 

4. And -— 4 - c* = + 16 = 12 + 1G — 2H. 

a ^ 3c 

5. And ^'' 2 ac' + or ( 2 ac 4 - = \^C4 = 8 . 

2bc 40 

6 . And . '■ ' ~ = 2 + — =7. 

V' 2ac + 6 - 6 

3ft — 1 35 

7. And --=z rs—z = "^ = «• 

2 a — x/ b‘^ 4. ac 1 ^ ^ ^ 

8 And — a c + x/2ac + (> =1 +8 = 9. 

9. And x/b‘^ —ac+ ^Uac + < * = + « = 3. 

10. And 4 p c 183. 

11. And 9a/> _ 105- + c = 21. 
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12 . 

13. 

11 .. 

15. 

16. 

17. 

18. 
lU. 
20 . 
21 . 
22 . 


A 1 1 

And-X « z= 45. 

(■ 

. I -I- i b 

And - X -- =; 13|. 

c‘ a 


And 


a + b a — b 
c d 


- U- 


A 1 

And- e= 45. 

c 

A 1 

And- X c = 0. 

c 

And [b — c) X (J — r) = 1. 
And (a + i) — (c — d) — S. 
And (a + b) — c — d zz 6. 
And a-c x d"* — 111. 

And acd — d — 23. 

And ife b^e d — \. 
h 


23. And 


% = ,8.. 


d-C c-~d 


And ^/a* + b' — — b- = 4-4936249. 

And iiac^ + V«* - b* = 292-497942. 


*^>4. 

2.5. 

26. And 4a- ~ 3a ^/a'^ - ^ab = 72. 


ADDITION. 

Addition, in Algebra, is the connecting the quantities 
togetlier by their proper signs, and incorporating or uniting 
into one term or sum, such as are similar, and can be united. 
As 3a -j- 2^ — 2a = a + 2b, the sum. 

The rule of addition in algebra, may be divided into three 
cases: one, when the quantities are like, and their signs like 
also; a second, when the quantities are like, but their signs 
unlike; and the third, when the quantities are unlilcc. 
Which arc performed as follows*. 


*T!ic I'casons lui wliicli lluse operatioiis#i'c foundetl, will rea¬ 
dily appear, by a little lefleelifui on tlio nature of the (juantitics to 
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CASE I, 

When the Quantities are Like, and have Like Signs. 

Add the co-efficlcnts together, anti set down tlic sum; 
after which set the common letter or letters of the like 
quantities, and prefix the common sign -H or —. 


be added, or collected together. For, with regard to the first ex¬ 
ample, where the qiiuntities are ‘.ia and ja, whatever a represents 
in the one term, it will represent the same thing in the others so 
that .‘j times any thing and ,> times the same thing, collected 
together, must needs inaTic s times that thing. As M a denote a 
shilling j then 3a is 3 shillings, and ja is shillings, and their sum 
S shillings. In like manner, — LV/fi and - lah, or—“i times any 
thing, and —7 time.s the same thing, make —q times that thiit». 

As to the second case, in which the quantities are like, but the 
signs unlike 5 the reason of its operation will easily appear, by 
reflecting, that addition means only the uniting of quantities to¬ 
gether by means of the arithmetical operations denoted l»y theii 
signs and —, or of addition and subtraction 5 which being of 
contrary or opposite natures, the one co-eflicicnt must be sub¬ 
tracted from the other, to obtain the incorporated or united mass. 

As to the third ease, where the quantities are unlike, it is jd.ain 
that such quantities cannot be united into one, or otherwise 
added, than by means of their signs : thus, for exauqile, if « be 
fcupposed to represent a crown, and b a shilling j then tlie sum 
of a and b can he neither 2a nor 2b, that is neither ‘..^crowns nor 
2 shillings, but only 1 crown plus I shilling, that is a -f b. 

In this rule, the word i-snot ver\ properly used ; being 

much too limited to express the operation here performed. The 
business of this operation is to incorporate into one mas.s, 01 
algebraic expression, different algebraic (juuiilities, as far as an 
actual incorjioratiou or union is possible, and to retain the alge¬ 
braic marks for doing it, in cases where the former is not po.s- 
sible. ^Vhen w^; have several quantities, some affirmative and 
some negative the relation of these quantities cun in the 

whole or in part be discovered ; such incorporation of two or 
more quantities into one, is plainly effected by the foregoing rules. 

It may seem a paradox, that what is called addition in algebra, 
should sometimes mean addition, and sometimes subtraction. 
"But the paradox wholly arises from the scantiness of tlie name 
given to the algebraic process from employing an old term in 
a new and more enlarged sense. Instead of addition, call it in¬ 
corporation, or union, or striking a balani.r, (jr give it any iiamr 
to which a more extensive iilea may be annexed, than that 
whieh is usually iiiiplierl by the word addition ; and the [)aradox 
vanisliL’S. * 
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'J’lius, iSa added to 5a, makes 8a. 

And —Qab added to —7ab, makes 

And 5a -f 7b added to 7a -f-S6, makes 1^«4- 106. 


OTlIKll KXAMI’LES FOU PKAtTICE. 


Ha 

9« 

5a 

12« 

a 

2ti 

— 36x 

— 5bx 

— 4>bx 

— 26.r 
-76x 

— bx 

hxy 

* 56a;y 

bxy 

^bxy 

• 66.r;/ 


-226x 

186x^ 

/ 

•k- 

5:. 

3 J - -4 oayy 

1- a;y 
4- -Ix.y 
5.t'- 4- 2.t;y 
4a « 4- 3a;5/ 

2a.r—1/y 
4;a.i' — y/ 
//a— Sy 
5ax~5y 
7ar—iiy 

1 5z 

lo.t* 4 15.ry/ 

19^/x — 15^ 

5x>f 

- 1%’ 

•1« — 46 

1 \xy 

— 

5a — 56 

'XZvy 

- %• 

Ort — 6 

17a ^ 

— 4y« 

3a — 26 

I 

- V‘ 

2a —76 


- 

8a - 6 

'-'r. 

30 — 130^^ 

— Oa.y 

•c 

5.1 y — 3x 4~ ^6 

23 — lOar^ 

— 

Buy — 4- 3a6 

11 — Hot* 

- 7.r^ 

Sxy — 5x 4- 5ab 

10 - 16i'^ 

- 5*^2/ 

.ry — 2.V 4- ab 

16 ~ 20.r^ 

- ‘^2/ 

4fxy — X 4- 7r/6 
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( ASE II. 

When the Quantities arc alikCf but have Unlike Signs, 

Add all the affirmative a>-efficients into one sum, and all 
the negative ones into another, when there are several of a 
kind. Then subtract the less sum, or the less co-efficient, 
from the greater, and to the remainder prefix the sign of the 
greater, and subjoin the common quantity or letters. 

So -f" united, make -f 2^/. 

And — 5a and — 3a, united, make — 2a. 


OTHEE EXAMPLES FOR PRACTICE. 


— 5a 

4 3aj:' 

4- Hx"* 4 ‘Vy 

-f- 4a 

4 4ai'- 

- 5.2'" 4 4^ 

4-6a 

— Sax- 

— 1 (ij' * 4 5^ 

- 3a 

— 6ax* 

4- 3r' -7y 

+ ^ 

+ 5ax“ 

4- 2.r’ - 2^ 

+ 3a 

- 2ax" 

- -f 32/ 

- 3a« 

4 3by 

4 4a/» 4^ 4 

— 5a" 

4 oby 

- 4ab 4- 12 

- 10a‘ 

- Why 

4 7a6 - 14 

4 10a‘ 

- i9by 

4 ab 4 3 

-f 14«" 

- 2by 

- Sab - 10 

■ 


— 


4 10 x/ax 

4 3^ 4 4ax’^ 

■ aj;^ 

— 3 \/ax 

— ^ — Sax^^ 

bax'^ 

4 4 

+ 1// -f 2ai'^ 

- 6ai^ 


— 2'ij -t- baj:'^ 
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i'ASC 111. 

When the QuantittCfi are Unlike. 

Havixc collected together all the like quantities, as in 
the two foregoing cases, set down those that arc unlike, one 
after another, with their proper signs. 


i:xA»i er.KS. 


iktij 

(ia/y — 12?' 

^4aa — 130 4- Sa 

2(1,7' 

— la’' q- 3.r/y 

.5a® 4 Sax 4 9.r ' 

-^5X1) 

+4a’* -- 2xy 

7xf/ — 4a^ 4- 90 

Oru. 

— ‘5xij 4 4.1’- 

x'.r 4-40 — Ga- 

2x7f 4~ 8a.r 

4.ry — 8 .J’- 

Taa 4 8a» 4- 7ay 

9a’/y^ 

1 h7x - 2a’® 

9 4" lO^/aa — 5// 

- 

5(tx f 3a'(/ 

2a 1- 7s/*xy 4 5y 

4- 3a.L’ // 

8y- — 4a.r 

5y 4 Sy/ a>x — 4y 

- 4.r*^ 

31 ® + 26 

10 — 4 v'aa’ 4 ^y 

4a’>/ 

4 X a — 3y 

3a® 9 -f- a-^ — 4 

-Ga;y 

2 x''a y 4“ 14a 

2n — 8 4- 2a2 - 3a- 


Sx 4" %/ 

Sx^ - 2a® 4-18-7 

-Ix'-Tj 

—9-j- Sv/avy 

— 12 4- w — 3a’' — 2y 


Add a-^-b and 3a — 5b togetlicr. 

Add 5a — 8.i' and 3a — 4x together. 

Add (jar — 56 4- + 8 to — 5a — 4a’ + 46 — 3. 

Add a -f" 3c — 10 to 36 — 4a 4- 5f -|- 13 and 56 —r. 
Add a 4* 6 and a — h together. 

Add 3a 4- ^ — 10 to c — d — a and — 4r 4- ^ — 3^ — T. 
Add 3a- 4- 6'* — c to 9><ib — 3a* 4 - 6c — 6. 

Add a? 4- 6-c — 6- to a6- — a6c 4 - 6 ®. 

Add 9a — 86 4" lO.f — 6k/ — 7r 4* to 2a’ — 3a — 5c 
46 l-6t/- 10. 
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SUBTRACTION. 

Set down in one line the first quantities from whirh the 
subtraction is to be made ; and muhTiicalh them ^ilaceall the 
other quantities comjKisinfr the subtraliend ; ranging the like 
c]iiaiuities iimler each other, as in Addition. 

Then change all the signs ( -1- and — ) of the lower line, 
or conceive them to be changed; after wliich, collect all the 
terms together as in the cases oi* Addition ♦. 


EXAMPLES. 


From 

'rake 

^ 3/-» 
2a ’ — Hb 

O.r^ — 4?y -f H 
(>.i - + 5// — 1 

8.iy/ — 3 -f- b.r — // 

^‘X 1 J — 7 — (>.r — I// 

Rcni. 

4a’ ob 

* 

»)//+ 12 

l.r/y -f- 1 4" 12.t -f- .1// 





From 

Take. 

5j:t/ 6 

-24/ -1- C 

ii/- — 3f /— 4 

V + * 

— 20—(>.r — .7r/y 
O.n;—9.? X H — 2</j/ 

Rem. 

7xf /—12 

■iy _ 5y — H 

—28 + O.T—S.T j/ -h 2a V 

I'rom 

Takc- 


T> xifri/ 

7 V.XV/+3—iir// 

7.t^-f 2v/.r—ISq M 
0.1- — 12 

Rcni. 


' 

^ ♦ 1 - ‘ 


T'lns rule is founded on tlie consideration, that addition and 
siddraction are opposite to each otljcr in their nature and opera¬ 
tion, as arc tfic sigijs -f and —, h\ which t!ic\ are exjjre-.sed and 
represented. So that, since to nnite a negative iiuantity with a 
po.sitivcoiic of the same kind, has the cflTcct of dimini.slnng it, or 
subducting an equal po.sitive one from it, ihercfor^to subtract a 
positive (which is the opposite of uniting or adding is to adfl the 
eipial negative quantity. In like matiner, to suhtract a negative 
quantity, is the same in effect as to add or unite an eqtial positive 
OTIC. So that, changing the sign of a quantity from -f to —, or 
from — to -f-, changes its nature from a subductive quantity to 
an additive one; and any quantity is in effect subtracted, by 
barely changing its sign. 
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5.2;?/— HO — ii (// -j- h) -f" v'' V/ ~h 

7.ty/ — 50 — I {a -f- 4“ “h 


From a + 6, take a — h- 
From 4// 4- 1^?, take h { a. ' 

From 4r/ — -ih, take 3a ]- 5/>. 

F’roin 8a — 12.j, take 4a — 3.r. 

I-Voin 2x — la — 26 -{- 5, take 8 — .56 -f- ^ 4“ 

From 3a 4 6 + r — d — 10, take c -f- 2a — d. 

From 3a + 6 c — d — KklaJ^e 6 — 10 + 3a. 

I'Vom 2a6 -}- 6^ — ir j- he — 6, take 3a® — “h 
I 'rom a’ f 364' + nh- - - ahe, take 6' + a6® — a6r. 

From l2t -f- ()a— Vh 10 , tuKc 16 — 3a4*4.2’-)“3^^—10. 

I'rom 2.r — 3a 4- 16 -f Or — 50, take 9a + v + 06 — 
Or — 40. 

I 'rom Oa - 16 - - 12 ■ + 12.r. take 2a ~ Sa + 4b — 5r. 


Mri/ni'i.K .A'l'iox. 

consist-^ of several cases, according ns the factors are 
<;lmple or compound (pianlities. 

( ASF. I. JVhen both the Factors are Simple Quaiititics. 

Fir^'T multiply the co-eflicients of the two terms togetlier, 
then to the product annex all tlie letters in those terms, 
wlfich will give the whole product required. 

\a6’". Like signs, in the factors, produce -)-» nnd unlike 
signs —, in the products. 


* T!»at this rule for the signs is true, m.ay he thus shown. 

1 . When + a is to be iniiltiplicd by -f rj’ihe uicnning is, that 
+ a is to be tak^ as many times as tlicro .are imits in c \ .and 
since the sunt of anv number of positive tei’nis is positive, it fol¬ 
lows that -f a X +’ r makes + or. 

2 . When two (pirintitics arc to be midtiplicrl together, the re¬ 
sult will be cx.irtly kJ>c same, in whatever order they arc placed ; 
for a times r is tlic same ns r times a, .-Mid therefore, when — a 
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EXAMPLES. 


1 « 

-Sit 

1 a 



+2b 

—4c 

4/1 

20aA 

—Gab 

—28ac 

+24^.1- 

4ac 


— 

— 4j-v 

—Sab 

4a‘ 

3x^« 

—xy 

— 12a^bc 

- 

— GFf 


— Saa- 

— a.f 

-f- Sxif 


4.r 

—(k: 

—I-’ 

— Sax 


CASE II. 

lllicn one of the Factors is a Compound Quoutih/ : 

Multiply every term of the multiplicand, or comjK)iincI 
quantity, separately, by the imiltipliiT, as in the former 
case; placing the products one .after another, with the 
proper signs; and tlie residt will be the whole product 
required. 


is to be multiplied by -f c, or -j- r by — n : this is the sjune thing- 
as taking— a as many times as thcie are units in -f rj and as 
the sum of any number <tf negative terms is negative, it folhiws 
that — a X + c, or -}- « x — c make or produce — ac. 

ti. When — a is to l>e multiplied by — c: here — n is to be 
subtracted as often as there are units in c: hut subtiacting ne¬ 
gatives is the same tiling as adding affirinalives, by the denioii' 
stratiou of the rule for subtraction ; consequently the product is 
r times a, or + ac. 

Otherwise. Since a — « =0, therefore (a — a) x — c is 
also = O, because O multiplied by any quantity, is still but O ; 
and since first term of the product, or a x —''c is = — ac, 
by the seoCi^ case; therefore the last terni%f the product, or 
— 'O X — e# haost be,-H ac, to make the sum = O, or — oc + oc 
O j that is, — a X — c = + flc. 

Other demonstrations upon the principles of proportion, or by 
geometrical diagrams^ Have also *been given ; but the 
above may suflice. ' 
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EXAMPLES. 


5a — 

2a 

3ac — 46 

3a 

2a* — 3c + 5 
be 

10a*—6flc 

9a*c—12fl6 

2a?-bc — 36c* + 5hc 

.2a’ — 2ac 
4fl 

25c - n 
— 2a 

4a’ — 6 -f 3a6 

2ab 


8c* -f X 

10a:« — 3// 
—40^* 

3a* - 20* - 66 
2a.r* 


CASE III. 


When both the Factors are Compound Quantities: 


Multiply every term of the multiplier by*every term pf 
the multiplicand separately ; setting uown the products one 
after or under another, with their proper signs; and add the 
several lines of products all togetner for the whole product 
required. 

fl+i -f % 

a-\-b 4a:~5y So?—3^ 


a-+nh \2x'+Sxy 
-\-ab-‘rF —\5xy— lOy* 




n'^-\^2ab-\.l- 12a® *“7a;y—K^ 3a*^—9 j^ 4-6y* 


rt+6 

a—b 




u*+ab+b*‘, 
a—b 


o*+oft 


+y.r»-fy 


—a*5-.ad'—6* 


a* * —b* 
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Note, In the muitiplication of compound quantities, it is 
the best way to set them down in order, according to the 
powers and the letters of the alphabet. And in the actual 
operation, begin at the left-hand side, and multiply from the 
left hand towards the right, in the manner that we write, 
which is contrary to the way of multiplying numbers. But 
in setting down the several products, as they arise, in the 
second and following lines, range them under the like terms 
in the lines above, when there are such like quantities; 
which is the easiest way for adding them up together. 

In many cases, the multiplication of compound quantities 
is only to be performed by setting them down one after 
another, each within nr. under a vinculum, with a sign of 
m ultipli cat ion be tween them. As (a 4- 6) x (a — b) x Sab^ 

or a + 6 . a — . Sab. 


EXAMPLES FOR PRACTICE. 


1. Multiply lOae by 2a. Ans. 20a'^c. 

2. Multiply — 2b by 3^. Ans. 9a-b — GbK 

3. Multiply 3a 2b by 3o — 2b. Ans. 9a^ — 4i’. 

^4. Multiply .r=» — by i + y. Ans. j'’ -f y‘- 

5. Multiply + oh' + a — h. Ans, a* — b*. 

*6. Multiply o* + aft + 6® by a2 _ ah ^b\.r^ r ^ 

>7. Multiply — 2xy 5 by a- H- 2xy - 6. 

8. Multiply 3a’ — 2ax + by 3a* — 4ax -- 7ar». 

9. Multiply Sr’ 4- 2xV + Sif by 2x^ — 3xy 4 - Sy’. 

10. Multiply a'‘ ab 6* by a — 26.‘trAj./' 




DIVISION. 

DivisiGJi in Algebra, like that in numbers, is the converse 
of muitiplication ; and it is performed like that of numbers 
Kenning at the left-hand side, and dividing all the 
paks of thn divSend by the divisor, when they can be so 
di^ded; ©Ise by setting them down like a fraction, the 
dividmid over the divisor, and then abbreviating the fraction 
as mu# ns can be done. This may. naturally be distin- 

guisbed ilfto the following particular cas^. 
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CASE I. 

t 

JVficn the Divisor and Dividend are both Simple Quantities: 

Set the terms both down as in division of numbers,« 
either the divisor before the dividend, or below it, like the 
denominator of a fraction. Then abbreviate these terms as 
much as can be done, by cancelling or striking out all the 
letters that are common to them both, and also dividing 
the one co-efficient by the other, or abbreviating them after 
the manner of a fraction, by dividing them by their common 
measure. ^ • 

Note. Like signs in the two factors make -f- in the quo¬ 
tient; and unlike signs make —; the same as in multipli¬ 
cation *. 


EXAMPLES. 


1. To divide Bab by Sa. 


Gab 


Here Gab -f- 3a, or Sa ) Gab ( or = 36 

3a 


2. Also c -- c r= -i- s; 1 ; and aA.r -f- bsrv =: n — 

3. Divide IGx^ by 8x. 

4. Divide 12a*ar* by —3aV. 

5. Divide — Ido^ by 3ay. 

6. Divide — » Sax^ by — 8axz. 


abx 

hxy y 
Ans. 2x, 
Ans. — 4x. 
Ans. — 5y. 

Ans 

4tz 


* Because the divisor multiplied by the quotient, must pro¬ 
duce the dividend. Therefore, 

]. When both the terms are +, the quotient must be +; 
because in the divisor x + in the quotient, produces + in 
the dividend. 

2. When the terms are both —, the quotient is als<f +; be¬ 
cause — in the divisor X — in the quotient, produces -1- in the 
dividend. 

3. When one term is + and the other —, the qnotte^ must 
be — ; because + in the divisor x — in the quobtent produces 
— in the dividend, or — in the divisor x + in the quotient 
gives — in the dividend. 

So tludS^he rale isageneral; viz. that like signs give +, and 
unlike signs give ih tibe quotient. 
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CASE II. 

fVhen tfte Dividend is a Compound Quuntiipy and the 
Divisor a Simple one. 

Divide every term of the dividend by the divisor, as in 
the former case. 

EXAMPLES. 

1. (a« + i») ai, p. + JA. 

а. (10a6 + 15ax) -t- 5fl, or — 26 + 3j. 

5a 

3. (dOo^ — 48») -1. jy, or — 30« — 48. 

4. Divide Gab — 8ajc + a by 2a. 

5. Divide — 15 + 6ir + 6a by So*. ► • 

б. Divide 6abc -f 12a&jr — 9a®5 by Sab. ' ’ 

7. Divide —• 25x by 5x. ‘ _ 

8. Divide 15a‘6c — 15(jcx^ + 5ud- by — 5ac. 

9. Divide 15a + Say — 18y2 by 21a. t 
10. Divide — ^d^b- + 60ab'* by — Gab. 


CASE III. 

IVhen the Divisor and Dividend are both Compound 

Quantities. 

1. Set them down as in common division of numbers, 
the divisor before the dividend, with a small curved line be¬ 
tween them, and range the terms according to the powers of 
some one of the letters in both, the higher powers before tlie 

low^. 

2. Divide the first term of the dividend by the first term 
of the divisor, as in the first case, and set the result in the 
qootieilt. 

8. Mtdlipiy the whole divisor by the term thus found, 
and subtract the result fircan the dividend. 

4^ To this remainder bring down as many terms of tlie 
dividend as are requisite for the next operation, dividing as 
before; and so on to the end, as in common arithmetic. 
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N^e, If the divisor be not exactly contained in the 
dividend, the quantity which remains afxer the operation is 
finished may be placed over the divisor, like a vulgar frac¬ 
tion, and set down at the end of the quotient as tn arith¬ 
metic. 


EXAMPLES. 


a — b) — 9,ah -|- b- {a — h 
— ab 


- ab • 

— fli -j- b'^ 


a — (■) ■— 4a-V' -f- — c ' (a- — 3ac -j- t*"’ 

— a^c 


— 3a^c + 4rtC' 

~ 3a^c -f 3ac^ 

ac^ - r ’ 
— c* 


a — 2) a'-^ •— ()«- + 12fl -- 8 — 4« + 4; 

«’ — 2tf- 


— -|- l2a 

8« 

4« -- 8 
4a - 8 


a -t) a* — (tf * — aV a “ a"’ — 
a'* *4" a^x 


a -h iV 


— a% — Sa"* 

— a'x — 


a^x^ + ax"^ 

— ax-' — 3x* 

— rt.r’ — a’‘ 


~2a;^ 
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EXAMPLES FOR PRACTICE. 


1. Divide «* 4- ^ax 4 - by a 4 - 2x. Ana. a 4 - 2x, 

2 . Divide — 8 a*« 4- Sos® — by o — 

Ans. a* — 2as 4 - 2 ^- 

3. Divide I by 1 4- a. Ans. 1 — « 4* a* —•a’’ 4- &c. 

4. Divide 12 x^ — 92 by 3x — 6 . 

Ans. iar’ 4 - 8x- 4 - 16jr 4 - 32. 

3. Divide n® — 5a*6 4 - 4 - 5ad* — by 

— 2ah 4* ^^. *^**' Ans. — 3a^h 4 - 3a3* — h^. 

6 . Divide — 96;/^® — 64a^z 4 - ISOa’ by 2=; — 3a. 

7. Divide 6 ® 77 36^x- 4- 36-’x* ^ by — 36®jr 4 - 3b3^ 

— 3c^. \ ^ \ A. '■ - 


8, Divide a* — by a — x. ^ t 

9 . Divide a'* 4 - 5aKv 4 - 5ax^ 4 - 4P* by a 4- J". 4 ^ ' 

10. Divide a* 4 - 4n®6® — 326^ by a 4- 26. v’.. 

11. Divide 21a'*—6' bv 3a — 26. * 4 ' ^ 


ALGEBRAIC FRACTIONS. 

Algebraic Fractions have the same names and rules 
of operation, as numeral fractions in common arithmetic; as 
appears in the following Rules and Cases. 

CASE I. 

To reduce a Mixed Quantity to an Improper Fraction, 

Multiply the integer by the denominator of the fraction, 
and to the product add the numerator, or connect it with 
its proper sign, 4 - or —; then the denominator being set 
under this sum, will give the improper fraction required. 

EXAMPLES. 

1. Reduce 3|, and a -to improper fractions. 
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/rst. 3} = ^ the Answer. 

5 5 5 

. j (oxjt) —6 ax—b , . 

Andy a-= ^-=: - the Answer. 

XX X 

ffi ^3 _^2 

2. Reduce a + and a --— to improper fractions. 

Ti- ^ a* (axb) + a^ ab + a^ . . 

First, a + -r- = -;-= —;— the Answer. 

b b b 

. , x;-—a® a*'—+ 2a^—z^ , . 

And, a -= - r=-the Answer. 

a a ' a 


3. Reduce#5to an improper fraction. 


Ans. y* 
.r—3a 


4. Reduce 1-to an improper fraction. Ans. ‘- 

•X 30 

0. Reduce 2a -to an improper fraction. 

4r—18 . ^ 

6. Reduce 12 H--to an improper fracyon. 

7. Reduce x + i ———^ to an improjxjr fraction. 

Q ^ t 

8. Reduce 4 + 2.r — -to an impro|>er fraction. 

5a 


CASE II. 

To reduce an Improper Fraction to a Whole or Mixed 

Quantity. 

\ 

Divide the numerator by the denominator, for tlic in¬ 
tegral part; and set the remainder, if any, over the de¬ 
nominator, for the fractional part; the two joined together 
will be the mixed quantity required. 


EXAMPLES. 


1. To reduce 




to mixed quantities. 


First, y® = 16 -r 3 =: 6^, the answer required. 

And, —-— =: {ab + a*) -r o =: a + -r* Answer, 
0 o 
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^ , 2at--3a^ , 3fl4r + 4a?^ . , 

2. AO reduce - and - to mixed quaii- 

a + ar ‘ ^ 

titles. 

First, ^ = 2 „ _ Answer. 

And,?^i^= (.3ax+4.r')^(o + j-)=3x+Ans. 
a + a* a + .f 


3. Reduce — and-to mixed quantities. 

O Qi 

Ans. 6-]-, and 2jc — 


3.r- 


(I 


4/1^A* "I" ♦ 

4. Reduce and -;;— to wliole or mixed quan> 

2 rt a—b * 

titles. 

( 1-2 _— 

5. Reduce - and -:— to whole or mixed 

. . . •*■ + ’/ * —y 

•q«i|mtities. 

6. Reduce - ^ - to a mixed quantity. 

^ , 15«'‘ + 5a= . , 

7. Reduce 4 ^ t^^xed quantity. 


CASE III. 

To reduce Fractions to a Common Denominator. 

Multiply every numerator, separately, by all the deno¬ 
minators except its own, for the new numerators; and all the 
denominators together, for the common denominator. 

When the denominators have a common divisor, it will be 
better, instead of multiplying by the whole denominators, to 
multiply only by those parts which arise from dividing by 
the common divisor. Observing also the several rules and 
directions, as in Fractions in the Arithmetic. 

EXAMPLES. 

1 . Reduce — and ~ to a common denominator. 

je X 

Here ~ and =: ~and —, by multiplying the terms 
X % xz xz 

of the first fraction b^ z, and the terms of the 2d by x. 
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^Si^Reduce —, and —to a common denominator. 

^ X o c 

„ ax j 6 ahc cx^ , hx , i • 

Here —, —-f and — rr -j— 7 —, and -—» by multiplying 

X b c bcx OCX bcx '' r j 

the terms of the 1st fraction by of the 2d by cj?, and of 
the 3d by bx, 

3. Reduce ~ and ^ to a common denominator. 

X 2c 

. 4ac , 

Ans. -— and -—. 
2cx 2cx 

4. Reduce ^ and — to a common denominator. 

b 2c 

. 4</e j Sab + 2b* 

26c 26c 


5a 


36 


5. Reduce .-r- and —» and 4d, to a common denominator? 
3a: 2c 

. lOac , , 24c</.r 

Ans. ——and 7 ;—and——. 

UC.C oc.r oc.c 


5 


3. Reduce and and 26+ to fractions having a 

, . , .20b ,18a6 .486H72a 

common denominator. Ans. and ■— — 1 and 


246 


246 


246 


1 2a* 2a* + 6* 

7. Reduce — and — and -r- to a common deno- 

3 4 a + 6 

ininutur. 

8 . Reduce and ” and ~ to a common denominator. 
4rt* 


3a 


2a 


CASE IV. 

To find the greatest common Measure of the Ten^ of a 

Frckction. 

Divide the greater term by the less, and the last divisor 
by the last remainder, and so on till nothing remains; then 
the divisor last used will be the cq^mon measure required; 
just the same as in common numbers. 

But note, that it is proper to range the nuantities accord¬ 
ing to the dimensions of some letteifs, as is shown in division. 
Note also, that all the letters or figures which are common 
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to each term of the divisors, must be thrown out of tlien., or 
must divide them, before they are used in the operation. • 


EXAMPLES. 


1 . To find the ffreatest common measure of 
ah ac* bc^ 

or rt + ^ 

oc* + be* 


Therefore the greatest common measure is a -f- 

2. To find the greatest common measure of 


a* 4- -j- 6*) ( a 

a} -¥2a*b + ab* 


a*-\-2ab-^b^' 


— 2a*6— a* + 2ab + b* 
or n-f b ) a* 2ab -f b* (a 4- b 

a* -h ab 


ab -j- b* 
ab -|- b* 


Therefore a + 6 is the greatest common divisor. 

o* — 4 

3. To find the greatest common divisor o f^^ — 

Ans. a — 2. 

4. To find the greatest common divisor of -^ 

Ans. a* —b*. 

5. t ind the greatest com. measure of—^^— 

^ 5a*4-10a'x-f5aV • 


CASE V. 

To reduce a Fraction to its lowest Terms. 

Find the gr^test common measure, as in the last pro¬ 
blem. Then divide both the terras of the fraction by the 
common measure thus found, and it will reduce it to its 
lowest terms at once, as was required. Or divide the terms 
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by «/y quantity which it may appear will divide them both, 
at in oriuimetical fractions. 


EXAMPLES. 


1 . Reduce to its lowest terms. 

ac‘-h 

-j- “I" 

or a -f- ^ -j- 6c* ( c’ 

flc* 4- 6c* 

Here ab + 6* is divided by the common factor 6. 
Therefore a + 6 is the greatest common measure, and 

hence a + 6 ) - - f n—, is the fraction required. 

^ac*+6c‘^ c*’ ^ 

c^“”6*c 

2. To reduce —r-r; to its least terms. 

c2+26c+6* 

Here, by a process similar to that of Ex. 2, Case iv., we 
find c + 6 is the greatest common measure^^and hence 


c^—6*c 


6 c . 


3. Reduce —r—rr-r to its lowest teras. Ans. ‘ 


4. Reduce \^ to its lowest terms. 
a* —6* 


Ans. 


?H-6c* 

1 


o*+6* 


a*—5* 

5. Reduce —;— o ~ ; r . o —n to its lowest terms. 

a^~3a*6 + 3a6* -6® 

„ „ , 3rt’+ 6a*c+3a®c* . , 

6 , Reduce ^ to its lowest terms. 

a^c +3a *c* H-Sac^+c* 


CASE VI. 

To add Fractional Quantities together. 

If the fractions have a common denominator, add all the 
numerators together; then under their sum set the common 
denominator, and it is done. 

If they have notti common denominator, reduce them to 


198 


ALGEBRA. 


examples. 


1. Let and ~ be given, to find their sum. 

Hpre ® I ® 7a. 

3 4 ** required. 


2. Given--,— , mid-^, to find their sum. 

Here 4-+ -+- L. A6d+kr 

o c d Led bed ^ bed bed 

tlie sum required. 


* 3. Let a --and b + be added together. 


Here a - + h + 

b 


iiaz 


= « 


3c.r ■ 
IfC 


+ A -I- 


_ _ . i ,' Sfo:* , 

-a + 0 -h --, the sum i-cquircd. 


2iibx 

he 


be 

^*X 2.r 

4. Add ^ and ^ togetlicr. 
o. Add —and together. 


Ans. 

I5ab 


6. Add —-— and together. 


5 

8 


Ans. > ’ 
Ans. 


YTo^’ 

9a—(j 


7. Add 2a + 


a + 3 


2a—5 


5 to 4a + . Ans. Ca + 


■ 8. Add 6o, and — and ^ together. 

n ,3a+ 2 

y. Add ^» and ^ and =— together. 


8 

14a^l3 


* In the addition of mixed quantities, it is best to bring the 
fractional parts only to a common denominator, and to annex 
their sum to the sum of the integers, with the proper sign. And 

the same rule may be observed for mixed quantities in sub¬ 
traction also. 

See, also, the note to Addition of Fractions in the Arithmetic. 
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Add 2a, and ^ and 9 + ^ together. 
Qct 5<i 

11 . Add 8a -f and 2a—together. 


CASE VII. 

To subtract one Fractional QuantityJirom another. 

Reduce the fractions to a common denominator, as in 
addition, if they have not a comt 4 pn denominator. 

Subtract the numerators from each other, and under their 
difference set the common denominator, and the work is 
done. 

EXAMPLES. 


1 . To find the difference of^ and 

4 7 

_ 

__ 3a 4a 21a 16a 5a. , . , 

Here -= the dmerence required. 

4 7 28 28 28 ^ 

_ „ _ , 2a—5 3a—45 

2. To find the difference of—;— and 


Here 


4c - 36 

2a — 6 3a — 46 Gab — 366 12ac — 166c 
4c 


36 


126c 


126c 


dab'-- Qbb— 12ac 4- 166c. 


126 c 


is the difference required. 


10a 4a 

3. Required the difference of -g— and -;y- 


3a 


4. Required the difference of 6a and 


5a 


2 a 


5. Required the difference of and 

c c t 26 - 3a+c 

6 . Subtract — from —-—• 

c 6 

7 . Take from 

9 5 

o , a-«36 - 2a 

8 . Take 2a-from 4a H— • 

c c 
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CASE VIII. 


To multiply Fractional Quantities together. 

Multiply the numerators together for a new numerator, 
and the denominators for a new denominator *. 


EXAMPLES. 


a 


2n 


Here 


1. Required to find thejjroduct ofand - 

ax2a fia^ a* , , . , 

"hTs ~ 40 ^product required. 

2. Required the product of^, ^,and ^ 
ax Sax 6a 

3x4x7 84 ” 14 

3. Required the product of ^ and 


18a’ 3a’ , , . 

="t1l product required. 


2a X (a + h) '^aa-^^ab . , . , 

4. Required the product of — and 

, ^ 3a , W 

5. Required the product ofand 

Sa - 8ac , Aiab 

6. To multiply and and together. 

7. Required the product of 2a + ~ and 

8. Required the product of and 


* 1. When the numerator of one fraction, and the denominator 
of the other, can be divided by some quantity, which is common 
to both, the quotients may be used instead of them. 

2. When a fraction is to be multiplied by an integer, the pro¬ 
duct is found cither by multiplying the numerator, or dividing 
the denominator by it; and if the integer be the same with the 
denominator, the numerator may be taken for the product. 
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9/4lequired the product of 3 a, and —^ and^^- 
10. Muluply by ® - 2 ^+;^:.. 


CASE IX. 

To divide one Fractional Quantity by another. 

Divide the numerators by each other, and the deno¬ 
minators by each other, if they will exactly divide. But, if 
not, then invert the terms of the divisor, and multiply by it 
exactly as in multiplication *. 


1. Required to divide — by 


EXAMPLES. 

Sa 


8 ’ 


a Sa a 8 8a 2 

Here— ~ x t/,; = , — = 5 the quotiertf^ " 


12a 
3a 


oc 


2 . Required to divide ^ by ^ 


3a 5c 3a 


2d 4<I 

^d \2ad Gad 


^4rf“34 ** Sc 

8 . To divide by Here, 

2a -f"^^ 4a -f- Z> 8a" -f Gab + 6* 

37=24 ^ 3^734 = ■ 9o»-44r-‘'’® 

4. To divide f. ,, by ** 




* 1 . If the fractions to be divided have a common denominator, 
take the numerator of the dividend for a new numerator, and 
the numerator of the divisor for the new denominator. 

2 . When a fraction is to be divided by any quantity, it is the 
same thing whether the numerator be divided by it, or the de¬ 
nominator multiplied by it. 

3. When the two numerators, or the two denominators, can 
be divided by some Qpmmon quantity, let that be done, and the 
quotients used instead of the fractions first proposed. 
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Here 




3fl* X (« + b) 


3a 


+ h' 


a (a* + &‘)xa 

quotient required. 

5. To divide ^by”. 

6. To divide by 3.r. 


d^—ab + b* 


i^i 


le 


(w rp !• • 1 Sx-f" 1 , 4vl 

i. lo divide——^yTT* 


9 

4-x 


a 

X 


8. To divide by 

2.V -1 •'•a 

9. To divide “by 


5b’ 

10. To divide ^^-T- by 


5ac 


11. Divide 


4ed 6d ‘ 
5a*- 5b* 


2d^-4ab-i-2b^ 


Oa' -f 5ab 
4a — 4i 


INVOLUTION. 

Involution is the raising of powers from any proposed 
root; such as finding the sijuare, cube, biquadrate, &c. of 
any given quantity. The method is as follows. 

* Multiply the root or given quantity by itself, as many 
times as there arc unit.s in the index less one, and the la.st 
product will be the power required. Or, in literals, mul- 


* Any power of the product of two or more quantities, is equal 
to the same power of each of the factors, multiplied together. 

And any power of a fraction, is equal to the same power of 
the numerator, divided by the like power of the denominator. 

Also, powers or roots of the same quantity, arc multiplied by 
one another, by adding their exponents; or divided, by sub¬ 
tracting their exponents. 

Thus, a* X a®= tt®+*a=: And o’ or ^ «•—* = a. 

«» 
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tiply index of the root by the index of the power, and 
the result will be the power, the same as before. 

Note. When the sign of the root is , all the powers of 
it will be + ; but when the sign is —, all the even powers 
will be +, and all the odd powers— ; as is evident from 
multiplication. 

EXAMPLES. 


a, the root 

1 a’, the root 

= square 

a* =: square 

= cube 

[ = cube 

o* =r 4lh power 

1 a® rr 4th pow'er 

a* = 5th power 

zz 5th power 

&c. 

&c. 

— the root 

— 3ai’, the root 

-f rr square 

+ 9a*b* zz square 

— 8 a’ == cube 

— 2Tfl'5® n: cube 

+ IGw"* r: 4th power 

+ Sla*b^ zz 4th jxjwer 

— 32a* = 5th jx>wer I 

— 243a*i>’“ =: 5th }>o^r 

Sax’ , 

a 

•— PyT~t the root 
iio 

2 ^, the root 

4a’a*' 

al* 

+ = square | 

4 ^. = square 

8 a‘a'" 

a'‘ 

- cube 

pi = 

IGoV*' 

a* 

+ 4lh powcj- 

=: biquadrate 

jr—a=:root 

X + azzToot 

O'—a 

x + a 

X*—ax 

4- ax 

— ax + 02 

+ ax + a* 

X* — 2 a.r + a’' square 

x‘* 4 - Saj? 4- «* 

a: — a 

%v 4 " a 

x^ — 2 aj;’ 4 - a^x 

x^ 4 - ^ax* + a*x 

— ax* + Sa’j?— 

4“ ax^ 4 " 4“ a"* 

x^ — Saar* + 3a’r — 

x^ 4- Saa:* 4- 2a'*x 4- a* 


llie cubes, or tliird fKjwers, of a‘ — a and x + a. 

VOL. 1. . • 
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EXAMPLES FOR PRACTIOE. 


1. Required the cuIk: or Jld power of 
*2. Required the 4th power of 

3. Required the Sd power of — 


4, To find the biquadrate of — 


aV 


5. Required the 5th power of a — 2a*. 

6 . To find the 6 th power of 


Sir Isaac Newton'’^ IlutE Jbr raising a Bmomial to any 

Poxu’r Xi'kativcr *. 

1 . To Jind the Terms without the Co-e^cients. The index 
of the first, or leading quantity, begins with the index of the 
given power, and in the succeeding terms decreases con¬ 
tinually by I, in every term to the last; and in tlie 2 d or 
following quantity, the indices ofllic terms arc 0 , 1, 2 , 3, 4, 
&c. iftcrcasing always by 1. That is, the first term will con¬ 
tain only tlic 1 st part of the root with the same index, or of 
the same height as the intended power: and the last term of 
the series will contain only the 2 d part of the given root, 
when raised also to the same height of the intended jx)wer : 
but all the other or intermediate terms will contain tlie pro¬ 
ducts of some powers of both the members of the root, in 
such sort, that the powers or indices of the 1 st or leading 


* This rule, expressed iu general terms, is as follow-sS 




I 


/71 — ft 


O 




n- 


2 


-1 n —2 


A 




1 , »—1 a • «—-1 n —2 , , 

— n. —. __a"--V &c. 

Note. The sura of the co-efficients, iu every power, is equal to 
the number 2, wlien raised to that povrer. Thus 1 + 1 = 2 in 
the first power; 14-2+1 = 4 = ^ in the square; 1 +3+3 
+ 1=8 = 2* in the cube, or third power; and so on, 

A trinoioial or a qiiadrinomial may be expanded in the same 
manner. Thus, to raise a — 6 + e — d to the tith pow'er, put 
a —6 r: X, c — d z=i z, and raise x + z to the 6th power; after 
which substitute for the jmwers of x and y their corresponding 
values in terms of a ~— h, and c — d, xiid their powers re¬ 
spectively. 
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meml^r will always decrease by 1, while those of the 2d 
member always increase by 1. 

2. 7'o jind the Co-cJficicnU. The first co-efficient is always 
1, and the second is the same as the index of the intended 
power; to find the 3d co-cfficlent, multiply that of the 2d 
terra by the index of the leading letter in the same term, and 
divide the product by 2; and so on, that is, multiply the co¬ 
efficient of the term last found by the index of the leading 
quantity in that term, and divide the product by the number 
of terras to that place, and it will give the co-efficient of the 
terra next following ; which rule will find all the co-efficients, 
one after another. 

Note. The whole number of tefnis will be 1 more than the 
index of the given power : and when both terms of the root 
are , all the terras of the power will be + ; but if the se¬ 
cond term be—, all the odd terms will be +, and all the 
even terras —, which causes the terms to be -f and -- alter¬ 
nately. Also the sum of the two indices, in each term, is 
always the same number, viz. the index of the required 
power; and counting from the middle of the scries, both 
ways, or towards the right and left, the indico«»«of ttfe two 
terras are the same figures at equal distances, but with 
mutually changed places. ^Moreover, the eo-efficieuts are 
the same numbers at equal distances from the middle of the 
.scries, towards the right and left; so bj^ whatever numbers 
they increase to the middle, by the same in the reverse order 
they decrease to the end. 


EXAMPLES. 

1. Let a -f X he involved to the 5th j)owcr. 

The terms without the co-efficients, by the 1st rule, 
will be 

u'.i, a\v*, aa:\ x’-, 
and the co-cfficient>, by the 2d rule, will be 
5x4 10x3 10x2 5x1 
4 ’ 5 ’ 

or, 1,5, 10, 10, 5, 1; 

Therefore the 5tli power altogether is 

ai -j- 5a'X -f lOrt^.c’^ + 10a\t^ + 5ax* + a-. 

But it is best to set down bolli the co-efficients and the 
powers of the letters at once, in one line, without the inter¬ 
mediate lines in the above example, as in the example here 
below. The operation is very easily effected by performing 
the division first. 
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il. Li‘t rt —bo involved to the Gill power. 

The terms with the co-efficients will be 
— 6n-v* — SO«'*.r® -|- \5d*x* — Ga.v^ + a*. 

3. Required the 4th power of a—.r. 

Ans. d — 4a'‘.r + Ga^'a^ — 4flra’-‘ -f .r*. 

And thus any other powers may be set down at once, in 
the same manner, which is the best way. 

4. Involve « — a to the ninth power; x — y to the tentli 
jKjwer, and a + 6 — c to the fourth |>ower. 


EVOLUTION. 

Evolution is the reverse of Involution, being the nictliojl 
of finding the square root, cube root, &c. of any given quan¬ 
tity, whether simple or compound. 

c,^,sE I. To Jind the Roofs of Simph QuajititUs. 

Extract the root of the co-efficient, for the numeral part; 
and divide the index of the letter or letters, by the index of 
the power, and it will give the root of the literal part; then 
annex this to the former, for the whole root sought*. 


EX AMI’LES. 

1. The square root of 4«'', is 

2 . The cube root of 8 a\ is Sa t or 2 o. 


* Any even root of an alTinnative quantity, may be either -f 
or - : thus the square root of 4- o® is either + 0 , or — «; be¬ 
cause -f « X 4- a = -h and —nx —0=4-n* also. 

But an odd root of any quantity will have the same sign as the 
quantity itself: thus the cube root of 4- is 4- a, and the cube 
root of—is — a for 4- a X 4- fl X 4- n = 4“ and — a 
X —- a X — a zz — a'*. 

Any even root of a negative quantity is iinpos-sible ; for neither 
-f fl 'x + «, nor — ax — n can produce — a*. 

Any root of a product is equal to the like root of each of tlic 
factors multiplied together. For the root oQ a fraction, take the 
root of the numerator, and the root of the denominator. 
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a ^ri’*u c . (lb 

3. 1 he square root of -^r—, or ^ is ^ 

c/cT* ye lie 

. ,Tii t /• l6a'/!>” . 9,air 

4. The cube root of — is— l/2a. 


iilc' 36- 

5. To find the square root of 2(i^b^. 

6. To find the cube root of — 

8 fl. 6 * 

7. To find the square root of - ■ - 

ijC 

8. To find the 4th root of . 

9. To find the 5th root of—3ert'7/'. 


Ans. ah^ \/2. 

Ans. — 4 a 52 . 

2ab ,2 
Ans. — 

Ans. ^abVh. 
Ans. —2ab^h. 


CASl, II. 

To Jind the Square root of a Compound Quantity^ 


This i.s performed like as in numbers, thus ; 

1. Range the quantities according to the^’miclisions of 
one of the letters, and set the root of the first term in the 
quotient. 

2. Subtract the square of tlie root, thus found, from the 
first term, and bring down the next two terms to the re¬ 
mainder for a dividend; and take double the root for a 
divisor. 

3. Divide the dividend by the divisor, and annc.\ the re¬ 
sult both to tlie quotient and to the divisor. 

4. Multiply the divisor, thus increased, by the term last 
set in tlie quotient, and subtract tlie product from the 
dividend. 

And so on, always the same, as in common arithmetic. 

EXAMPLES. 

1. Extract the square root of 4a*5 -f 4a5'’-f 

a* — + Qa'^bi— Aab^ + — 2ab + 5* the root. 

2a“ — 2ab) — Aufb + Qa'^b^ 

— Aajf + Aa^b^ 

2d* — 4<i6 + b"*) — Aab^ + 5* 

• — 4«6'‘ + h* 
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2. Find the root of a* + Aa^b + + 9o^* 

o'* 4- Att^h 4- I0a%* 4- ikab^ 4- (a'* 4- ^ib + Slj^. 

n^. 


2 ( 1 '^ 4- 2r/6) 4- 

Ati^b 4 - Aa'b' 


2a<i 4- Aab 4- (ib')Cya'b'+ Vial}^ 4- 9^/ 

Ga b- 4- V2a/y 4- 96^ 


15. To find the st^uarc root of a'’ 4- 4- Ga- 4- !« 4- 1- 

Ans. a® 4- 4- 1. 

4. Extract the sc|iiare root of 4- 2rt^ — 4- t- 

Ans. rt‘ — a 4- i- 

5. It is required to find the square root of— ab. 

Ans. a— — - — - - ac. 

M 8« l(i« 


< AsE li{ 

'/'a Jiml the liuoU of an if Poxcers in general. 

Tins is also done like the same roots in iuiiid>ers, thus: 

Find tile root of the first term, and set it in the quotient. 
—Subtract its power from that term, and bring down the 
second term for a dividend.—Involve the root, last found, to 
the next lower |MJwor, and inultij)ly it by the index of the 
given power, fm' a divisor.—Divide tlie dividend by the di¬ 
visor, and set the quotient as the next term of the root.— 
Involve now the whole root to the power to be extracted ; 
then subtract the power thus arising from the given power, 
and divide the first term of the remainder by the divisor first 
found ; and so on till the whole is finished *. 


* As this method, in high powers, may be thought too labo¬ 
rious, it will not be improper to observe, that the roots of com¬ 
pound <p»antities may sometimes be easily discovered, thus : 

Extract the roots of some of the roost simple terms, and con¬ 
nect them together by the sign 4- or —, as may be judged most 
suitable for the purpose.—Involve the compound root, thus 
found, to the proper pow'er j then, if this be the same with the 
given quantity, it i.s the root required.—But if it be found to differ 
only in some of the signs, change them from 4- to —.or from 
- to 4-, till its power agrees with the given one throughout. 
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EXAMPLES. 

1. To find the square root of a*—2a’6 + Sa^b^-~2ab^ + b*. 
a* •— 4 - 3a-b^ — 2ab^ + b* (a^ — ab + ¥. 


2a*) — 2a’6 


a* — •b’i + a b' = (a* ~ rdi)** 


2a’) aa^b’ 


«’ — Su-’A + 3a^b: — 2«i’ + b* =. (a* — ab + 6’)’. 

2. Find the cube root of a” — 6a‘’ + 21 a** — 44a'* + fiSa* — 
54a + 27. 

«* — 6a* 4- 21a'‘ — l la* 4- 63a-— 54a 4-27 (a-—2«4-3. 


a' 

Sa*) — 6a'’ 


«'■’ — 6a'* + 12a'‘ — 8a’ =z (a’ — 2«)-* 


3«*) 4- 90* 


— 6 a* 4 - Sla”* — 44a* 4- 63a^—54a 4-27= («** — 2a 4- 3) *. 

3. To find the square root of a- — 2ab -f 2 fl.r -|- b- — 

2bj: 4 - 07*. Ans. a — 5 -f o". 

4. Find the cube root of a® — 3a* 4 - 9a*— 13a* -f- 18a*— 

12a 4 - 8 . Ans. a* — a 4 - 2 . 

5. Find the 4th root of Sla* — 216a*/> 4 * 216a’5’—96a5. 

4 - 16J*. . Ans. 3a — 25. 

6 . Find the 5th root of — 10 a* -h 40a* — 80a* 4 - 80a 

— 32.' Ans. a — 2 . 

7. Required the square root of 1 — a.-. 

8 . Required the cube root of 1 — .r*. 


Thus, in the 5th example, the root 5a — 2b, is the difference 
of the roots of the first and last terms j and in the 3d example, 
the root a — 5 + is the sum of the roots of the 1 st, 4tb, and 
Cth terms. The sai^c may also be observed of the 6th example, 
where the root is found from the first and last terms. 
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SURDS. 

SrRDs arc such quantities as have no exact root; and arc 
usually expressed by fractional indices, or by means of the 

radical sign v"'. Thus, 3“^, or a' 3, denotes the square root 

a , 

of 3 ; and 2^ , or V2‘, or V 4, the caibc root of the square of 
2; where the numerator shows the |iower to which the 
quantity is to be raised, and the denominator its rooH 

PKORLEM I. 

To reduce a Ratiomd Quajitity to the Form of a Surd. 

Raise the given quantity to the p<iwer denoted by the 
index of the surd; then over or before this now quantity sot 
the radical sign, and it will be ol’ the form required. 


^ EXAMPLES. 

1. To reduce 4 to the form of the square root. 

First, 1*=: l x 4 = 16; then Ifi is the answer. 

2. To reduce 3rt* to the form of the cube root. 

First 3a" x 3a* =: x 3a' = (‘Ja*)’ = STa*'; 

I 

then or (27fl*)'r is the answer. 

3. Reduce 6 to the form of the cube root. 

Ans. (216)^ or V216. 

4. Reduce {ah to the form of the stjuarc root. 

Ans. 

t 

5. Reduce 2 to the form of the 4 th root. Ans. (16) '^. 

I 

6. lieduce uJ to the form of the 5th root, 

7. Reduce a -f .r to the form of the stpiarc root. 

8. Reduce a x Xo the form of the cube root. 


PROBLEM II. 

To reduce Quantities i6 a Common Index. 

1. Reduce the indices of the given quantities to a com¬ 
mon denominator, and involve each of tlicm to the power 
denoted by its numerator; then I set over the common de¬ 
nominator will foi^m the common index. Or, 
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2. the common index be given, divide the indices of 
the quantities by the given index, and the quotients will be 
the new indices for those quantities. Then over the said 
quantities, with their new indices, set the given index, and 
they will make the equivalent quantities sought. 

EXAMPLES. 

1. Reduce 3^ and 5^ to a common index. 

Hcre*^ and 4 . = and 

Therefore 3^ “ and 5^‘' =:(3 ’)^^and (5')~^ and '^5' 

= 'imS and *^25. 

.1 • 

2. Reduce and to the same common index 
Here, -1 A = ^ x ^ n 4 the 1st index. 


.1 • 

2. Reduce and b'^ to the same common index 
Here, -f 4 = r x t x the 1 st index, 
and \ -f- 4 = X i — ^ the 2 d index. 

* A I- A 

Thereforc (a^y and {b^y, or -v/a® and ^,^b^ are the quan¬ 
tities. 


5. Reduce 4^ and 5^ to the common index i 

’ 1 ,-L I 

Ans. (256^)* and 25^. 

4. Hcducc and to the common index 

Ans. (a®)^ and 

5. Reduce a - and a’ to the same radical sign. 

Ans. ■✓'a* and y/x^. 

6 . Reduce (o + jr)^ and (a—x')^ to a common index. 

7. Reduce {a + b)^ and (a—b)^ to a common index. 

PROBLEM III. 

To reduce Surds to more Simple Terms. 

Divide the surd, if possible, into two factors, one of 
which is a power of the kind that accords with the root 
sought; as a complete square, if it be a square root, a com¬ 
plete cube, if it be a cube root; and so on. Set the root of 
this complete power before the surd expression which in¬ 
dicates the root of the other factor; and the quantity is re¬ 
duced, as required. 

If the surd be a fraction, the reduction is effected by mul¬ 
tiplying both its nlimcrator and denominator by some num¬ 
ber that will transform the denominator into a complete 
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square, cube, &c. its root will Ikj the denominator to a 
fraction tliat will stand before the remaining part, or surd. 
See Example 3, below. 


EXAMPLES. 


1. To reduce ^/82 to simpler terms. 

Here a/32 = a/Fo = a/10 x a/2 = 4 x ^2 = i x/2. 

2. To reduce i^320 to simpler terms. 

^320 =:V((vt X 5) =:V0t x V-) = 4 x Vi> = 4V5. 

3. Reduce to simpler terms. 

^44_ ^44 y44 5\_ 4.11.5 55 

^75 ^15.3 ~ ' \15.3' 5) 15.15 15« 

2 • 

-J5V55. 


4. Reduce v/75 to its simplest terms. 

5. Reduce V189 to its simplest terms. 

6. Reduce V to its simple.st terms. 

7. Reduce \/75a*b to its simplest terms 


Alls. 5y/(i. 
Ans. 3^7. 
Alls. '^^10. 
Ans. 5a 


Note, 'Tijcre are other cases of reducing algebraic surds 
to Ampler forms, that arc practised on several occasions; 
one of which, on account of its simplicity and usefulness, may 
be here noticed, viz. in fractional forms having compound 
surds in the denominator, multiply both numerator and tie- 
nominator by tlie same terms of the denominator, but having 
one sign changed, from + to — or from — to -f"? which will 
reduce the fraction to a rational denominator. 


T' rr» J \/20 + .y^l2 1 • 1 • 1 a/^'4'A^^ 1 

Ex. To reduce---, multiply it by ~—p —and 

/y/5~\/o a/ 5 "f" V d 

., 16 + 4a/15 c , « I- 

It becomes - - - =1 8 + 2^15. 

2 ^ 


Also, to reduce 
and it becomes 


3^15-4v/ 
a/15-1-a/ 5 
65~7a/75 _ 
15-5 *“ 


- ; multiply it by 

65-35v/3_ 13-7 v<3 
10 ■" 2 * 


And the same method may easily be applied to examples 
with three or more surds. 


PROBLEM IV. 

To add Surd Quantities together. 

1. Bring all fractions to a common denominator, and 
reduce the quantities to their simplest terms, as in the lost 
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probl/m.— 2. Reduce also such quantities as have unlike 
indices to other equivalent ones, having a common index.—‘ 

3. Then if the surd part be the same in them all, annex it 
to the sum of the rational parts, with the sign of multiplica¬ 
tion, and it will give the total sum required. 

Rut if the surd part be not the same in all the quantities, 
they can only be added by the signs -f* and —. 


EXAMPLES. 


1. Required to add ^^18 and \/32 together. 


First, V'Q X 2=3-v/S; and x/32= /16x2=4v'2: 

Then, 3 v'2 + 4 \/2 = (3 + 4)v/2 = 7 v'2 = sura required. 

2. It is required to add %/3*75, and ■'Syl92 together. 

First,Vd75 = Via.5 x3=5V3; andV 192=4^3: 
Then, 5%/3 + 4v3 = (5 -f- 4)V3 = 9V3= sum required. 

3. Required the sum of ^'27 and ^/48. Ans. 7^3. 

4. Required the sum of ^>'50 and v^72. Ans. llv^2. 

5. Required the sum of x/J- and 

(i. Required the sum of-\/56 and V139. Ans. 51/7. 

7. Required the sum of and VtV Ans. fV2. 

8. Required the sum of 3y/a^h and 


PROBLEM V. 

To Jind the T>\fference of Surd Quantities, 

I'liEPARE the quantities the same way as in the last rule; 
then subtract the rational parts, and to the remainder annex 
the common surd, for the difference of the surds required. 

But if the quantities have no common surd, they can only 
be subtracted by means of the sign —. 

EXAMPLES. 

1. To 6nd the difference between ^320 and^^^/^. 

First, v'320 = v'64 X 3=8^5; and v'80r:v^l6 x 5=4>/5. 
Then, S^/5 — 4*^/5 = 4s/5 the difference sought. 

2. To find the difference between 1/128 and V54. 

First, V128=V64 x 2=4V2; and V54= V27 x 2=3V2. 
Then, 4V2 — 3V2^ V^, the difference required. 

3. Required the difference of f75 and*v'48. Ans. \/3, 
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4. Required the difference of x/256 and %/S2. An's. 2V I- 

5. JU'quired the difference of and Ans. g>/3, 

t>. rind the difference of and Ans. 

7. Required the difference of and V y. Ans. -jij V75. 

8. Find the difference of x/24ea'^b'* and v/54ft*. 

Ans. •^(Sb*^2ab)>/6. 


PROBLEM vr. 

To mtdTiplu Surd Quantities together. 

Reduce the surds to the same index, if necessary ; next 
inultipiy the rational quantities together, and the surds to- 
gether; then annex the one product to the other li)r tlie 
whole product required ; whicli may be reduced to more 
simple terms if necessary. 


EXAMPLES. 


1. Required to find the product of 4v'12 and 3v'2. 


Here, 4x3x>/12x^/2 = 12^/12 x 2= 12^/24= 12^/ i x 6 
= 12x 2x iy6 = 24>/6, the product required. 

2. Required to multiply :|Vf by 

Here ^ x |Vt VT=Ta x Vy\=TT x x ^ x V18 

18, the product required. 

3. Required the product of 3>/2 and 2>/8. Ans. 24. 

4. Required the product of iV'4 and fVl^* Ans. |V^- 

5 . To find the product of and Ans. -^^ 15 . 

6 . Required the product of 2%/14 and 3*1/4. Ans. 12*V7. 

7. Required the product of 2aT and ar. Ans. 2aa. 

8. Required the product of (a-i-b)h and (a + 6)f. 


9. Required the product of 2x + (/ft and 2.r— 

10. Required the product of (a+2s/6)4, and (a—2*/6)4. 

11. Required the product of 2a;« and 3xn, 

12. Required the product of 4x^ and 2yX 
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PROBLEM VII. 

To divide one Surd Quantity by another. 

Reduce the surds to the same index, if necessary ; then 
take the quotient of the rational quantities, and annex it to 
the quotient of the surds, and it will give the whole quotient 
required; which may be reduced to more simple terms if 
requisite. 

examples. 

1. Required to divide 6.^96 hy3^S. 

Here G 3 . >/(96 -f- 8) = 2^ 12 = 2^ (4 x 3) = 2 x 2y/S 
= 4>/3, the (quotient required. 

2. Required to divide 12V280 hy 3V5. 

Here 12 -f- 3 = 4, and 280 --- 5 = 56 = 8 x 7 = 2 » . 7 ; 
Therefore 4 x 2 x V7 = 8 V^> is the quotient required. 

3. Let 4 ^^50 be divided by 2 VS. Ans. 2V10, 

4. Let GVIOO be divided by 3V5. ^nT*2V20. 

5. Let * he divided by A Ans. 

6. Let ^VtV divided by tVt' 

7. Let 4- V «5 or be divided by . Ans. 

8. Let ar be divided by «t. 

— ^ 

0. To divide 3a” by 4«'". 

PROBLEM VIII. 

To involve or raise Surd Quantities to any Power. 

Raise both the rational part and the surd part. Or mul¬ 
tiply the index of the quantity by the index of the power to 
which it is to be raised, and to the result annex tlie power 
ol' the rational parts, vyhich will give the power required. 

EXAMPLES. 

1. Required to find the square of |a4:. 

First, (f)® = 1 X f = -r® 5 i (ar)* = ax x 2 = of = a. 

Therefore, is the square required. 
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i, 

2. Rc<|uirctl to fiiiil the square of \aJ, 

First, I X 4 == and ~ ; 

1 

Therefore = la is the square required. 


3. Required to find the cube of y or \ x 6*. 

First, (B)3 = i X i X ^ = A, and (cb’ = 6‘‘ = (i,'(!; 
Theref. (,^x 6 ^6 = the cube re(juirt’d. 

4. Required the square of 2V~ 

5. Required the cube of 3^, or 

6. Required the 3d pow'cr of 

7. Required to find the 4tli power of A 


A ns. 4V 4. 

A ns. 3 x^3. 
Alls. 4 /3. 
Alls. !. 


t"'. 


8. Required to find the mth pow'er of u". 

9. Required to find the square of 2 4- \^3. 


PROBLEM IX. 

7'o evolve or extract the Roots (^Sard Quantitlcfi *. 

Extract both the rational part and the surd part. Or 
divide the index of the given quantity by the inde x of the 
root to be extracted; then to the result annex the root of 
the rational part, which will give the rcxit re([uired. 

EXAMPLES. 

1. Required to find the square root of \G\/(u 


* The square root of a binomial or resid ual surd, n -f A, or 
a —lit b® found thus ; Take = c j 

then v'tf 4- ^ -7 / ' ^ ' i 

, -y a -y c ,a — c 

and — o = •/—^-V “ 2 —’ 

Tims, the square root of 4 -i- 2-^/3 =1-4- v'*'!; 
and the square root of 6 — 2v'5= V'S — 1. 

But for the cube, or any higher root, no general rule is known. 

For more on the subject of Surds, sec Bonnycastlc's Algebra, 
the 8vo. edition, and the Rlcmenfari/ Treatise of Algebra, by 
Mr. B. Young. 
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First, a^ 16 = 4, and (G^)^ = 6^ * = 0^ ; 

1 i _ 

tlicrcf. (10 VG)' = 4.6'^ = 4V0, is the sq. root required. 

2. Required to find the cube root of -Jy 

First VuV = ( ^/S)^ = = 3^ ; 

A * . 

tljcref. (yV v'O)'^ = ^ .3^ = 1^/3, is the cube root required. 

3. Required the square root of 6\ Ans. 6 v'O. 

4. Required tlie cube root of la^. Ans. ^a\/b. 

Required the 4th root of ICa*. Ans. 2 »/a. 

1 

6. Retjuired to find tlic with root of x " . 

7. Required the square root of — 6a + 9A 

, A 3 's/ 


ARITHMETICAL PROPORTION AND PRO¬ 
GRESSION. 

Arithmetical Proportion is the relation which two 
quantities, oi'tlic same kind, bear to each otlier, in respect to 
their difference. 

Four quantities are said to be in Arithmetical Proportion, 
when the difference between the first and second is equal to 
the difference between the third and fourth. 

Thus, 8, 7, 12, 16, and a, a + 6, c, c + 5, are arith¬ 
metically proportional. 

Arithmetical Progression is when a series of quantities 
either increase or decrease by the same commdn difference. 

Thus, 1,3, 5, 7,9,11, &c. and + 26, a + 36, 

a + 46, a + 56, &c. are series in arithmetical progression, 
whose common differences are 2 and 6. 

The most useful part of arithmetical proportion and pro¬ 
gression has been exhibited in the Arithmetic. The same 
may be given algebraically, thus : 

Let a denote the least term, 

a the greatest term, 
d the common difference, 
n the number of the terms, 
and s the sum of the series; 

then the principal firopcrtics are expressed by these equa¬ 
tions, viz. 
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= -1 V 

2. a = s — rf, (» — 1) 

3. j = (a + 

4. s = (* — ^ . It — l) yt, 

5. # =: {a + 4t/. « — 1 )w. 

Moreover, when the first term a is 0 cm: nothing, the 
theoi^ms be^me a: =; t/ (« — 1) 
and s = ^zn 


EXAMPLES Foil PRACTICE. 

1. The first term of an increasing arithmetical scries is I, 
the common difference 2, and the number of terms 21 ; re¬ 
quired the sum of the series ? 

First, 1 -f- 2 X 20 =: 1 -)- 40 = 41, is the last term. 

1 + 41 

Then —^— x 20= 21 x 20= 420, the sum required. 

2. The first term of a decreasing arithmetical series islfM), 
the cea amon difference 3, and the number of terms 07; re¬ 
quired the sum of the series ? 

First, 199 — 3.66 = 199 — 198 = 1, is the last term. 
190 -4- 1 

Then —- x 67 = 100 x 67 = 6700, the sum rc- 

2 

quired. 

3. To find the sum of 100 terms of the natural numbers 

1, 2, 3, 4, 5, 6» &c. Ans. 5050. 

4. * Required the sum of 99 terms of the odd numbers 

1, 3, 5, 7, 9, &c. Ans. 9801. 


* The sum of any number (») of terms of the arithmetical 
series of odd numbers 1,3, 5, 7, 9, &c. is equal to the square 
(«*) of that number. That is. 

If I, 3, 5, 7, 9, &c. be the numbers, then will 

1*, 2*, 3*, 4®, 5®, Urc. be the sums of J, 2, 3, &c. terras. 

Thus, 0 1 = or 1®, the sum of 1 term, 

1 •+- 3 ss 4 or 2®, the sum of 2 terms, 

4 -4- 5 ss ^ or 3®, the sum of 3 terms, 

9 H- 7 = 16 or 4®, the sum of 4 terms, &c. 

For, by the 1st theorem, 1-P2 (« — 1) = 1 ■+-2«—2 =b 2« —1 
is the last term, when the number of terms is n; to this last term 
2« — 1, add the first term 1, gircs 2« the sum of the extremesi 
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5. The first term of a decreasing arithmetical series is 10, 

the common difterence and the number of terms 21; re¬ 
quired the sum of the series? Ans. 140. 

6. One hundred stones being placed on the ground, in a 
straight line, at the distance of 2 yards from each other; 
how far will a person travel, who shall bring them one by 
one to a basket, which is placed 2 yards from the first stone? 

Ans, 11 miles and 840 yards. 


APPLICATION OF ARITHMETICAL PRO¬ 
GRESSION. 

Qu. I. A Triangular Battalion * consists of thirty ranks, 
in which the first rank is formed of one man only, the second 
of 3; the third of 5 ; and so on: What is the strength of such 
a triangular battalion ? Answer, 900 men. 

Qu. II. A detachment having 12 successive diys. JTch, 
with orders to advance the first day only 2 leagues, the 
second 3 a, and so on, increasing li league each day’s march: 
What is the length of the whme march, and what is the last 
day’s march ? 

An.swer, the last day’s march is 18^ leagues, and 123 
leagues is the length of the whole march. 


or n half the sum of the extremes; then, by the 3d theorem, 
n X w = n® is the sum of all the terms. Hence it appears in 
f^eneral, that half the sum of the extremes is always the same as 
the number of the terms, « ; and that the sum of all the terms is 
the same as the square of the same number, 

See more on Arithmetical Proportion in the Arithmetic. 

*By triangular battalion, is to be understood, a body of troops 
ranged in the form of a triangle, in which the ranks exceed each 
other by an equal number of men : if the first rank consist of 
one man only, and the difference between the ranks be also 1, 
then its form is that of an equilateral triau^le; and when the 
dil^ence between the ranks is more than 1, its form may then 
be an isosceles or scalene triangle. The* practice of forming 
troops in this order, which is now laid aside, was formerly held 
in greater esteem than forming them in a sofid square, as ad¬ 
mitting of a greater A-ont, especially when the troops were to 
make simply a stand on all sides. « 

VOL. I. • o 
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Qu. III. A brigade of sappers*, having carried on 15 
yards of sap the fii-st night, trie second only 13 yards, and 
so on, decreasing 2 yards every night, till at last they car¬ 
ried on in one night only 3 yards: What is the number of 
nights they were employed; and what is the whole length of 
the sap ? 

Answer, they were employed 7 nights, and the length of 
the whole sap was 63 yards. 

^u. IV. A number of gabionsf being given to be placed 
in six ranks, one above the other, in such a manner as that 
each rank exceeding one another ecpially, the first may con¬ 
sist of 4 gabions, and the'last of 9: What h the numlier of 
gabions in the six ranks ; and what is the difference lietwccii 
each rank ? 

Answer, the difference between the ranks will be 1, and 
the number of gabions in the six rafiks will be 39. 

Qu. V. Two detachments, distant from each other 37 
Icagpes, and both desi^in" to occupy an advantageous post 
equi-dfimnt from each other's camp, set out at diflerent 
times; the first detachment increasing every day’s march 1 
league and a half, and the second detachment increasing each 
day's march 2 leagues: both the detachments arrive at the 
same time; the first after 5 days’ march, and the second 


* A brigade of sappers consists generally of 8 men, divided 
equally into two parties. While one of these parties is advancing 
the sap, the other is furnishing the gabions, fascines and other 
necessary implements: and when the first party is tired, the 
second takes its place, and so on, till each man in turn has been 
at the head of the sap. A sap is a small ditch, between 3 and 4 
feet in breadth and depth; and is distinguished from the trench 
by its breadth only, the trench having between 10 and 15 feet 
breadth. As an encouragement to sappers, the pay for all the 
work carried on by the whole brigade is given to the survivors. 

f Gabions are baskets, open at both ends, made of ozier twigs, 
and of a cylindrical form: those made use of at the trenches are 
2 feet wide, and about 3 feet high j which, being filled with earth, 
serve as a shelter from the enemy’s fire; and those made nse of 
to construct batteries, are generally higher and broader. Ilw 
is another sort of gabion, made use of to raise a low parapet: its 
height is from 1 to 2 feet, and 1 foot wide at top, but somewhat 
less at bottom, to give room for placing the muzzle of a 
between them: these gabions serve instead of sand bags. A sand 
bag is generally wade to contain about a cubical foot of earth. 
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after 4 days* march : What is the number of leagues marched 
by each detachment each day ? 

The progression 3^^, 5 ,%, answers the con¬ 

ditions of the first detachment: and the progression 1|, 3|-, 
5|, 7|-, answers the conditions of the second detachment. 


OF COMPUTING SHOT OR SIIF-LLS IN A FINISHED PILE. 


Shot and Shells are generally piled in three different 
forms, called triangular, square, or oblong piles, according 
as their base is cither a triangle, a square, or a rectangle. 
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ABODE F, fig. 3, is an oblong pile. 

A triangular pile is formed by the continual laying of 
triangular norizontal courses of snot one above another, in 
such a manner, as that the sides of these courses, called rows, 
deegease by unity from the bottom row to the top row, which 
ends always in 1 shot. 

A square pile is formed by the continual laying of square 
horizontal courses of shot one above another, in such a man¬ 
ner, as that the sides«of these courses decrease by unity from 
the bdttom to the top row, which ends alse in 1 shot. 

• Q 2 
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In the triangular and the square piles, the sides or faces 
being equilateral triangles, the shot contained in those faces 
form an arithmetical progression, having for first term unity, 
and for last term and number of terms, the shot contains 
in the bottom row; for the number of horizontal rows, or 
the number counted on one of the angles from the bottom to 
the top, is always equal to those counted on one side in the 
bottom : the sides or faces in either the triangular or square 
piles, are called arithmetical triangles; and the numbers 
contained in these, are called triangular numbers; abc, fig. 1, 
EFG, fig. 2, are arithmetical triangles. 

The oblong pile may J^xj conceived as formed from the 
square pile abcd ; to one side or face of which, as ad, a 
number of arithmetical triangles equal to the face have been 
added : and the number of arithmetical triangles added to 
the square pile, by means of which the oblong pile is formed, 
is always one less than the shot in the top row ; or which 
is the same, equal to the difference between the bottom row 
of the greater side and that of the lesser. 

,To find the shot in the triangular pile aijcd, 
fig. 1, the bottom row ab consisting of 8 shot. 

Salutwn. The proposed pile consisting of 8 horizontal 
courses, each of which forms an equilateral triangle ; that is, 
the shot contained in these being in an arithmetical pro- 
greSiion, of which the first and last term, as also the number 
of terms, are known; it follows, that the sum of these par¬ 
ticular courses, or of the 8 progressions, will be the shot con¬ 
tained in the proposed pile; then 

The shot of the first or lower 1 

triangular course will be y ^8 + 1) x 4 = 36 

the second - - - - (7 + 1) x 3^^ = 28 

the third - - - - (6 + 1) x 3 = 21 

the fourth - - - - (5 -f 1) x 2i; = 15 

the fifth - - - - (4 + 1) X 2 = 10 

the sixth - - - -(3+l)xli=6 

the seventh - - - -(2 4-l)xl = 3 

the eighth - - - -(l-fl)x-^=l 

Total - 120 shot 

in the pile proposed. 

Qu. VII. To find the shot orthe sqfiare pile eegh, fig. 2, 
the bottom row st consisting of 8 shot. 
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Solution, The bottpm row containing 8 shot, and the 
second only 7; lhaV, ibf the rows forming the progression, 
8, 7, 0, 5, 4, 3, 2, 1, in \diich each of the terms being the 
square root of the shot contained in each separate square 
course employed in forming the square pile; it follows, that 
the sum of the squares of these roots will be the shot re¬ 
quired ; and the sum of the squares divided by 8, 7,6, 5, 4, 
3j 2, 1, being ^4, expresses the shot in the proposed pile. 

Qu. vai. To hnd the shot of the oblong pile ajbcdef, 
hg. 8; in which bf = 16, and bc = 7. 

Solution. The oblong pile ^oposed, consisting of the 
square pile abcd, whose bottom row is 7 shot; besides 0 
arithmetical triangfes^ progressions, in which the first and 
last term, as also tlie number of terms, are known; it follows, 
that, 

if to the contents of the square pile - - 140 

we add the sum of the 9th progression - 252 

their total gives the contents required - 392 shot. 

• , * 

UE51AUK I. 

The shot in the triangular and the square piles, as also 
the shot in each horizontal course, may at once be ascer¬ 
tained by^e following table: the vertical column a con¬ 
tains the s!St in the bottom row, from 1 to 40 inclusive; 
the column b contains the triangular numbers, or number 
of each course; the column c contains the sum of the 
triangular numbers, that is, the shot contained in a trian¬ 
gular pile, commonly called pyramidal numbers; the column 
u contains the sq^uare of the numbers of the column a, that 
is, the shot contained in each square horizontal course; and 
the column £ contains the sum of these squares or shot in a 
si^uarc pile. 
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Pyramidal 

numbeni. 

Triangular 

Qumbera. 

Natural 

numbers. 

the natural 
numbers. 

Sum of these 
square 
□umbers. 

1 

1 

1 

1 

1 

4 

S 

2 

4 

3 

10 

6 

3 

9 

14 

20 

10 

i 4 

16 

so 

33 

15 

1 •■5 

25 

. 55 

b6 

21 

> 6 

36 

91 

84 

28 

! 7 

49 

140 

120 

36 


64 

204 

165 

45 , 

L ^ 

81 

285 

2*20 

55 

P^I^IO 

100 

385 

286 

66 



506 

364 

78 

12 

♦ if) 

650 

455 

91 

13 

169 

819 

560 

105 

14 

l96 

1015 

680 

120 

15 

2*25 

1240 

816 

136 

16 

256 

1496 


153 

17 

289 

1785 

1140 

171 

18 

324 

2109 

U30 

190 

19 

361 

2470 

1540 

210 j 

•20 

400 

2870 


2 J1 

21 j 

441 

3311 

2024 

2:.;i 

2*2 

A 484 

3795 

2300 

276' 

20 

529 

4324 

2600 

300 

24 

576 

4900 

2925 

325 

25 

625 

5525 

3276 

351 

26 

1 67«. 

6201 

S654 

378 

27 

I 729 

6930 

4060 

406 

28 

1 784 

7714 

4495 

435 

29 

j 841 

4iMl55 

4960 

463 

30 

900 

9455 

5456 

496 

31 

961 

IU4I6 

5984 

528 

3*2 

l024 

11440 

6545 

561 ; 

33 

1089 

12529 

7140 

595 1 

34 

1 156 

13685 

7770 

630 j 

35 

12*25 

14910 

8430 

666 

36 

1*296 

16206 

9139 

700 1 

37 

1369 

17575 

9880 

741 

38 

1444 

19019 

10660 

780 

39 

1521 

20540 

11480 

820 ' 

40 1 

1600 

22140 


Thus, the bottom row in a triangular pile, consisting of 
19 shot, the contents will be 1330; and when of 19 in the 
square pile, 2470.—In the same manner, the contents either 
oi a square or triangular pile being given, the shot in the 
bottom row may be easily ascertained. 

The contents of any oblong pile by the preceding table 
may be also with little trouble ascertained, the less side not 
exceeding 40 shot, nor the difference between the less and 
the greater side 40. Thus, to find the shot in an oblong pile, 
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the less side being 15, and the greater 35, wc are first to 
iSnd the oontents of the square pUe, by queans of which the 
oblong pile may be conceived to be formed; that is, we are 
to find the contents of a square pile, wliose bottom row is 
15 shot: which being 1240, we are, secondly, to add these 
1240 to the product 2400 of the triangular number 120, 
answering to 15, the number expressing the bottom row of 
tiie arithmetical triangle, multiplied by 20, the number of 
those triangles; and their sum, being 36^, expresses the 
number of shot in the proposed oblong pile. 


REMAliK fi. 


The following algebraical expressions, deduced from the 
investigations of the sums of the powers ^of numbers in 
arithmetical progression, which arc seen upon many gunners’ 
callipers*, serve to compute with ease and expedition the shot 
or shells in any pile. 

That serving to compute any triangular +2) x (71 +1) x n 
pile, is represented by j CT”’ * 

That serving to compute any square ^ («4-l)x (2»+l) x n 
pile, is represented by 3 6 


In each of these, the letter 71 represents the number in the 

Imttum row: hence, in a triangular pile, the number in the 

l)ottoin row being 30; then this pile will l)e (30+2) x (30+1) 

X =4960 shot or shells. In a square pile, the number 

in the lx>ttom row being also 30; then this pile will be 

(30 + 1) X (60 + 1) X — 9455 shot or shells. 

That serving to compute any oblong pile, is represented by 

(2/1 + 1 +3/7/) X (m + 1) X // . , . , « 1 1 

-, in whicli the letter 71 denotes 


a 


* Callipers arc large compasses, with bowed shanks, serving to 
take the diameters of convex and concave bodies; The gunners' 
callipers consist of two thin rules or plates, which arc moveable 
quite round a joint, by the plates folding one over tl/e other : the 
length of each rule or plate is 6 inches, the breadth about 1 
incL It is usual to represent, on the plates, a variety of scales, 
tables, proportions, &c. such as arc esteemed useful to be known 
by persons employed about artillery ; but, except the measuring 
of the caliber of shot and cannon, and the measuring of sajiant 
and ro*entering angles, none of the articles, with which the cal¬ 
lipers are usually filed, arc essential to that^iistruiuent. 
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the number of courses, and the letter m the number of shot, 
less one, in the to^row; hence, in an oblong pile the num¬ 
ber jofoours^J»iDg_30j^^ the top row 31; this pile will 
be60 + l + 90 x 30 + 1 x 23405 shot or shells. 

REMARK 111. 

One practical rule, of easy recollection, will include the 
three cases of the triangular, square, and rectangular, com¬ 
plete piles. 

Thus, recurring to tiie diagrams 1, 2, and 3, we shall 
have, balls in 

(bd + a -h 1 ) X iBDC = triangular pile. 

(ef + fF + «) X ^gfh = square pile. 

(bf + bp -}- ae) X = rectangular pile. 

Hence, for a general rule : add to the uutnber of halls or 
shells in one side of the base, the numbers in its two }>aral- 
lels at bottom and top (whether row or ball), the sum being 
mul^pU£(j bv a third of the slant end or lace, gives the 
number in the pile. 


GEOMETRICAL PROPORTION, AND PRO¬ 
GRESSION. 

Geometrical Proportion contemplates tlie relation of 
quantities considered as to what part or what multiple one 
is of another, or how often one contains, or is contained 
in, another.—Of two quantities compared together, the first 
is called the Antecedent, and the second the Consequent. 
Their ratio is the quotient which arises from dividing the 
one by the other. 

Four Quantities are proportional, when the two couplets 
have equal ratios, or when the first is the same part or mul¬ 
tiple of the second, as the third is of the fourth. Thus, 
3, 6, 4, 8, and o, ar, b, hr, are geometrical proportionals. 

ur hr 

For |. = I: = 3, and — == X ” stated 

thus, 8 : 6 : : 4 : 8, &c. See the Aritlynetic. 

Cieomctrical Progression is one in which the terms have 
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all successively the same ratio; as 3, 2, 4, 8,16, &c, irhere 
the common ratio is 2 . 

Xhe general and common property of a geometrical pro* 
gr€^ssion is, that the product of any two terms, or the s(]uare 
of any one single term, is equal to the product of every other 
two terms that are taken at an equal distance on both sides 
from the former. So of these terms, 

1, 2, 4, 8, 16, 32, 64, &c. 

1 X 64 = 2 X 32 = 4 X 16 = 8 x 8 = 64. 

In any geometrical progression, if 

a denote the least term, 
z the greatest term, * 
r the common ratio, 

71 the number of the terms, 
s the sum of the series, or all the terms; 

then any of these quantities may be found from the others, 
by means of these general values or equations, viz. 



3. 


a =3 


7 


1 • 


4. n = 

5. s = 


f ^ 

a 


a _ Jog, r -f- log, g — log, a 
log. r log. r 


- 1 


1 r’* — 1 

X a = -7- X 


7 'z-~ a 


r-n —1 


7 ' 


- 1 * 


When the series is inhnite, then the least term a is nothing, 

TZ 

and the sum j 

r — 1 

In any increasing geometrical progression, or series be¬ 
ginning with 1, the 3^ 5tb, 7th, &c. terms will be squares; 
the 4th, 7th, 10th, &c. cubes; and the 7th will be both a 
square and a cube. Thus, in the series 1, r, r®, r\ r‘, 
7 ^, r’, r®, r», &c. r®, r®, r«, r®, are squares; r^, r®, r», cubes; 
and 7® both a square and a cube. « ^ 

In a decreasing geometrical progression, the ratio, r, is a 

1 y** 

fraction, and then s = - a. If« be infinite, this becomes 

' 1 —r 

a 

L - • " ; a being the first term. • 

1—r • 


s = 
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When four quantities, a, nr, 6, 6r, or 2, G, 4, 12, arc 
proportional; then any of the following forms of those quan« 
tities are also proportional, viz. 

1. Directly, a : ar :: d : br;or2 : G 4 12. 

2. Inversely, ar i a :: br : b; or 6 : 2 12 4. 

3. Alternately, €i : b :: ar : br; or 2 : 4; 6 12. 

4. Compound^ly, a : n+ar ::b: b-\-br ; or 2: 8 :: 4 : 16. 
6. Dividedly, a : ar -a :: b: br—b; or 2 : 4 :: 4:8. 

6. Mixed,a/'-|-a: ar—a : :J}r-\-b : Ar— A ; or 8 : 4:: 16: 8. 

7. Muldplication, m : arc :: be : bre; or 2.3 : 6.3 :: 4 : 12. 

8. Division, — : — :: A • Ar; or 1 : 3 : : 4 : 12. 

c c 

9. The numbers «, A, c, d, arc in liarinonical proportion, 
when a : d . a A : c d; or when their rccipri>cnU 

—, are in arithmetical proportion. 

a b c a * 


EXAMPLES. 


1. Giv^'p the first term of a geometrical series 1, the ratio 
2, and iheniimlicr of terms 12 ; to find the sum of tl)c series ? 
First, 1 X 2“ =: 1 X 2018, is the last term. 

2048 x 2-1 4096-1 . . , 

- = 4U9o, the sum required. 


Then 


2-1 


1 


2. Given the first term of a geometric series ratio 

and the number of terms 8 ; to find the sum of the scries ? 


First, h X ay zz h X 


Then — 


1 


■»'T 4 » 


is tlic last term. 




4)“ (1 i)—(i —TS 


5 , 
S' ' 


= the sum required. 

3. Required the sum of 12 terms of the series 1, 3, 9, 27, 

81, &c. Ans. 265720. 

4. Required the sum of 12 terms of the series, 1, 

&c. Ans. 


TT» 


5. Required the sum of 100 terms of the scries, 1, 2, 4, 8, 
16, 32, &c. Ans. 1267650600228229401496703205375. 
See more of Geometrical Proportion in the Arithmetic. 


INFINITE SERIES. 

An Infinite Series is formed rithcr from division, dividing 
by a compound divisor, or by extracting the root of a com¬ 
pound surd quantity, or by other general processes; and is 
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such as, being continued, would run on infinitely, in the 
manner of a continued decimal fraction 

But, by obtaining a few of the first terms, the law of the 
progression will be manifest; so that the series may thence be 
continued, without actually performing the whole operation. 


PROBLEM I. 


To reduce Fractional Quantities into Injinite Series hy 

Di vision. 


Divide the numerator by till denominator, as in common 
division; then the operation, continued as far as may be 
thought necessary, will give the iiifinite series required. 


-- into an infinite series. 

nJLh 


1. To change -- 

^ a-\-b 

a b) 2ah .. (26-+ — — —oec. 

Hab + 


a 






— 262 



a 


26’ 

a 

26’ ^ 

a a* 


2b 


a* 

2^ 2^ 

a* a® 



* The doctrine of infinite series was commenced by Pr. 
Wallis j who, in his arithmetical works published in 1657, first 

reduced the fractions ^fL-by a perpetual division into the infinite 

J—r 

series a + «r + ar® -f* 
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2 , Let , be changed into au infinite series. 
1—0 

1 — o) 1.... (1 + o + a* + o* o* -f" 


0—0* 


aP 

o’* — 


n**— a* 


a* 


3. Ex)>and 


a c 


into an infinite series. 

Ans. - X (1 — - H—i-S 4- &c.) 


a 


u 

4. Expand -—j into an infinite series. 




Ans. 1 + -4- -f- &c. 

a o* + o^ 


5. Expand —:— into an infinite series. 


1 -fa* 


6. Expand 


fV 


(o + by 


Ans. 1 — 2.r + &c. 

into an infinite series. 


Ans. 1 —-1- OLc. 


o- 


o’ 


7. Expand into an infinite series. 


PROBLEM II. 

To reduce a Compound Surd into an Infinite &eriee. 

Extract the root as in common arithmetic; then the 
operatiooi continued as far as may be thought necessary, will 
give the scries required. But this method is chiefly of use 
in extracting the square root, the operation being too tedious 
for the higher powers. 
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' EXAMPLES. 

1. Extract the root of a* — x* in an infinite series. 


^^ ^ __ a?® 

^ ^ ^ ^ y^3 16a*’’ 


a* 


5x* 

Tl8^ 


&c. 


2a - 


2a 


- 4- 


4a* 


2 « — 


?! — 
fl 8a5^ 


_ X* 

4a* 

7^ 7»ll 

«4> I *A I «4. 

4a* 8a< 64«® 


X® X® 

Sa"* 64fl® 

X® . x® j 

- 4- &c. 

Sa'* 16a® 


5x® o 

- Sic. 

64a® 


2. Expand y'l 4-1 “ into an infinite series. 

_ Ans. 1 4" ^ — 4 "f" "iV xIt 

3. Expand — 1 into an infinite series. 

_ Ans. 1 — ± 

4. Expand ^/a* 4- x into an infinite series. 

5. Expand 26x — x* to an infinite series. 

PROBLEM III. 

To extract owy Hoot of a Binomial: or to reduce a Binomial 
Surd into an irifinite Series. 

This will be done by substituting the particular letters 
of the binomial, with their proper signs, m the following 
general theorem or formula, viz. 

(p + P4)V = ,5*+ -^Aa + + 2r^ca+&c. 

M 2 n * on 
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and it will give the root required; observing that p denote^ 

fn 

the first term, q the second term divided by the first, « the 
index of the power or root; and a, b, c, d, &c. denote the 
several foregoing terms with their proper signs. 


EXAMPLES. 


1. To extract the sq. root of a* + in an infinite series. 

, w 1 . ^ 


2n 

m—3n 
3n ~ 



«S Q 

r»i 

t 

« * 
I =K) 

h X 

a X - 

_ 1 

-2 

— ■" 

T” X 

4 


1-4 

1 

6 




7i 


n n * 

p = (a^) =:(a-) = a =: a, the 1st term of the scries. 

m h , ^, 

, — — = B, the 2d term. 

n 2a 

m—n 1—2 b- __ b* 

3^ 


b^ 


a 


3Aa^ 


— c, the 3d tenn. 


b^ 

3Aa^'^ ~ 2.4.6a‘ “ 


Hence a -f 2A.6a^ 




b f/ 
¥ ¥ 


—&c. or 




® + 2a ” 8o""*'l6ai ISSa^ 

1 


2. To find the value of 
an infinite series*. 


(a — a:) 


&c. is the scries required. 


or its equal {a — a-)—* in 


• Noie. To facilitate the application of the rule to fractional 
examples, it is proper to observe, that any surd may be taken 
from the denominator of a fraction and placed in the numerator, 
and vice versa, by only changing the sign of its index. Thus, 

i.= 1 X jr-* or only and - j - - - 

X (0 + 0)=* 


= 1 X (ff -f- i)”* or 


A * 

(a + &)"* i and --- = a^(a + x>)-» j and — =x* Xx~^ j also 

(a+xy 


(«* + = (fl* + a^)l X (a* - j &c. 

(fl* — x*) 

The theorem above given is only the Binomial Theorem so 
expressed as to facilitate its application to roots and series. 
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Here p=:o, q =—— = —a—‘x,and —=-r^= — 2; thcref. 

a 72 1 

*' = (a)— ‘=a-«=: ^=: a, the first term of the series. 
~AQ=: — 2 x — X — 2 a—'x =: B, the 2 d term- 


n 
m — n 
2n 

Wl —2/2 


a* 




BQ= — l-x^x —^x —^-= 3a—= c, the 3d. 


a 


a' 


3x- —a: 4x’ 

, t,Q = - t —r X —=— 

3;» ^ a af 

Hence a~^ -[■ + 3a—-f" 4" 

I 2x 3.r« 4r* „ . , . , 

- + —-f - -- + —;- t- &c. is^thc senes required. 


n 


a' fl 


rt ’ 


a' 


3. To find the value of —, in an infinite series. 

a — x 


0 14 

X' X_ X 


A.ns. a *4" ar -j- — 4" 4“ —:^&c. 

a •a^ a* 


senes. 


4. To expand ■" a 

1 . 3x’ 5x« 


Ans. —-^,+ 


a 2a'’ '8a'’ 16a^ 


&c. 


5. To expand , ^ in an infinite series. 

* . (« — «)* 

^ , . 26 36* . W , 56' 

Ans. 1 + - +-^+-^ +-^&c. 

6. To expand </a^—x‘ or {c^—3?)^ in a series. 

. x^ x^ afi 5x® ^ 

128o'“®' 

7. Find the value of y (o''—.&’) or (o*—in a series. 

6'‘» 6*’ 56’’ &c. 

Ans. 

1 

8. To find the value of V (a®+x'’) or (a* 4-**‘®)^ m a series. 

^ , 6x‘* ^ 

Ans. a -+- s. . I ' 

' 5a* 25a« ' 125a'* 
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9. To find the square root of in an infinite series. 

A 1 b ^ a 

Ans. 1-h rs-i — ^ &c. 

a 2a* 2cf» 

a’ 

10, Find the cube root of. . ' .-r - in a series. 


Ans. 1 


b^ 


2/*« 14&» 


3a> 9a« 


INFINITE SERIES: PART THE SECOND. 

t 

PROBLEM I ♦. 

A SERIES being given, to find the several orders of dif¬ 
ferences of the successive terms. 

Rule i. Subtract the first term from the second, the 
second from the third, the third from the fourth, and so on ; 
the several remainders nvill constitute a new series, called Mr 
Jirsi‘Order differences, 

II. In this new scries, take the first term from the second, 
the secewd from tlie third, &c. as before, and the remainders 
will form another new scries, called the second order of dif¬ 
ferences. 

III. Proceed in the same manner for the third, fourth, 
ffth, <Src. orders, until either the differences become 0, or the 
work will be carried as far as is thought necessary 'f*. 


• The study of this second part of Infinite Series may be 
conveniently postponed till Simple and Quadratic Equations 
have been learnt. 

t Let a, b, c, d, e, &c. be the terms of a given series, then if 
D = the first term of the nth order of differences, the fol¬ 
lowing theorem will exhibit the value of d : viz. db 7 


*4* fi. 


«—1 
O 




qin. 


n-1 

2 


n—2 
■"3“ 


,d;^n. 



«—2 n—3 
—7—.eT» 


&c* (to A + 1 terms) = n, where the upper signs must be taken 
when n is an even number, and the lower signs when n is odd. 

If the differences be very great, the logarithms of the quan¬ 
tities may be used, the differences of which will be much smaller 
than those of the quantities themselves ; and at the close of the 
operation the natural number answering to the lo^arithmical 
result win be the answer. See Emerson s- Differential Method, 
prop. 1. 
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EXAKFLES. 

1. Given the series 1, 4, 8, 18, 19, ^ &c. to find the 
several orders of differences. 

Thus 1, 4, 8, 13,19, 26, ficc. the riven series. 

Then 3, 4, 5, 6, 7, ficc. the ni^ differences. 

And 1, 1,1,1, &C. the second differences. 

Also 0, 0, 0, &c. the third differences, 

where the work evidently must terminate. 

2. Given the seri^ 1, 4,8,16,82, 64^ 128, &c. to find the 
several orders of differences. 

Here 1, 4, 8, 16, 82, 64,128, See. given series. 

And 3, 4, 8, 16, 32, 64, * Szc. Istdiff. 

1, 4, 8, 16, 82, &c. 2nd diff. 

8, 4, 8, 16, &c. 3rd diff. 

1, 4, 8, ^c. 4th diff. 

8, 4, &c. 5th diff. 

1, &c. 6th diff. Stc. 

3. Find the several orders of differences in the series 
1, 2, 8, 4, &c. 

Ans. First diff. 1, 1, 1, 1, &c. Second diff>0, 0, 0, &c. 

4. To find the several orders of differences in the sdHes 
1, 4, 9, 16, 25, &c. of squares. 

Ans. First differences 3, 5, 7, 9, &c. Second, 2, 2, 2, 
&c. Third 0, 0, &c. 

5. Required the orders of differences in the series 1, 8, 
27, 64, 125, &c. being cubes. 

6. Given 1,6, 20, 50, 105, &c. to find the several orders 
of differences. 


PROBLEM 11. 


To find any term of a given series. 

Rule i. Let a, 5, c, d, e, &c. be the given series; df, #, 
d"', d’‘% &c. respectively, the first, term of the first, second, 
third, fourth, oic, order of differences, as found by the pre* 
ceding arUcle; n = the number denoting the pL^e of die 
term required, 

n. Thm»ill«+ + + 

^#' +1=1.iL:?. “=2.^-1 d'- + &C. 

8 3 ^,1 2 3 4 

= to the rath tem required. * 

VOL. I, . • , a 
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EXAMPLES. 

1. To find the 10th term of the series 2, 5,9,14*, 20, &c. 

Here 2, 5, 9, 14, 20, &c. series. 

3, 4, 5, 6, Szc. 1st difP. 

1, 1, 1, &c. 2nd diff. 

0, 0, &c. 8rd diff. 

Where d' = 3, d' = 1, zf' r: 0, also a = 2, n =: 10; 
wherefore a + — . d! + “-y— • • ^” = (2 + j - 

X 3 + — - X ? • X 1z:)2 + 27 + 36=:6o = the 

10th term required. 

2. To find the 20th term of the series 2, 6,12,20, 30, &c. 
Here a = 2, » = 20; and Art. 12. 

2, 6, 12, 20,30, &c. series. 

4, 6, 8, 10, &c. 1st diif. 

2, 2, 2, &c. 2 nd diff. or cf = 4, d'' = 2; 

whence a -f . d + ^-ZJ. . d' = (2 + — x 4 + 

112 ^1 

y X 2 = ) 2 + 76 + 34S = 420 = the 20th term 
1 2 

required. 

y. Required the 5th term of the series 1, 3, 6,10, &c. 

Ans. 15. 

4. To find the 10th term of the series, 1,4, 8, 13,19, &c. 

Ans. 64. 

5. Required the 20th term of the series, 1,8,27, 64,125, 

&c. Ans. 8000. 


PROBLEM HI. 


If the succeeding terms of a given series be at an unit's 
distance Jrom each other, to find any trUermediaie term by 
interpolation. 

Rule 1. Let y be the term to be interoolated, x its 
distance from the beginning of the series d', tr, d*^, Sec. 
the first terms of the several orders of differences. 


2 . Then will a •\-xdjfX . ^ —1. d" + a?. —1. ^—?.d''' 4 . 

^2 2 3 

■“1 

X. : .. d»^ 4 . &c. = y, the term required. 
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EXAMPLES. 

1. Given the logarithmic sines of 3° 4/, 3° &, 3® O', 3® T, 
and 3” 8', to find the sine of 3® 6' 15". 


Series. 

Logarithms. 

ls< diff. 

9,nd diff. 

3rd diff. 

3® 4/.. 

.... 8-7288366 

23516 

— 126 

— 127 

— 123 

3 5.. 

....8-7306882 

23390 

1 

3 6.. 

.... 8-7330272 

23263 

— 4 

8 7.. 

.... 8-7353535 

23140 


3 8.. 

.... 8-7376675 





Here x = (3° (S 15" — 3® 4^ =r 2' 15" s= ) |. r: the distance 
of the term to be interpolated; a = 8*7283366, d) = 
23516, tf = — 126, a” = 1, and ^ = a + + X . 

^ " d" 4- X — . — . d"' = (a + 4- tld" + 

2 2 3 v-r^-rjT-r 

=) 8-7283366 + *0052911 — *00001771875 + 
•0000000117 = 8-73360999296, the log. sine required. 

2. Given the series tV» 74» tt tV* term 

which stands in the middle, between and y'y, Ans. 

3. Given the logarithmic sines of 1® O', 1° 1', 1® 2', and 
1® 3', to find the logarithmic sine of 1® 1' 40". Ans. 8*2537533. 

PROBLEM IV. 

To fmd any intermediate Term hy Intcrpolaiimf when the 
first Differences of a Series ^ equidfferent Terms are 
small. 

Rule 1 . Let a, ft, c, d, Cf &c. represent the given series, 
and n = the number of terms given. 

2. Then will a — nft 4 - . c — n . !LZll . ” 

2 2 3 

. d 4* !iizl. . !iZI? . e 4" = 0, from whence 

2 3 4 

by transposition, &c. any required term may be obtained *. 

EXAMPLES. 

1. Given the square root of 10, 11, 12, 13, and 15, to 
find the square root of 14. 


* For the investigation of these rules, see Emerson's De¬ 
ferential Method. * 
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Here n =: 5, and e is the term required. 
a = (v/10 =) 3-1622776 
b = (v'll =:) 3 3166248 
c = lvl2 =) 3-4641016 
d = ( v^lS =) 3*6055513 
y = ( a/IS =) 3-8729833 

And^nce n =: 5, the series must be continued to 6 terms. 

Therefore a — -j- «• - . c — n . . -JTI? . d 

^2 3 3 

w—1 w—3 n—3 M —1 n—3 n —5 n—4 

W ' . • ^ ^ . . ■ — • • 


../= 0 . 

Whence, by transposition, in order to find e we shall have 


7 » —1 «—2 n~S 


n. . 

3 3 

?i—1 M—3 

‘ “F” 


e z:: — a nh 


71—1 

77 .-- . r -f- 7i 


. d -p 71 * 


4 2 

71—1 7i—3 71—3 n —4 


3 


3 


4 


/; this 


in numbers becomes 5c = —3*1622776 + (5 x 3*3166248) 
— (10 X 3*4641016) + (10 x 3*6055512) -f 3*8739833 = 

56*5116193 -37 8032936 = 18*7083257,and 


=1 3'74166514 = the root, nearly. 

2. Given the square roots of 37,* 38, 39, 41, and 42, to 

find the square root of 40. Ans. 6'33455533. 

3. Given the cube roots of 45, 46, 47, 48, and 49, to find 

the cube root of 50. Ans. 3*684033. 


PROBLEM V. 

To revert a g‘iven Series. 

Wren the powers of an unknown quantity are contained 
in the terms of a series, the finding the value of the unknown 
quantity in another series, which involves the powers of the 
quantity to which the given series is equal, and known quan¬ 
tities only, is called reverting the series *. 

Rule 1. Assume a series for the value of the unknown 
quantity, of the same form with the series which is required 
to be reverted. 


* Other methods of reversion are giver, by different mathema- 
tirians. The abore is selected for its simplicity. 
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2. Substitute this scries and its powers, for the unknown 
quantity and its powers, in the given series. 

3. Make the resulting terms equal to the corresponding 
terms of the given series, whence the values of the assumed 
co-effidents will be obtained. 


EXAMPLES. 


1. Let ax i-J?’ -f" cx^ + di* -f“ = 2 be given, to 

find the value of x in terms of z and known quantities. 

Let 2 ” = .r, then it is plain that if 2 " and its powers be 
substituted in the given series fbn x and its powers, the in¬ 
dices of z will be w, 2n, 3w, 4», &c. and 1; whence w = 1, 
and the dilFerericcs of these indices are 0, 1, 2, 3, 4, &c. 
Wherefore the indices of the series to be assumed, must have 
the same differences; let therefore this scries be \z -|- 

c:* -f- D 2 ^ -f- &c. = X. And if this series be involved, and 
substituted for the several powers of a*, in the given series, it 
will become 

OAs -f + ajyz* 4" &c. 

* -j- b\^Z' 4* 26a u^-’ -f- 2bAas* -f- &c. > 

* * * + BbH* -I- &c. > = 2. 

* * + fa ^ 2 ^ -f- 4- &C. * 

* * * 4- + &C.. 

Whence, by equating the terms which contain like powers 

of z, we obtain (oas =: z, or) a =: JL ; = 0, 

a 


whence) b = z=.) -(ac.s*-f-26AB2®-|-CAV2=0; 

Of O' 


whence) c = (-- 


a 


. 26^ — ac . 

) —; o = (— 


a* 


26AC + 6b" + 3ca‘‘B + dK^ x 5ahc^5lfi — a*d » j 

-1-2=) , --- &c. and con- 

a cd 

sequeutly x = (a^ -f B2" 4 C2:^ f See. = ) — _ 

56^-5a6c4d^d ^4 ^ 
a» a? ^ 

quired. 

This conclusion forms a general theorem for every similar 
scrie.s, involving the like powers of the unknown quantity. 

2. Let the scries x ~ x^ — x* 4^ &c. =2 sr, be pro¬ 

posed for reversion. 
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Hereii"2= 1, A = — l,c = 1, «/ =: — 1, &c. these values 
being substituted in the theorem derived from tiie preceding 
example, we thence obttun * = ;g + ar” + «’ + «■* + S;c. the 
answer required. 

3. Let *—— — — + &C. be g^ven for reversion. 

Subsdtuting as before, we have a = 1, £ = — L 
and d = — I, &c. These values being substituted, we shall 

have ar=^+ w*hich if ^ be 

given, and suiBcicntly sm^l fur the series to approximate, 
the value of x will be known. 


rUOBLKM VI. 


To find the Sum of n Terms of an Infinite Scries. 


Rule 1. Let a, b, c, d, c, &c. be the given series, 5 = the 
sum of w terms, and d, d'', d", d*', &.c. respectively the first 
terms of the several orders of differences, found by prob. 1. 

2. Then will na + n . • d' + w . d" + 

n—l « —2 «—3 7i—1 « —2 «—3 «—4 

* 2 * c| * ^ * d 4' w • 2 * ^ ^ 

. d""' + &c. = 5, the sum of n terms of the series, as was nl,- 
r|uired. 

Case 1. To find the sum of n terms of the series 1, 2, 
3, 4, 5, &c. 

First, 1, 2, 3, 4, 5, Sec. the given series. 

1, 1, 1, 1, &c. first difiercnces. 

0, 0, 0, &c. second dififerences. 

72*^ 1 

Here a = 1, d' = 1, d!' — 0\ then will «a + n. —r— . tf 

4& 


=(- ’ which, (since a and d each r: 1) = 


.n.n+1 , . j 

=)—^— — a, the sum required. 
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EXAMPLES. 

1. Let the suna of 20 terms of the above series be re¬ 
quired. 

Here n = 20, and s =:—^—=—2— =: 210, the ans. 

2. I^et the sum of 1000 terms be required. Ans. 500500. 

3. Let the sum of 12345 terms be required. 

Case 2. To find the sura of n terras of the series, 1, 3, 
5, 7, 9, &c. 

Here 1, 3, 5, 7, 9, &c. the given series. 

2, 2, 2, 2, &c.. .. first difference. 

0, 0, 0, See. . , . second difference. 

M — 1 

Wherefore a = 1, f/' =; 2, d' = 0, and na + n . --- -- . it 


Tt* 

= {na -— • (V = (since « =: 1 and d =: 2) m -f — 

=) «« = 5, the sum rcijuired. 

EXAMPLE. 


To find the sum of 10 terms of the above series. 

Here n = 10, and s = (/r =) 100, the answer. 

Case 3 . To find the sum of n terms of the series of 
stjuares 1, 4, 9, 16, 25, &c. 

Here 1, 4, 9, 16, 25, &c. the series. 

3, 5, 7, 9, &c. . . . Istdiffl 

2, 2, 2, &c. .. . 2nd diff. 

0, 0, &c. . . . 3rd diff. 

W’ hence « = I, </' = 3, d' = 2, d'" = 0, and tia it . 


?* —1 
" 2 ^ 

M—1 

2 • 


7*—1 77—2 ^ n—1 

d' -f n. ^ . d' = (77 -f 3/7 . . + 277 . 


71—2 3/7-—77 /7®—3//®-t-277 71.77*1-1.2/7-h 1 

+ -T.-=)- 


3 


6 


the sum required. 


EXAMPLE. 


Let the sum of 30 terms of the above series be required. 

« 7*(77-!-l)(2/i-f 1) 30x31x61 

Here ti = 30; wh|retore-^-==-g-^ 

9^155, the answer. Sec the table, pa, 214. 
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PROBLEM VII. 

To fnd the Sum Senate hy the Method of Svbiractmi. 

This method will be rendered evident by two or three 
simple examples. 

EXAMPLE 1. 

Let 1 + 4 + T *){/• = ^ 

then T + T + T + T + in ii^. = ^ ~ 1. 

by sub. i ;;2 + ^ -|;5 + *« = *• 


EXAMPLE 2. 


Let l4.44.|. + 4-|-&c. = 5 
then 7 -f 4 + 4 + 4 + Sec. = ^-4 


*’^•■''''’■01.^ +34 + ^+*“=- = 

^ U §74 3l« ■'■ O ~ 


3 

'1' 


3 

3‘ 


T 1 1 

then £3 + ^ 

by sub. j |-3 + 
1 

’ 1.2.3 


EXAMPLE 3. 


+ ^^ + fa. = « 

+ ~r^ + &C. “ # “ y 

4.0 

2 2 

+ ^-.+ &c.= 


2.3.4 3.4.5 
2.3.4 3.4.5 


X 

z 


1 

T* 


EXAMPLE 4. 


Find the sum of the series gj-g + Jlgj + ggj[g + &c- 
in mfinitum. 

Take away the last factor out of each denominator, and 

0 + Se + as 
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by sub. 


2.4.6 


6.8 8.10 ■*■*"•-* 4 

4 ^ 4 P _ 

4:6:8 63 ^ + &c. - I 


1 


'' 2 . 4.6 ^ 4.6.8 ^ 6.8.10 


+ 


4- &c. = ^ 


X 



TT* 


EXAMPLE 4. 

Find the sum of the infinite series 

1 1 1 • , ^ 1 - 
2.4.6.8 4.6.8.10 6.8.10.12 8.10.12.14+ 

Ans. 

EXAMPLE 5. 


Find the sum of the infinite series 
I 11 


3.5.8.11 +5.8.11.14"^8.11.14.17 ^ 11.14.17.20 


+ 


1 


4" Stc, 


Ans. 


PROBLEM VIII. 

To sum an infinite series by supposing it to arise from 
the expansion of some fractional expression. 

Rule. Assume the series equal to a fraction, whose de¬ 
nominator is such, that when the series is multiplied by it, 
the product may be finite ; this product being equal to the 
numerator of the assumed fraction, determines its value. 

EXAMPLES. 

1. Required the sum of the infinite series x + 

+ &c. 

Assume the series = =- 

1 —a? 

then a? 4“ 4“ ^ + See. 

into 1 — ar 

a? + ar* + a?* + 8cc. 

— ar* — a:’ — &c. 


2 = a; . 
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+ ar* + &c. = —^ 

1—ar- 

Thus, if a: = then «. + | + |4.&c. = »^4-t = l; 

if a: = f, then t + t +tt+ &c. = ' | = f. 

2 . Required the sum of the infinite series x + 20?* + 3 a- 
- Sec. 


Assume tlie series = —^ -- 

(1-a) 2 l-2A + .r-"’ 

then X 4- 2a^ 4. 3 a* 4. &c. 
into 1 — 2 a. 4- A^ 

A 4. 2 a- 4- 3 a‘^ 4- &c. 

— 2Aa — 4 a‘ — &c. 

4- a-* 4- &c. 


x: = A 


X 4- 2a'‘' 4. 3 a* 4- &c. = - 

(I-A)-'- 

If A = i, theif^ + ^ + I + ^*6 + 

If A = I, then I 4- I + + /t + 

And so on, in other cases *. 



O* 


Find the sum of the infinite series a 4 - 4a‘ 4 - 9a' f 
16i* + &c. x(l+x) 


Ans. 


(1 - A) '* 


SIMPLE EQUATIONS. 

Ak Equation is the expression of two cqfud quantities 
with the sign of equality (=) placed between them. Thus 
10 4 = 6 is an equation, denoting the equality of the 

quantities 10 — 4 and 0. 


* The preceding is only a sketch of an inexhaustible subject. 
For the algebraical investigation of infinite series, consult Dod» 
sqnx's Mathematical Repontory, and Mr. X R. Young's Algebra. 
Tlie subject, however^ is much more extensively treated by means 
of the fluxional analysis. 
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Equations are either simple or compound. A Simple 
Equation, is that which contains only one power of the un¬ 
known quantity, without including different powers. Thus, 
X — a n 6 -f- c, or ax* — b, is a simple equation, containing 
only one power of the unknown quantity x. But x* — 2ax 
z= b* is a compound one. 

GENERAL RULE. 

Reduction of Equations, is the finding the value of the 
unknown quantity. And this consists in disengaging that 
quantity from the known ones;^or in ordering the equa¬ 
tion so, that the unknown letter or quantity may stand 
alone on one side of the equation, or of the mark of equality, 
without a co-efficient; and all the rest, or the known quan¬ 
tities, on the other side .—In general^ the unknown quantity 
is disengaged^ from the known ones^ by performing always 
the reverse operations. So, if the known quantities are con¬ 
notated with It by -f- or addition, they must be subtracted; if 
by minus (—), or subtraction, they must be added ; if Jjy 
multiplication, we must divide by them ; if division, we 
must multiply; when it is in arty power, we must extract 
the root; and when in any radical, we must raise it to the 
jx>wer. As in the following particular rules; which are 
founded on the general principle, that when ecjual operations 
arc performed on equal quantities, the results must still be 
equal; whether by e([iial additions, or subtractions, or mul¬ 
tiplications, or divisions, or roots, or {xiwers. 

PARTICULAR RULE I. 

When known quantities arc connected with the unknown 
by -(- or — ; transpose them to the other side of the equa¬ 
tion, and change their signs. Which is only adding or sub¬ 
tracting the same quantities on both sides, in order to get 
all the unknown terms on one side of the question, and all 
the known ones on the other side*. 


* Here it is earnestly recommended that the pupil be accus¬ 
tomed, at every line or step in the reduction of the equations, 
to name the particular operation to be performed in the equation 
in the last Hue, in order to produce the next form or state of 
the ^uatioQ, in app^ing each of these rules, according 
particular form of the equation may require; af^lying them 
according to the order in which they are here placed : and be- 
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Thus, if a: + 5=:8; then transposing 5gives t= 8—5=3. 
And if .r—3-f-7=9; then transmsing the 3 and 7, gives 
ar=9 + 8-7=5. 

Also, if ar — fl + h = cd, then by transposing a and 6, it 
isx=a—5 + cd. 

In like manner, if 5a?—6 = 4ap +10, then by transposing 
6 and 4r, it is 5x—4fX= 10 + 6, or a: = 16. 

JIUJ.E II. 

When the unknown term is multiplied by any quantity; 
divide all the terms of the equation by it. 

Thus, if cu:=iab—4ta ; tlien dividing by a, gives x=6—4. 

And, if 3x + 5 = 20; then first transposing 5 gives 
3x = 15; and then by dividing by 3, it is x = 5. 

In like manner, if a»c-l-3a5=4c*’; then by dividing by «, it 

4c^ 4e^ 

is x-f-36 = ~; and then transposing 35, gives x= — — 35. 


KULE 111. 

Whex the unknown term is divided by any quantity ; 
wc must then multiply all the terms of the equation by that 
divisor ; which takes it away. 

Thus, if -^=3-f2; thenmult.by4,givesx= 12 + 8=20. 
4 

And, if —=35 + 2c — d: 
a 

then mult, by a, it gives x = 3o5 + 2ac — ad. 

Also, if :^-3 = 5 + 2: 

Then by transposing 3, it is = 10. 

And multiplying by 6, it is 3x = 50. 

Lastly, dividing by 3, gives x=il6^. 


gianiog every line with the words Then 5y, as in the following 
specimens of Examples ; which two words will always bring to 
his recollection, that he is to pronounce what particular opera¬ 
tion he is to perform on the last line, in order to give the next; 
i^jlotting always a single line for each o|>erafion, and ranging the 
etfSinons neatly just under each other, in the several lines, as 
they are successively produced. 
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RULE IV. 

WHEN the unknown quantity is included in any root or 
surd ; transpose the rest of the terms,' if there be any, by 
Rule 1; then raise each side to such a power as is denoted 
by the index of the surd ; viz. square each side when it is 
the square root; cube each side when it is the cube root; 
&c. which clears that radical. 

Thus, if x/x—3 = 4; then transposing 3, gives \/x = 7; 

And squaring l>oth sides gives a: = 49. 

And, if + 10 = 8 : 

Then by squaring it, it becomes 2 x 4 - 10 =» 64; 

And by transposing 10, it is 2 s = 54; 

Lastly, dividing by 2, gives s = 27. 

Also, if il/Ss 4- 4 + 3 = 6 ;_ 

Then by transposing 3, it is ‘l/3x 4-4 = 3; 

And by cubing, it is 3.r 4 - 4 = 27 ; 

Also, by transposing 4, it is 3x = ^ ; 

Lastly, dividing by 3, gives .^i= 74 . 


RULE V. 

When that side of the equation which contains the un¬ 
known quantity is a complete jxjwer, or can easily be reduced 
to one, oy rule 1, 2, or 3 ; then extract the root of the said 
power on both sides of the equation ; that is, extract the 
square root when it is a square power, or the cube root when 
it is a cube, &c. 

Thus, if X® 4 - 8 x 4 “ 10 = 36, or (x 4- 4)* = 36; 

Then by extracting the root, it is x 4 - 4 = 6 ; 

And by transposing 4, it is x = 6 — 4 = 2. 

And if 3x2- 19 = 21 + 35 . 

Then, by transposing 19, it is 3x2 _ 175 . 

And dividing by 3, gives x^ = 25; 

And extracting the root, gives x = 5. 

Also, if — 6 = 24. 

Then transposing 6 , gives |x 2 = 30; 

And multiplying by 4, gives St* = 120; 

Then dividing by g^ves x* = 40; ^ 

Lastly, extracting the root, gives x «= a/40 = 6*324555. 
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BULE VI. 

When there is any analc^y or proportion, it is to be 
changed into an eauation, by multiplying the two extreme 
terms toother, ana die two means together, and making the 
one promict equal to the other. 

Thus, if : 9 : : 3 ; 5. 

Then mult, the extremes and means, gives lOx =r 27 ; 
And dividing by 10, gives x n 2,?- . 

And if f X : a : : 56 : 2 c* 

Then mult, extremes and means, gives -|cx = 5ab ; 

And multiplying by % gives 3cx = 10a6; 

Lastly, dividing by 3c, gives x = —• 

Also, if 10 — X : : : 3 : 1. 

Then mult, extremes and means, gives 10 — x = 2.r ; 
And transposing x, gives 10 ~ 3x; 

Lastly, dividing by 3, gives 3^ =r x. 


RULE VII. 

When the same quantity is found on lioth sides of an 
equation, with the same sign, either plus or jq|inus, it may 
be left out of both: and when every term in an equation is 
either multiplied or divided by the same quantity, it may be 
struck out of them all. 

Thus, if 3x + = 2o ^ 6: 

Then, by taking away 2a, it is 3x = 6. 

And, dividing by 3, it is x = ^b. 

Also, if there be 4ox -j- 6a6 = lac. 

Then striking out or dividing by o, gives 4x + 66 = 7c. 
Then by transposing 66, it becomes 4x = 7c — 66; 

And then dividing by 4, gives x = Zc ~ -16. 

Again, if |x — | = V° “ h 
Then, taking away the it becomes pc z= ; 

And taking away the 3’s, it is 2x = 10; 

Lastly, dividing by 2, gives x zz 5. 

MISCELLANEOUS EXAMPLES. 

1. Given 7x— 18=:4x-4"6; to find the value of x. 
First, transposing 18 and 4x gives 3x = 24; 

Then dividing'^by 3, gives x = 8. 
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2. Given 20 — 4r — 12 = 92 — 1047; to find x. 

First, transposing 20 and 12 and IO 4 :, gives 647 = 84; 
Then dividing by 6, gives a? == 14. 


3. Let 4ax — 5A = 3dx + 2c be given ; to find x. 

First, by trans. 66 and 3dar, it is 4aw? — 3dx = 56 -}• 2 c: 


'JThen dividing by 4a — Sd, gives x 


56 4-2c 
4o — 3d 


4. Let — 12x = 947 -f* be given ; to find x. 
First, by dividing by x, it is 647 — 12 = 9 -j" 
Then transposing 12 and 247, gives 3xxz 21; 
Lastly, dividing by 3, gives x = 7- 


5, Given — loabx- = 6 ax^ -f" I2ax”; to find x. 
First, dividing by 3ax% gives Sx — 5b zz 2x + 4; 
Then transposing 56 and 247, gives 47 = 56 -|- 4. 


6. liCt -^4- — = 2be given, to find 47. 

o *1* o 

First, multiplying by 3, gives 47 — -|47 -^|47 = 6; 
Then, multiplying by 4, gi^es x + 47 = 24. 

Also multiplying by 5, gives 17x = 120: 

Lastly, dividing by 17, gives 47 = 7-i^. 

7. Given = 12 — ^ to find 47 . 

3 2 3 


First, mult, by 3, gives 47 — 54- j-47r=3(> — 474 IO; 
Then transposing 5 and 47, gives 2 x 4 — 51 ; 

And multiplying by 2, gives 747 = 102; 

Lastly, dividing by 7, gives 47 = 1 44 . 

8. Let ^ —- 1 - 7 = 10, be given; to find x. 

4 


First, transposing 7, gives \/^x = 3; 

Then S(|uaring the equation, gives |j =: 9; 
Then dividing by 3, gives ^47 = 3; 

Lastly, multiplying by 4, gives J7 = 12. 


5a* 


9. Let 247+ 2 ^/a^ + 47 ® = 


y/ar + 


' be given, to find x. 


First, mult by A/a*+x% gives 24? v'o* + J^"42a® +247® 
= 5a». ^ 

Then transp. 2a® and 247*, gives 2x ya* + x®=: 3a®—24?*; 
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Then by squaring, it is x (a^ + x*) =: (3a* — 2 j*)* ; 
That is, 4a*j:® 4- 4a4 = 9a* — 4- 4fX*; 

By taking irmn both sides, it is 4a*jr*ss9a*—* 

Then transposing gives 16a*j:* = 9a*; 

Dividing by a* gives 16ar* = 9fl*; 

And dividing by 16, gives = i^a*; 

Lastly, extracting the root, gives x zz la. 


EXAMPLES FOR PRACTICE. 


1. Given Sor — 5 4- 16 ;= 21; to find x, Ans. x x: 5. 
, 2, Given 6r — 15 = ir 4- 6; to find x. Ans. a: rr 4^. 
^3. Given8—3a:4l2=80—5a'4-4; to find a:. Ans-a^ssT. 

4. Given a: 4- = 13; to find x, Ans. x =: 12. 

5. Given 3x 4- + 2 = 5x — 4; to find x. Ans. x=4. 

6. Given 4ax 4- ^a — 2 = ox —* 5x; to find x. 

. 6—0 

• Ans. X = --. 

90 4-36 

7. Given ^x — i.r 4- jX = |; to find x. Ans. x = 

8. Given ^'4 4- x = 4 — -/x; to find x. Ans. x =: 2^* 


9. Given 4a 4- a; = 


x* 


4a4-x 


; to deter, x. Ans. x == — 2o. 


10. Given -/4o® 4- x» = ^ 


Ans. X xz 


b*—4tai* 


11. Given v/x 4- 4- x =: 


4o 


.v/2a 4- 3C 


; to find X. 


Ans. X = ia. 


12. Given 


a 


a 


l4-2x 1 —2x 


= 26; to find x. 


b—a 

Ans. X = 


18. Given a 4* x = v'a* 4- x >/46^+ar*; to find x. 

6 * 
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OF REDUCING DOUBLE, TRIPLE, &C. EQUATIONS, CONTAINING 
TWO, THREE, OR MORp: UNKNOWN QUANTITIES. 

PROBLEM I. 

To exten^inate two Unknown Quantities; Or, to reduce 
the two Simple Equations containing' them, to a Single 
one. 


RULE I. 

• 

Find the value of one of the unknown letters, in terms of 
the other quantities, in each of the equations, by the methods 
already explained. Then put those tv/o values equal to 
each other for a new equafu)n, with only one unknown quan¬ 
tity in it, whose value is to be found as before. 

N^otc. It is evident that \vc must first be<^in to find the 
values of that letter which is easiest to be found in the two 
proposed equations. • 


EXA.MPLKS. 


i. Given it J i I/' 

In the 1st equat. trans. fij/ and div. by 2,gives x=: —; 

• 1 "4^ '4' ^2/ 

In the 2d trans. and div. b}’ 5,'gives x — • 


5 


Putting these two values equal, gives ^ ^ f ^ ^ * 


Then mult, by 2 and 5, gives 28 -f- 4y =: 85 — 15j/; 
Transposing 28 and I5j/, gives 19y 57; 

And aividing by 19, gives y — ii. 

And hence x = 4. 


Or, effect the same by finding two values of y, thus 

17--2x 

In the 1st equat. tr. 2x and div. by 3, givesy — —--; 

iJ 

In the 2d tr. 2y and 14, and div. by 2, gives y 




Putting'these two values equal, gives ^ 

* 2 

Mult, by 2 and by 3, gives 15x ■— 42 = 34 
VOL. 1. * 


17—2x 
3 
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Transp. 42 and 4a’, gives 19a’ — 76; 
Dividing by 19, gives a: = 4. 

Hence y r: 8, as before^ 


2 . Given J ^ j^ and y. 

Ans. a’ = a -f- Zi, and y =: — \h. 

3. Given 3x 4 -^ — 22 , and 3 y -+- a = 18 ; to find a and ?/. 

Ans X = 6 , and y =. 4. 

4 . Given { J* ij; f }; to find r nnd y. 

Ans. a = (», and y = 3. 


_ 2 a ;>y Xii ,»i’ -?y l>/ .. , 

5. Given 3- + f = 5 ’ T + 3 = Ts ’ 

V' Ans. .r = 8 , and 1/ = I. 

6 . Given x -f 2 y=«, and a* — ly* = ; to find x and //. 

.9’ ..f d- jt- - (Z® 

Ans. X = ——, and y = —-—. 

2.V 4.y 

7. Given*./' — = d, and x : y :x a \ b \ to find a and y. 

ad , Ad 

Ans. a' =-and a = - 

a-2h a-2Z/ 


8y 


00 


8i’ 


o« 


G7 


Hn.B H. 

Fi xi> the value of* one of the unknown letters, in only one 
of the equations, as in the former rule; and substitute this 
value instead of that unknown quantity in the other e(|uation, 
and there will arise a new equation, with only one unknown 
quantity, whose value is to be fount! as before. 

y»ot€. It is evident that it is best to begin first with that 
letter whose value is easiest found in the given equations. 


EXAMPLES. 


1. Given { 5 ^ 1 2 ^ = 14 } ? 

This will admit of four ways of solution; thus; First, 
in the 1 st eq. trans. 2y and div. by 2, give.s x = — 

i^This val. subs, for x in the 2d, gives ^ — % = 14; 

Mult, by 2, this becomes 85 — 15y — 4y = 28; 
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Then x = = 4. 

2 


2 dly, in the 2d trans. 2^ and div. by 5, gives x zz -^; 

o 

This subst. for x in the 1st, gives —^ ^ + 3^ = 17; 

Mult, by 5, gives 28 + 4^ + 15^ = 85; 

Transjw. 28, pves 19y =: 57; * 

And dividing by 19, gives ^ = 3. 

Then x = — — 4, as before, 
o 


3dly, in the l.st trans. %c and {liv. by 3, gives // = 


17-2a- 



This subst. for in the 2d, gives 5x — 


34~4.r 

T 



Multiplying l>y 3, gives 15 j: — 34 + 4.r = 42; 
Transixjsing 34, gives 19a: = 76 ; 

And dividing by 19, gives a: = 4. 

Hence y = = 3, as before. 


4thly, in the 2d tr. 2^ and 14 and div. by 2, gives 


5j:— 14 
2 ' 


1 < 5 *_ 42 

This substituted in the 1st, gives 2a: -|---=: 17; 


Multiplying by 2, gives lOa: — 42 =: 34; 
Transi^sing 42, gives 19ji’ = 76; 

And dividing by 19, gives a: = 4; 

Hence y =: —zz 3, as before. 


2 . Given 2a? + rr 29, and Sa: — 2^ =z 11: to find x 

and y. Ans. a? sr 7, and y = 5. 

3. Given ^ ; to find x and y. J** 

Ans. X s= 8, and y = 6. 
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4. Given | 20 ( ' ^ 

Ans. a: = 6 , and ^ = 4. 

5. Given 4 - Ojy = 21 , and + 3 .r = 29; to find x 

Ans. X =: 9, and y = 6 . 


6 . Given 10 - -f 4, and 4 - - 2 = 

8 v—X - J ^ » 

-- 1 ; to find a: and //. Ans. .r =: 8 , and y — G- 

7. Given x : y ; : 4 : 3, and .r’’ — ?/^ = 37; to find x 

and 3 ^. Ans. .r = 4, and y — G. 


RULK III. 

*~Let the f^i.vfc'n equations be so niuitipliod, or divided, &c. 
and by such numbers or.cjiiaritilies, as will make the terms 
wliich contain one of the unknown quantities the same in 
both equations; if they are not the same when first pro¬ 
posed. 

Then by adding or subtracting tlic equations, according 
as the signs may require, there will result a new’ equation, 
with only one unknown quantity, as before. That is, add 
the two equations when the signs are unlike, but subtract 
them when the signs are alike, to cancel that common 
term. 

Note. To make two unequal terms become equal, as 
above, multiply each term by the co-efficient of the other. 


EXAMPLES. 

Gi™" { 2^ ^If = 16 }' y- 

Here we may cither make the two first terms, containing x, 
equal, or the two 2 d terms, containing ?/, equal. To make 
the two first terms eijual, we must multiply the 1 st equation 
2 , and the 2 d by 3; but to make the two 2 d terms equal, 
we must multiply »hc 1st equation by 5, and the 2d by 3; 
as follows. 
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By making the two first terms equal : 

Mult, the 1st e(|u. by 2, gives 10.r — = 18; 

And mult, the 2d by 5, gives lOa- + ^5yzz 80; 

Subtr. tlie upper from the under, gives 31^ = 62; 
And dividing by 31, gives 2. 


Hence, from the 1st given equ. x zz 



2. By making tlic two 2d terms equal: 

Mult, the 1st equal, by 5, gives 25jr— 15;y = 45; 
And mult, the 2d by 3, gives 6.r -p 15^ = 48; 
Adding these two, gives • Qlxzz 93; 

And dividing by 31, gives 3. 


Hence, from the 1st equ. ?y == 


5x—9 
3 


= 2. 


M1M- K I, LAN EO i; S EXAM PL E S. 


1. (liven —H- fiy/ 91, and 4* 5.r = 23 ; to 


find X and yy. 


2. Given + 10 r= 13, and 


find ,r and y/. 


^ Ans. X zz T, and ;y = 3. 

Sij+x ^ 

q- o = 12 ; to 

Ans. X zz 5, and ?/ = 3. 


.ix+ly X , ,b.r —2w w - . 

3. Given —^ -l — rr lO, and ——.p = 14 ; 

o 4 3 o 

to find X and if. Ans. a* = 8^ and ^ = 4. 

4. Given 3 1 + 4^ =: 38, and 4i — 3y/ = 9; to find x 

and Ans. .r = 6, and y — 5. 


PROBLEM 11. 

To exterminate three or moi'c UnJcnoivn Quantities; Or, to 
reduce the Simple Equations, containing them, to a Single 
one. 


RULE. 

This may be done by any of the three methods in the last 
problem: viz. 

1. After the manner of the first rule in the last problem, 
find the value of one of the unknown letters in each of the 
given equations: ncut put two of these values equal to 
other, and then one of these and a third ^alue equal, and so 
on for all the values of it; which gives a new set of equations. 
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with wliich the same process is to be rcjRjatcd, and so on till 
there is only one etpintion, to be reduced by the rules for a 
single equation. 

2. Or, as in the 2d rule of the same problem, find the 
value of one of the unknown quantities in one of the etjua- 
tions only; then substitute this value instead of it in the 
other ctpiatlons; w inch j^ives a new set of equations to l>e 
resolved as before, by re|)eatlng the operation. 

3. Or, as in the 3d rule, reduce the equations, by multi¬ 
plying or dividing them, so as to make some of the terms to 
agree: then, by adding or subtracting them, as the signs 
may require, one of the letters n»ay be exterminated, See. as 
before. 


EXAMPLES. 

r.T-f- y + 5r= 9i 

Given4 O’ -}- 2y + 3^ = 16 J ; to find x, y, and z. 

(x 4- % + = 21 ) 

1 . By the 1st method : 

Transp. the terms containing ;/ and z in each equa. gives 

X — 9 — y — 

X = 16 — 2i/ — 3::’, 

.r = 21 — 3y — 4^:; 

Then putting the 1st and 2d values equal, and the 2d and 3d 
values equal, give 

9 — y — z — 16 — 2y — 3zj 

16 — 2y — = 21 — 3y — 4s; 

In the 1st trans. 9, and 2y, gives y = 7 — 2ar; 

In the 2d trans. 16, 3^, and gives y =: 5 — z; 

Putting these two equal, gives 5 — z ss 7 — 2z. 

Trans, 5 and 2.?, gives z zz 2. 

Hence y zz. b — z — 3^ and x = 9-y“X~4. 
2dly. By tite 2d method: 

Prom the 1st equa. x =: 9 — y — z\ 

This value of i substit. in the 2d and 3d, gives 

9 + y 1- 22 = 16, 

9 -f 2y + 3x = 21; 

In the 1st tran-s. 9 and 22 , gives y — 1 — 2zt, 

This substit. in the last, gives ^ — 2 = 21; 

3’rans. z and 21, gives 2 = z. 

Hence again y = 7 —- 22 = 3, and x = 9—y—. i==4. 
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3tlly. By the 8 d method: subtracting the Ist equ. from 
the 2d, and the 2d from the 3d, gives 

+ 2^ = 7, 
y + 2 = .5 ; 

Subtr. the latter from the former, gives r = 2. 

Hence y =: 5 — 2 = 3, and a; = 9 — y — 2:=:;4. 


2 . 


Given 


1 


•*^4- H- - = 181 

a: -f- ?,// 22 == 38 > 4 to find a-, 3 ^, and z. 

j-' + Ky -f ^- 2 ^ = 103 

Ans. X zz 4;, y =: 6 , 2 Z 2 8 . 


fx + + ^,2 = 271 > 

3. Given-? a’ -f hi/ -i- = 20^ ; to find x, and z. 

(j; 4- 4- .-2 = 163 

Ans. X zz 1 , 3 /= 12, z = 60. 

4. Given .r — y = 2 , a* — 2 =: 3, and ?y + 2 = 9 ; to 

find . 2 ', ,y, and Ans. x = 7, ?/ = 5, 2 =2 4. 


5. 

6 . 


1 

'2.1' + 3y 


4;; 

= 34 

Given H 

.Tr -f 4 

+ 


= 46 

{ 

4cr -f fi.y 

+ 

82 

= /« 


(' 

+ 

z') 

- 45 

Given - 

5 // -f- 2 / 


2 ) 

= 70 

i 

t- (•«’ 

+ 

=): 

= 105 


to find X, sy, and w 
to find j’, and 2 . 


A COLLTC l ION OF QFESTIONS PRODUCING SIMPLE 

EQUATIONS. 

Qu EST. 1. To find two numbers, such, that their sum 
shall be 10 , and their difference 6 . 

Let .r denote the greater number, and y the less*. 
Tlion, l)y the 1st condition .r -|- ^ zz 10, 

And by the 2d - - - x — y zz 6 , 

Transp. y in each, gives x = 10— 3 /, 

and X zz 6 + y\ 

Put these two values equal, gives ii + y zz 10 — y\ 
Tran.spos. 6 and —gives - 2 ^ = 4; 

Dividing by 2 , gives - - y zz92. 

And hence - - - x zz Q + yzz S. 


* In these solutions, as many unknown letters are always used 
as there are unknown iiuintuTS to be found, purposely for exer¬ 
cise in the modes of reducing the equations: avoiding the short 
ways of notation, which, though tijey may give neater solution®)*' 
afford less exercise in practising the scveial rules in reducing 
equations. 
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Quest. 3. Divide 100/ ainonj? a, o, c, so that a may 
have 20/ more than b, and b 10/ more than c. 

Let jr = a’s share, y rr b's, and « = c's. 

Then x y z— 1(K), 

X — y 20, 

y’=zz + 10 . 

In the 1st snbstit. y for a’, gives ^y z + 20 = 100 ; 
In this substituting .r -f- 10 for y^ gives 3^: -I- 40 = 100; 

By transposing 40, gives - - Os = 60 ; 

And dividing by 5, gives - - s = 20. 

Hence y^ z -{- 10 = 30, and x = ^ + 20 = 50. 

* 

Quest. 3. A prize of 500/ is to l>e dividetl between two 
persons, .so as their shares may he in proportion as 7 to 8; 
required the share of each. 

Put X and y for the two shares; then by the question, 

7 : 8 : : .r : j/, or mult, the extremes, 
and the means, ly — 8i , 

...» and .r + y = 500; 

Transposiifg y, gives .r^ 500 — y ; 

This substituted in the 1st, gives 7jy = 4000 — Sy ; 

By transposing 8^, it is 15/y = 4000; 

By dividing by l.*>, it gives ?/ = 206:^ ; 

And hence x = 500 —»/ — 233^. 

Quest. 4. What fraction is that, to the numerator of 
which if 1 be added, the value w'ill })e ^; but if 1 be added 
to the denominator, its value will be ? 


Let -- denote the fraction. 

y 


Then by the quest. 


x + 1 
y 


= and 


.r 



The 1st mult, by 2 and gives 2x + 2 = 

The 2d mult, by 3 and y + 1> is 3x zr ?/ +- 1 ; 

The upper taken from the under leaves x — 2 = 1; 
By transpos. 2, it gives x = 3. 

And hence ?y = 2x + 2 =: 8; and the fraction is |. 


Q('Est. 5. A labourer engaged to serve for 30 days on 
these conditions: that for every day he worked, he was to 
receive 20d, but for every day he played, or was absent, he 
%a»v.*o forfeit lOf/. Now at the end ol' the time he had to 
receive just 20 shifiings, or 240 pence. It is required to 
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find how many days he worked, and how many he was 
idle ? 

Let X be the days worked, and y the days idled. 

Then 20.r is the pence earned, and lOy the forfeits; 
Hence, by the questioji - x y — 30, 

and QOx — *10y = 240; 

The 1st mult, by 10, gives lOr 4- 10// = 300; 

These two added, give - 30.r = 540 ; 

This div. by 30, gives - x = 18, the days worked ; 
Hence - y = SO — x = 12, the days idled. 

Quest. 6. Out of a cask of wine which had leaked away L 
30 gallons were drawn ; and then* being gauged, it appeared 
to be half full; how much did it hold ? 

Let it be supposed to have held x gallons, 

Then it would have leaked \x gallons, 

Conseq. there had been taken away + 30 gallons. 
Hence |.r = \x + 30 by the question. 

'I’hen mult, by 4, gives 2a- = .r 4- 120; 

And transposing .r, gives x — 120 the gallons it heldj, 

Qur.sT. 7. 'To divide 20 into^vo such parts, that 3 times 
the one part added to 5 times the other may make 76. 

Let X and // denote the two parts. 

Then by the question - - x + y = 20, 

and Ox + 5y = 76. 
Mult, the 1st by 3, gives - 3.r + 3y = 60; 

Subtr. the latter from the former, gives 2y = 16; 
And dividing by 2, gives - - y = 8. 

Hence, frojn the 1st, - or = 20 — y = 12. 

Quest. 8. A market wojnan bought in a certain number 
of eggs at 2 a penny, and as many more at 3 a penny, and 
sold them all out again at the rate of 5 for two-pence, and 
by so doing, contrary to expectation, found she lost Sd ; 
what number of eggs had she.^' 

Let .r = number of eggs of each sort, 

Then will = cost of the first sort, 

And = cost of the second sort; 

Ilut 5 : 2 :: 2x (the whole number of eggs) : 4 *^; 
Hence = price of both sorts, at 5 for 2 pence; 
Then by the question |a* -f — ^x = S; 

Mult, by 2, gives - x ^x — = 6; 

And mult. gives 5x — y‘X =18; j,. 

Also muh. by 5, gives x =s 90, th^ number of eggs of 
each SOTt. 
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Quest. 9. Two persons, a and b, engage at play. 
Befoie they begin, a has 80 guineas, and u has 60. After 
a certain number of games won and lost between them, a 
rises with three times as many guineas as b. Query, how 
many guineas did a win of b ? 

Let X denote the number of guineas a won. 

Then a rises with 80 -f x, 

And « rises witli 60 — a:; 

Thcref. by the quest. 80 + a' = 180 — 3.r; 

Transp. 80 and Sx, gives 4a* = 100 ; 

And dividing by 4, gives x = tl5, the guineas won. 


i^UESTlONS FOB PRACTICE. 


1. To determine tw’o numbers such, that their difference 
may be 4, and the difference of their sc^uares 64. 

Ans. 6 and 10. 

2 . To 6nd f^'o numljerji^witb these conditions, viz. that 

half the ffrst with a third part of the second may make 9, 
and that a 4th part of the hr.st with a 5th part of the second 
may make 5. Ans. 8 and 15. 

3. To divide the number 20 into two such parts, that a 
3d of the one part added to a 5th of the other, may make 6. 

An.s. 15 and 5. 

4. To find three numbers such, that the sum of the 1st 

and 2d shall be 7, the sum of the 1st and 3d 8, and thesuin 
of die 2d and 3d 9. Ans. 3, 4, 5. 

9 

5. A father, dying, bequeathed his fortune, which was 
2800/, to his son and daughter, in this manner; that for 
every half crown the son might have, the daughter was to 
have a shilling. What then were their two shares ? 

Ans. The son 2000/ and the daughter 800/. 

1). Three persons, a, b, c, make a joint contribution, 
which in the whole amounts to 400/: of which sum b con¬ 
tributes twice as much as a and 20/ more; and c as much 
as A and b together. What sum did each contribute ? 

Ans. A 60/, B 140/, and c 200/. 

7. A person paid a bill of 100/ with half guineas and 
ci^wna, using in all 202 pieces; how many pieces were there 
of each sort ? Ans. 180 half guineas, and 22 crowns. 
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8. Says a to b, if you give me 10 guineas of your money, 
I >liall then have twice as much as you will have left: but 
says II to A, give me 10 of your guineas, and then I shall 
liavc 3 times as many as you. How many had each ? 

Ans. A 22, B 26. 

9. A person goes to a tavern with a certain quantity of 

money in his p(x;kct, where he spends 2 shillings; he then 
Iwrrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
again as much money as was left, he went to a third tavern, 
where likewise he spent 2 shillings ; and thus repeating the 
same at a fourth tavern, he then had nothyig remaining. 
What sum had he at first? Ans. 3.v 9^/. 

10. A man with his wife and child dine together at an 

inn. The landlord charged 1 shilling fur the child; and for 
the woman he charged as much a.s for the child and 1 as 
much as for the man ; and for the man he charged as much 
as for the wontan and child together. How much was that 
for each } Ans. The wtanan 2()<i and the man 32J;- 

11. A cask, which held 60 gallons, was filled with a 
mixtui*e of brandy, wine, and cyder, in this manner, viz. 
tlic cyder was 6 gallons more than the brandy, and the 
w ine w'as as much as the cyder and ^ of the brandy. How 
much was there of each 

Ans. Brandy 15, cyder 21, wine 24. 

12. A general, disposing his hrmy into a square form, 

finds that he has 284 men more than a perfect square ; but 
increasing the side by 1 man, he then wants 25 men to be a 
com})Iele sejuare. How many men had he under his comr 
maiui ? Ans. 24000. 

13. What number is that, to w'hich if 3, 5, and 8, be 

severally added, the three sums shall be in geometrical pro¬ 
gression ? Ans. 1. 

14 . The slock of three traders amounted to 760/: the 
shares of the first and second exceeded that of the third 
hv 240 ; and the sum of the 2d and 3d exceeded the first 
by 360. What was the share of each ? 

Ans. The 1st 200, the 2d 300, the 3d 260. 

^ 15. What two nupbers arc those, which, being in the 
ratio of 3 to 4, theii!^ product is c(j[ual to 12 times their gpra ? 

* Ans. 21 and 28. 
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16. A certain company at a tavern, when they came to 
settle their reckoning, found that had there Iteen 4 more in 
company, they might have paid a shilling each less than 
they dill; but that if there had been 3 fewer in company, 
they must have paid a shilling each more than they did. 
What then was the number of persons in company, what 
each paid, and what was the whole reckoning i 

Ans. 24 persons, each paid 7s, and the whole 
reckoning 8 guineas. 

17. A jockey has two horsc.^ : and abo two saddles, the 
one valued at 18/the otlier at 3/. Now when he sets the 
better saddle on the 1st horse,Vind the worse on the 2d, it 
makes the first horse worth double the 2d; but when he 
places the better saddle on the 2d horse, and tlie worse on 
the first, it makes the 2d horse worth three times the 1st. 
What then were the values of the two horses.^ 

Ans. The I St 61 j and the 2d V/. 

18. What two numbers are as 2 to 3, to each of which if 

Abe added, tiie sums will be as 4 to o? Ans. 6and 1). 

• 

19. What are those twiNmimbers, of wliicli the greater 

to the less as their sum is to 20. and as their difference is to 
10 ? Ans. l.i and 15. 

20. What two numbers arc tlio.ic, whose difference, sum, 

and product, are to each other, as the three numbers 2, 
3, 5 ? Ans. .2 and 10. 

21. To find three numbers in arithmetical jirogression, of 

which the first is to the third as 5 to 9j and the sum of all 
three is 63. Ans. 15, 21, 27. 

22. It is required to divide the number 24 into two such 

f )arts, that the quotient of the greater part divided by the 
ess, may be to the quotient of the less part divided by the 
greater, as 4 to 1. Ans. 16 and 8. 

23. A gentleman being asked the age of his two sons, 
answered, that if to the sum of their ages 18 be added, the 
result will be double the age of the elder; but if 6 be taken 
from the difference of their ages, the remainder will be etpial 
to the age of the younger. What then were their ages ? 

Ans. 30 and 12. 

24. To find four numbers such, that the sum of the Ist, 
2d, and 3d shall be 13; the sum of the 1st, 2d, and 4th, 
T5 ; 4iie sum of the 1st, 3d, and 4th, 18 f and lastly, the sum 
of the 2d, 3d, and 4th, 20. Ans. 2, 4, 7, 9. 
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25. To divide 48 into 4 such parts, that the first increased 
by 3, tlie second diminished by 3, the third multiplied by 3, 
and the 4th divided by 3, may be all equal to each other., 

Ans, 6,12, 3, 27. 


QI ADRATIC EQUATIONS. 


Quadratic Equations are cither simple or compound. 

A simple cjuadratic equation, is that which involves the 
square only of the unknown quantity. As ax^ = b. The 
solution oi such quadratics has been already given in simple 
ecjuations. 

A compound quadratic equation, is that which contains 
tlie square of the unknown quantity in one term, and the 
first power in {mother term. As ax‘ -f- bx zz c. 

Ail compound cjuadratic e<|uations, after b^ing properly* 
reduced, tiill undt r the three following forms, to which they 
must always be reduced by preparing them for solution. 

1 . X' -j- o.r = 5 

2 . . 1 ' ~ ax — b 

3. X- — ax — — b 

The general method of solving quadratic equations, is by 
wltat is called completing the squ;irc, which is as follows : 

1. Redi ce the proposed equation to a proper simple form, 
as usual, such as the forms above; namely, by transposing 
:ill the terms which contain the unknown quantity to one 
side of the equation, and the known terms to the other; 
placing the square term first, and the single power second ; 
dividing the equation by the co-efficient of the square or 
first term, if it has one, and changing the signs of all the 

.terjns, when that term happens to be negative, as that 
term must always be made positive before the solution. 
Then the proper solution is oy completing the square as 
follows, viz. 

2. Complete the unknown side to a square, in this man¬ 
ner, viz. Take half the co-efficient of the second term, and 
square it; which square add to both sides of the equation, 
then that side which contains the unknqwn quantity v«li be 
a complete square. 
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d. Then extract the square root on both sides of the 
equation *, and the value of the unknown quantity will be 


• As the square root of any quantity may be either + or —, 
therefore all quadratic equations admit of two solutions. TIiuh, 
the square root of -f «* i.s either + n or — »; for + « x + « 
and — a X — n are each equal to + But the square root 
of — n*, or>/ — n* is imaginary or impossible, as neither -f u 
nor — n, when squared, gives — ».*. 

So, in t he first form, a-* + aj' = A, \vhcrc r + is found = 
•y6 + the root may be either + -f or — + ]/**, 

since either of them being multiplied }>y itself product-s 6 + 

And this ambiguity i s express ed by WTiting the uncertain or dou¬ 
ble sign ± before + Jo* > thus . r = ± — 4'*- 

In this form, where j = i ^6 -f Ju* — tlic first value of 
.r, viz. X = -p — sj, is always affirmative; for siticc 

-f 6 is greater than ^a*, the greater sqii.are must necessarily 
have the greater root ; therefore will always be 

^gr eater th an or its equal ; and consequently + 

— ifl will alway^ be affirmative- 
The second value, viz. x = — + |a* — will always be 

negative, because it is composed of two negative terms. There¬ 
fore when X* «x = i, we shall have .r = + -f 
for the affirmative value of x, and x = — »yL —J.n for 

the negative value of x. _ 

Id the second fo rm, where x = ± >/A + the first 

value, viz. x = -f- s/b + -^a® + Is always affirmative, since it 
is composed of two affirmative terms. But the second value, viz. 
X = — 6 + :Jo® + |/7, w'ill always be nega tive j for since 

b + ^a® is greater than \a^, therefore tjb |a* will he greater 
tbanis/^®, or its equal ; and consequently — y/b -f 
is always a negative quantity. . 

Therefore, when’x® — ax — h, wc shall have x = + s/b -\-\ffi 
+ ^ for the affirmative value of x ; and x = — 
for the negative value of x; so that in both the first and second 
forms, the unknown quantity has always tw'o values, one of which 

is positive,'and the other negative. _ 

But, in the third form, where x = d: V — h + both the 
values of x will be positive, when ^«® is greater than 6, For the 
first value, viz. x = + ^ {n* — b + will then be affirmative, 
being composed of two affirmative terms. 

T^e second value, viz. x = ——rb + is affirmative 
also; for since is*greater than ^«® — b, theref ore or 
is greater than — b ; and consequently — ^ h -f 
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determined, making the root of the known side either + or 
—, which will give two roots of the equation, or two values^ 
of the unknown quantity. 

NotCf 1. The root of the first side of the equation, is 
always equal to the root of the first term, with half the 
co-emcient of the second term joined to it, with its sign, 
whether + or —. 

2. All equations, in which there are two terms including 
the unknown quantity, and which have the index of the one 
iust double that of the other, are resolved like quadratics, 
by completing the square, as aboye. 

1 

Thus, or* f- ax® = ft, or +- flW” =: ft, or x + ft, 
or (.r* ± axy ± ± ax) = ft, are analagous to qua¬ 

dratics, and the value of the unknown quantity may be de¬ 
termined accordingly. 

<'3. For the construction of Quadratics, see vol. iii. 


EXAMPLES. • 

1. Given x® + 4x = 60; to find x. 

First, by completing the square, x® 4- 4r + 4 = 64; 
Then, by extracting the root, x + + 8 ; 

Then, transpos. 2, gives x = 6 or — 10, the two roots. 

2 . Given x® — 6x + 10 = ^; to find x. 

First, trans. 10, gives x* — 6x =r 55; 

Then by complet. the sq. it is x* — 6x + 9 = 64; 
And by extr. the root, gives x — 3 = ± 8; 

Then trans. 3, gives x = 11 or — 5. 


will always be an affirmative quantity. So that, when x* — ax 
= — ft, we shall have x — + s/ — ft + dso x = — 

— ft -f for the values of x, both positive. 

But in this third form, if ft be greater than ^a®. the solution of 
the proposed question will be impossible. For since the square of 
any quantity (whether that quantity be affirmative or negative) 
is always affirmative, the square root of a negative quantity is im¬ 
possible, unci cannot be assigned. Bnt when ft is greater than 
\a*, then J- a® — ft is a negative quantity j and therefore its root 

s/\d^ — ft is impos sible, o r imaginary; consequently, in that 
case, X = ^a ± V^® — ft, or the two ropts or values of^, are 
both impossible, or imaginary quantities. 
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3. Given — Sar + 9 =3 8^ ; to find x. 

First div. by 3, gives a*® — o" + 3 =: 2^; 

Then transpos. 3, gives x^ — x — — 

And compl. the sq. gives x" — x -{■ ^ ^^ ; 

Then extr. the root gives x — ^ ± ^ ; 

And transp. 4* gives x ~ 4- or 

4. Given 4^^* — ^x + 30' = 52^ ; to find r. 

First by transpos. 30;, it is 4^:* — ^.r = 224 > 
Then mult, by 2 gives .r" — I’*" — i 
And by compl. the sq. it is a-® — + * = 44^. 

Then extr. the root gives x — = ± Dj; 

And trans. gives x zz 7 or — 6j^ ; 

5. Given — bx — c \ to find x. 

h c 

First by div. by a, it is x* — -x — _; 

a a 


Then compl. the sq. gives .r"— — x -|- — zz ^ -f- 

a 4fl- a 4g“ 


And extr.ac. the root, gives x - - — » 


2fl 


4//C -I- b' 
4a- 

Then transp. gives x = -4- -f- _A, 

^ 2a’ ^ 4«» 2ft 


4«» 


6. Given x* ■— 2ax* = b; to find x. 

First by compl. the sq. gives x - 2ax + a® = a ‘ P b; 
And extract, the root, gives x^ — a = -f ,/a« — b; 
Then transpos. a, gives x* = + v'a’* -f b -f a; 

And extract, the root, gives x = + v^a + ^>'a* +5. 


EXAMPLES FOR PRACTICE 

1. Given — 62 — 7 = 33; to find 2, Ans. 2= 10 or — 4. 


* 1 Cubic equations, when occurring in pairs, may usually 
be reduced to quadratics, by extermination. Tims, 

Suppose ti® + 3x* + 5x = 1501 

and Si* + 2x® + 2x = JOSJ 

Then mult. Istequa. by 3, and 2d by 4, 

^ 12x8 q. q. 154. — 4.^* 

I2jr» + 8x® + 8x = 420 
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2. Given O’®—6.r—10 = 14; to find x. Ans. .r = 8 or —3. 

•8. Given 5 j;“^ + 4jr — 90 = 114; to find x. 

Ans. X = 6 or — 6j. 

4. Given— ^x + & = 9;tofindx. *Ans. x=4or --3J. 

5. Given 3.r® — 2x* = 40; to find x. Ans. x = 2 or — 2. 
G. Given ^ *Jx = 1?; to find x. Ans. x = 9 or 2{. 

7- Given |x® + ^x = f; to find x. 

Ans. x = - § ± 4 .v^70 = -7277068 or -2-0611000. 

8. Given x^' -f 4x’ = 12; to find x. 

Ans. X = = 1-259921, or V - 6 = - 1-817121. 

9. Given x- + 4.r = a- + 2; to'find x. 

Ans. X — a/o' +6—2. 


QUESTIONS PRODUUINC QUADIl.VTIC EQUATIONS. 

1 . To find two numbers whose difference is 2, and pro¬ 
duct 80. 


By subtr. + 7.t = 30 

Corapl. the sq. a* + 7x+ i^’ = 30 + 

Extr. the root x + | = ± V’ 

.r = ± y _‘^ = 3 or — 10. 

2. Sometimes, when the unknown square has a co-efficient, the 
following method may be advantageously adopted : viz. 

Having transposed tlie known terms to one side and the un¬ 
known terms to the other, multiply each side by 4 times the co¬ 
efficient of the unknown square. 

Add the square of the co-efficient of the simple power of the 
unknown quautit}', to both sides; the first side will then be a 
complete square. 

£.\tract the root, and the value of the unknown quantity will 
be obtained. 

Thus, if 5.r* + 4x = 28. 

Then mult, by 4X5, lOOx* + 80.i’ = .560 
Add 4* . . lOOx* + 80x + J6 =576 

Extr. the root, lOx + 4 = +2+ 

Transnosing . 10.r = 20 or — 28 
Dividing by 10, x = 2, or — 2-8. 

The principal advantage of this method, which is due to the 
Indians, is that it does not introduce^ac^ions into the opera¬ 
tion. It w'il) have the same advantage in cases where the squai-e 
lias .no co-efficient, if that of the siinpl^ power be dx^odd 
number. 

VOL. I. 


T 
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Let j,' aiul y denote the two reqiiireil numliers. 

Tlien the first condition gives j’ — ^ 2, ** 

And the second gives a:^ zz 80. 

I'hcn transp. ^ in the 1 st gives x z= y 4-2; 

This value of x substitiit. in the 2tl, is ,/' + &/= 80; 
Then comp, the square gives + 2// 4-1 = 81 ; 

A nd extrac. the root g^ves y 4- 1 = 0; 

And transpos. 1 gives ^ = 8 ; 

And therefore x = y + 2 =: 10 . 

2 . To divide the numlier 14 into two such parts, that their 

product may be 48. 

Let x and y denote the two parts. 

Then the 1 st condition gives x + y = 14, 

And the 2 d gives xy = 48. 

Then transp. y in the-first gives x — 14 

This value subst. for x in the 2 d, is 14i/ — y' = 48 ; 

Changing all the signs, to make the square jiositive, 

gives y* — 14j/ r: — 48; 

^ Thencompl. the square gives — 14j^ + 49 = 1 ; 
And extrac. the root givesy — 7 = + 1 ; 

Then transpos. 7, gives^ — 8 or 6 , the two parts. 

3. What two numbers arc those, whose sum, protluct, and 
difference of their squares, are all ecpial to each other ? 

Let X and y denote the two numbers. 

Then the 1st and 2 d expression give x ^ y = xy. 

And the 1st and 3d give x + y zz — y'-. 

Then the last equa. mv. hy x^y, gives 1 zz x — y ; 
And transpos.y, ^rives y + 1 = a*; 

This val. substit. in the 1 st gives 2y + 1 = y 4- y; 
And transpos. 2y, gives 1 zzy" y ; 

Then complet. the sq. gives ^ ^ y^ — y4“i* 

And extracting the root gives ^ v^5 = y ^ ; 

And transposing 4 gives | ^/5 + ^zz y; 

And therefore a- = 1 ^ -|- 1 zz ^ V'S 4“ 1* 

And if these expressions be turned into numbers, by ex¬ 
tracting the root of 5, &c. they give x = 2 Cl 80 -f-, and 
y = 1*6180 4 -. 

4. There are four numbers in arithmetical progression, of 
which the product of the two extremes is 22 , and that of the 
means 40; what are the numbers ? 

Let X zz the less extreme, 

, and y r: tlie common differ^ce; 

Then x-^yy x + x ■+■ By, will be the four numbers. 
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Hence by the Ist condition -f Zxy 22, 

And by the 2d -4- -f 2y® = 40. 

llien subtracting the first from the 2d gives 2y* = 18; 

And dividing by 2 gives ^* = 9; * 

And extracting the root gives y — 

Then substit. 3 for y in the 1st, gives ** 4- 9^ = 22; 
And completing the square gives + Oar + y = 
Then extracting the root gives a: + ^ = *-J ; 

And transposing gives ar = 2 the least number. 
Hence the four numbers arc 2, 5, 8, 11. 

5. To find 3 numbers in geometrical progression, whoso 
sum shall be 7, and the sum of th&ir squares 21. 

Let .r, y^ and denote the three numbers sought. 

Then by the 1 st condition xz — y*. 

And by the 2dar+^ + ff = 7, 

And by the 3d x- + y* f ar" =; 21. 

Transposing y in the 2d gives x + zzz 7 — 3 ^; 

Sq. this ecjua. gives ar* 4- 2ar* 4 * 2 ® = 49 — 14iy 4- y -; 
Substi. 2y- for 2 ar 2 :, gives .r- 4 - 2y*4- «-= 49 — l*4y f y ': 
Siibtr.y* from each side, leaves a*4-y®4*s®2z49^1%; 
Putting the two values of ar^*j- w* 4- z* I 11 

^ equal to each otheJ, gWoa 121 = «-1 : 

Then transposing 21 and 14y, gives rr 28; 

And dividing by 14, gives ^ =: 2. 

Then substit. 2 for yin the 1st equa. gives xz = 4, 

And in the 4th, it gives a: 4- 2 : = 5; 

Transposing z in the last, gives ar r= 5 — z; 

This sLibst. in the next above, gives 5z — 4; 

Changing all the signs, gives 2 * — 5* = — 4; 

Then completing the square, gives jsr* — 52 + V — t ’ 
And extracting the root gives z — ± ; 

Then transposing gives z and ar == 4 and 1, the two 
other numbers; 

So that the three numbers are 1, 2, 4. 

QUESTIONS FOR PRACTICE. 

1. What number is that which added to its square makes 

42 ? Ans. 6, or — 7- 

2. To find two numbers such, that the less may be to the 

greater as the greater is to 12, and that the sum of their 
squares may be 45. Ans. 3 and 6. 

^ 3. What two nunfbers are those, whQSe difference 4s 2; 

and the difference of their cubes 98 ? Ans. 3 and 5. 

• T 2 



260 


ALGEOBA. 


4. What two nunil>er9iire those, whose sum is (i, and the 

sum of their cubes 72? Ans. 2 and 4. 

5. What two numbers'are those, whose pitnluct is 20, and 

the difference of their cubes 61 ? Ans. 4 and 5. 

6 . To divide the number 11 into two such parts, that the 

product of their squares may be 784. Ans. 4 and 7. 

7. To divide the number 5 into two such parts, tliat the 
sum of their alternate quotients may be 4^, that is of the 
two c|uotients of each part divided by the other. 

Ans. 1 and 4. 

8 . To divide 12 into two such parts, that tlieir product 
may be equal to 8 times their difference. Ans. 4 and 8. 

0 . To di\itlo the number 10 into two such parts, that the 
square of 1 times the less part, may be 112 more than the 
square of 2 times the greater. Ans. 1 and 6. 

10 . To find two numbers such, that the sum of their 
squares may be 89, and their sum multiplied by the greater 

^may produce 104. Ans. 5 and 8. 

11. What*liumbcr is that, which being divided by the 

product of its two digits, t4ie quotient Is 5j-; but when 9 is 
subtracted from it, there remains a number having the same 
digits inverted r Ans. 32. 

12 . To divide 20 into three parts such, that the continual 

product of all three may be 270, and that the difference of 
the first and second may be 2 less than the difference of the 
second and third. Ans. 5, 6, 9. 

13. To find three numbers in arithmetical progression, 
such that the sum of their squares may be 56, and the sum 
arising by adding together 3 times the first and 2 times the 
second and 3 times tne third, may amount to 32. 

Ans. 2, 4, 6. 

14. To divide the number 13 into three such parts, that 

their squares may have equal differences, and that the sum 
of those squares may be 75. Ans. 1, 5,7. 

15. To find three numbers having equal differences, so 

that their sura may be 12, and the sum of their fourth powers 
962. Ans. 3, 4, 5. 

16. To find tliree nunibcrs having equal differences, and 

such that the square of the least added to the product of the 
two greater may make 28, but the square of the greatest 
addcc" to the product of the two less in^ make 44. « 

Ans. 2, 4, 6. 
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17. Three merchants, a, b, r, on comparing their gains 

find, that among them all they havegaintkl 1444/; and that 
b’s gain added to the square root of a’s made 920/; but if 
added to tlic square root of c’s it made 912/. What were 
their several gains ? Ans. A 400, b 900, c 144. 

18. To find three numbers in arithmetical progression, so 

that the sum of their squares shall be 93 ; also if the first 
be multiplied by 8, the second by 4, and the third by 5, 
the sum of the products may be 66. Ans. 2, 5, 8. 

l!). To find two numbers such, that their product added 
to their sum may make 47, and their sum taken from the 
sum of their scpiures may leave 62. Ans. 5 and 7. 


RESOLUTION OF CUBIC AND HIGHER 
EQUATIONS. 

A Cubic Et|uation, or Equation of the 3d degree or 
power, is one that contains the third power oCthe unknown 
<juantit 3 \ As ’ — a.i ' -f ha,' —^c. 

A Biquadratic^^ or Double Quadratic, is an equation that 
contains the 4ih power of the unknown quantity : 

As — c:r r: d. 

An Equation of the 5th Power or Degree, is one that 
contains the 5th power of the unknown quantity. 

As T* — a.r’ 4- bx^ — ct' -f dx = c. 

And so on, for all other higher pow'crs. \^'he^e it is 
to be noted, however, that all the powers, or terms, in the 
equation, are supposed to be freed from surds or fractional 
exponents. 

There are many particular and prolix rules usually given 
for the solution of some of the above-mentioned pow’crs 
or equations. But' they may be all readily solved by the 
following easy rule of Double Position, sometimes called 
T rial-and"Error 


• See, farther, that portion of voL iii. which relates to equa¬ 
tions, their construction, &c. 

A new and ingenious general method of solving equations has 
been recently discovered by Messrs. //. Atkinson, Holdred, and 
Horner, independently of each other. For the best practical 
view of this new method and its applications, consult the E/c- 
mentary Treatise of Algebra, by Mr. J» U. Young; ^work 
which deserves our cordial recointuendution. 
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BULK. 

1. Find, by trial, two numbers, os near the true root as 
you can, and substitute them separately in the mven equa¬ 
tion, instead of the unknown quantity; and find how much 
the terms collected toffether, according to their signs I- or 
—, differ from the absolute known term of the equation, 
marking whether these errors arc in excess or defect. 

2. Multiply the difference of the two numliers, found or 
taken by trial, by either of the errors, and divide the pro¬ 
duct by the difference of‘the errors, when they are alike, 
but by their sum when they arc unlike. Or say, As the 
difference or sum of the errors, is to the difference of the 
two numbers, so is either error to the correction of its sup- 
}X)sed number. 

3. Add the quotient, last found, to tiie number belonging 
to that error, when its supposed number is too little, but 
subtract it when too great, and the result will give the true 
root nearly. ‘ 

4. Take this root and tlie nearest of the two former, or 
any other that may be found nearer; and, by proceeding in 
like manner as above, a root will be had still nearer than 
before. And so on, to any degree of exactness re(|uired. 

Note 1. It is best to employ always two assumed num¬ 
bers that shall differ from each other only by unity in the 
last figure on the right hand ; because then the difference, 
or multiplier, is only 1. It is also best to use always the 
least error in thfe above operation. 

Note 2. It will be convenient also to bemn with a single 
figure at first, trying several single figurp till there be found 
the two nearest the truth, the one too little, and the other 
too great; and in working with them, find only one more 
figure. Then substitute this corrected result in the equation, 
for the unknown letter, and if the result prove too little,« 
substitute also the number next greater for the second sup¬ 
position ; but contrary wise, if the former prove too great, 
then take next less number for the second suppositicm ; 
and in working with the second pair of errors, continue the 
quotient only so far as to have the corrected number to four 
places of figures. Then repeat the san^e process again with 
this h»st corrected number, and the next greater or lesSf'-as 
the case may require, carrying the third corrected number 
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tu ngures; because each new operation oonimoiily 

doubles the number of true figures. And thus proceed to 
any extent that may be wanted. 


EXAMPLES. 

Ex. 1. To find the rcxit of the cubic equation -f + 
. 1 ' =: 100, or the value of .r in it. 


Here it is sckiii found that 
.V lies between 4 and 5. As¬ 
sume therefore these two num¬ 
bers, and the operation will be 
as follows: 


1 st Sup. 


2 d Sup, 

4 

X 

o 

16 

- 

- 25 

64 

a-’ 

- 125 

84 

sums 

- 155 

100 

but sli'ould be 100 

-16 

errors 

- -f 55 


the sum of which is 71. 
Then as 71 : 1 : : 16 : 2 
Hence = 4*2 nearly. 


Again, suppose 4<*2 and 4*3, 
and repeat the work as fol¬ 
lows : 


1st Sup. 


2d Sup. 

4-2 

. X ~ 

4-3 

17-64 

- - 

18-49 

74-088 

- x^ 

79-507 

95-928 

sums 

102-297 

100 

• 

100 

^4-072 

errors 

4-2-297 

the sum of 

which is 

6.369. 


As 6-369 : *1 :: 2 297 ; 0 036 
This taken from - I’.SOO 


leaves x nearly = 4-261' 


Again, sup|x>8e 1-261, and 4 265, and wdl^k as follows 


4-264 
18-181696 
77-526752 


a: 

x- 




.ri 


4-26.‘3 
18-190225 
77-581310 


99-972448 

100 


sums - 100-036535 

100 


-0 027552 - errors - -1-0-036535 

the sum of which is -064087. ^ 
Then as -064087 : *001 :: 027552 : 0 0(11299 
To this adding - 4-264 


gives X very nearly ^sb 4-2644299. 
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The work of the example above might have been much 
shortened, by the use of tW Table of Powers in the Arith¬ 
metic, which would have mven two or tliree figures by in¬ 
spection. But the cxamjne has been worked out so parti¬ 
cularly os ,it is, the better to show the method. 


Ex. 2. To find the root of the ctpiation or* — 15j** -f (33.1' 
= 50, or the value of x in it. 

Here'it soon appears that x is very little aliovc 1. 


Suppose therefore 1 *0 and 1 -1, 
and work as follows : 

10 - 4 - 11 


63-0 - 

63.T 

- 693 

15 


-18-15 

1 - 

x' 

1*331 

49 - 

sums 

- 52-481 

50 

1 

50 

-1 - 

errors 

- +2-481 

8*481 sum of the errors. 

As 3-481 

: 1 :: *1 : 

-03 correct. 


loo 


Hence x =: 1*03 nearly. 


Again, sup{)osc the two num¬ 
bers 1*03 and 1*02, &c. as 
follows; 

1-03 - .r - 102 


61-89 - 63x 61-26 

-15-9135- ISa-i?--15-6060 
1-092727 .r3 1-061208 


50-069227siims 49'T152()8 
50 50 


+ -069227crrors--2S179Je 
-284792 • 


As -354019:-01::-069227: 

•(H)19555 

This taken from 1-03 
leaves x nearly =: 1*02804 


Note 3. Evl&ry equation has as many roots as it contains 
dimensions, or as there are units in the index of its highest 
power. That is, a simple equation has only one value of 
the root; but a quadratic equation has two values or roots, 
a cubic equation nas three roots, a biquadratic equation has 
four roots, and so on. 

When one of the roots of an equation has been found by 
^prpximation, as above, the rest may be found as follows. 
Take, for jl dividend, the given equation, with the known 
term transfirosed, with its sign changed, to the unknown side 
of the equation; and, for a divisor, take x minus the root 
just found. Divide the said dividend by the divisor, and 
the epotient will be,the equation depressed a degree lower 
than the given one. 
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Find a root of this new equation by approximation, as 
before, or otherwise, and it will be a second root of the 
original equation. Then, by means of this root, depress 
the secona equation one degree lower, and from thence 
find a third root; and so on, till the equation be reduced to 
a quadratic; then the two roots of this being found, by the 
method of completing the sejuare, they will make up the 
remainder of the roots. Thus, in the foregoing equation, 
having found one root to be T02804, connect it by minus 
with .r for a divisor, and the equation for a dividend, &c. as 
follows: 

.r - 1 02804 ) ~ irn' -f GSxr- 50 (x» - T3-97I96a: + 

48 636S7 = 0. 


I'hcn the two roots of tins quadratic equation, or - - - 
.r'^ — 13*9719C.r = — 48*()3()27, by complet 
arc 0*57053 and 7*39543, whlcli are also the 
of the given cubic equation. So that all the three roots of 
that C(|uation, viz. a*' — -f 63r = 50, 


mg the square, 
other two rcK)ts 


arc 1*02801 
and 0*57053 
and 7-39513 

sum 15*00000 


and ilie sum of all the roots is found to he 
15, being c(jual to the co-efficient, of the 
2d term of the tfju.ttion, which the sum of 
the roots always ought to be, when they 
are right. 


Note 4. It is also a particular advantage of the foregoing 
rule, that it is not necessary to prepare the equation, as for 
other rules, by reducing it to the usual final form and state 
of equations. Because the rule may be applied at once to an 
unreduced equation, thougli it be ever so much embarrassed 
by surd and compound quantities. As ia the following 
example: 

Ex. 3. Let it be required to find the root x of the equation 
v'144a*' - (a:® + 20)' + — (a?* + 24)* = 114, or 

the value of x in it. 

By a few trials it is soon found that the value of x is but 
little above 7. Suppose therefore first that a: is = 7, and 
then X zzS. 
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First, when .r =: 7, _ Second, uhen x zz H. 


47*900 

- .v/144i« — (.T** + 20)« - 

46*476 

65*384 

- ^/llKia*^ - (.t« + 24)- . 

69 283 

113*290 

- the sums of those 

115*759 

114*000 

- the true number 

114*000 

-0*710 

- the two errors 

+ 1*7.')9 

+ 1*759 

As 2*469 

: 1 :: 0*710 ; 0*2 nearly. 

7*0 

Therefore .t = 7*2 nearly. 



Suppose again .r 7*2, and then, bceaiisc it turns out too 
"rcat, suppose x also = 7*1, &:c. as follows : 

Supp. X = 7*2, Sup]). X r: 7-1. 

47'9»0 - ^/144r* — -f 2())« - 47*973 

G6-402 v^l9Gi« - (a* + 24)* - 65 904 

114*392 - the sums of these - 113*877 

114*000 - the true number - 114*000 

-|-0-392 - the two errors - —0*123 

0*123 - 

As *513 : *1 :; *123 : *024 the correction, 

7*100 add 

Therefore .r = 7*124 nearly the root required. 

Note 5. The same rule also, among other more difficult 
forms of equations, succeeds very well in what arc called 
exponential ones, or those which have an unknow'n quan¬ 
tity in the exponent of the power; as in the following 
example: 

Ex. 4. To find the value of x in the exponential equation 

X* = 100 . 

For more easily resolving such kinds of equations, it is 
convenient to take the logarithms of them, and then com> 
])utc<*hc terms by means of a table oflogarithms. Thus, 
the logarithms of the two sides of the present equation arc 
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X X log. of X z=: 2, the log. of ] 00. Then, by a few trials, 
it is soon perceived that tne value of x is somewhere be¬ 
tween the two numbers 3 and 4, and indeed nearly in the 
middle between them, but rather nearer the latter than the 
former. Taking therefore first x = 3-3, and then i= 8'6, 
and working with the logarithms, the operation will be as 
follows: 


First Supp. X ~ 3*5. 
Log. of 3-5 = 0-544008 
then 3*5 x log 3*5=: 1 *904238 
the true number 2*000000 


error, too little, — -095762 

•002689 


Second Supp x — 3-6. 
Log. of3-6 = 0-556303 
then 3*6 x log.3*6 =2-002689 
the true number 2*000000 


error, too great, -|-*002689 


•098451 sum of the errors. Then, 


At.-098451 ; *1 :: *002689 : 0*00273 the correction 

taken from 3*60000 


leaves - 3*59727 — x nearly. 


Jly repeating the operation with a larger table of loga- 
ilihms, a nearer value of .r may be found 3*397285. 

This method, indeed, may be a little improved in practice: 
for since .r' = a, we have by logarithms x x log. x == log. a ; 
and again, log. x + log. log. x = log. log. a. We have 
therefore only to find a number, which, added to its log. 
will be equal to the Jog. of the log. of the given number; 
and the natural number answering to this number, is the 
value of X retj^uired. 

In illustration of the above, take the 12th example: — 
.r* = 123456789. First, log. 12:1456789 = 8*0915148, and 
log. 8 0915148 = -9080298. Searching in a table of loga¬ 
rithms, wc find the nearest number *93631; which added to 
its logarithm ■— 1-9715124 = *9080224. The next higher 
numl^r -93652 -f- its Ic^. = *9080371. Hence 


•9080371 

•9080298 

•9080224 

•9080224 74 -f- 147 =: *503 

147 

• 

74 

riicreforc, the number 

• •* 

sought is '93651503, the natural 
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number ansM'ering to which is 8*610026 the value of 
which is true to the last figure, the value given by Dr. 
Hutton being 8 6400268. 

The common logarithmic solution fails when a is less than 
unity, its log. being then negative. In this ease, assume 
•»’ = 1 -r and a = 1 -f- e, which transforms the given 
equa. .T.i- A, to cy “ If. Taking the logs, ircicc, we get 
y log. e = log. V, and log. //+log, of log. c = log. of log. 
1 /; or, putting log. ^ zz v, and log. of log. e = s, we liave 
V -j- s = log. r, an equation easy to solve. 

Ex. 5. To find the value of .*• in the equation + lO-r®. 
+ 5x r= 260. Ans. .r = 41179857. 

Ex. 6. To find tlic value of .r in the cejuation x’ — 2x =50. 

Ans. S-8648854. 


Ex. 7. To find the value of 
- = 70. 


in the equation 

Ans. .1 = 5*13457. 


Ex. 8. 7’o find the value of .r in the equation — IT*’* 
+ 54x = 350. Ans. x = 14-9.5407. 


Ex. 9. To find the value of .r in the equation .?* — 
~75x = 101)00. Ans. x= 10-2609. 

Ex. 10. To find the value of x in the cc}uation 2x‘» — lOx’. 
+ 40x« - 30x = _ 1. Ans. x = 1*284724. 

Ex. 11. To find the value of x in the equation x*-f-2a-» 
+ 3x> -f 4x» + 5x = 54321. Ans. x = 8-414455. 

Ex. 12. To find the value of x in the equation .T.r = 
123'1<56789. Ans. x = 8*6400268. 

Ex. 13. Given 2a* — 7xs -f-1 la?* — 3x = 11, to find x. 
Ex. 14. To find the value of x in the equation. 

(Sx* - 2 v'x + 1)^ - (x- - 4x-/.r + 3 = 56. 

* Ans. X = 18-360877. 


To resolve Cubic Equatiotis by Cardan's Rule, 

Though the foregoing general method, by the applica¬ 
tion of Double Position, be the readiest way, in real practice, 
of finding the roots in numbers of cubic equations, as well 
as of all the higher equations universally, w*e may here add 
the particular method commonly called Cardan’s Rule, for 
resolving cubic equations, in case any person should choose 
occasionally to employ that method ; although it is only ap¬ 
plicable when tWo of the roots are inqiossiblc. 
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The form that a cubic equation must necessarily have, to 
be resolved by this rule, is this, viz. ** + a« = h, that is, 
wanting the second term, or the term of the 2d power »*. 
Therefore, after any cubic equation has been reduced down 
to its final usual form, 4- = r, freed from the 

co-efficient of its first terra, it will then be necessary to take 
away the 2d term px ^; which is to be done in thifi manner: 
Take or of the co-efficient of the second term, and 
annex it, with the contrary sign, to another unknown letter 
z, thus z; — then substitute this for x, the unknown 
letter in the original equation 4 p.r-4 qx :xzr,axi(\ there 
will result this reduced equation z-* + as = by of the form 
proper for applying the following, or Cardan's rule. Or 
take c n .^a, and d = by which the reduced equation 
takes this form, 4 fJrz = 2d. 

Then substitute the values of c and d in this 

form, z = ^y/d+ 4 4- Vd — V(d* + c*), 

c 

or s = Vd I- -✓(d* 4 — Vd H- -v/(d* + c»)' 

and the value of the root of tl^e reduced equation s’ ± 
az — by will be obtained. Lastly, take ar = — ip, which 

will give the value of .r, the required root of the original 
equation 2 ^ -f-pd- -j- qr zz r, first proposed. 

One root of this equation being thus obtained, then de- 
jiressing the original equation one degree lower, after the 
manner described, p. 204 and 265, the other two roots of 
that equation will be obtained by means of the resulting 
quadratic equation. 

Noie. When the co-efficient a, or c, is negative, and c’ is 
greater than d*, this is ca||ed the irreducible case, because 
tiien the solution cannot be generally obtained by this 
rule *. 



* Suppose a root to consist of the two parts x and y, so that 
(x 4 y) — z ; which sum substituted for z, in the given equation 
X* 4 az = it becomes 4 y^ 4 3xy (x + p) + a (x + ^) = b. 
Again, suppose 3xy = — a ; which substituted, the last equation 
becomes x’ 4 y^ = b. Now, from the square of this equation 
subtract four times the equation jy = — ^a, and there results — 
2‘.i *yS 4 y® = A* 4 An’, the square root of which is x® — y® = 
y/ (6* 4 This being added to and |akeu from thq^E^qua- 

tion . 1 * 4 y’ = by gives * 
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Ex- To find the roots of the equation ar’— 

•First to take away the 2d term, its co-cfficieht L^ing —6, 
its 3d part is —2; put therefore a; =; z + 2; then 

X* = a* 4- + 12* 4 8 

- 6x« =; — 6*" — 24a — 24 
+ lOx = 4 lOr 4 20 

theref. the sum a* ^ — 2z4-4 = 8 

or 2 * — 2* 3= 4 

Here then a = — 2, i = 4, c = — d = 2. 

Theref.Vd4 = V24 -✓ (4—^V)=V 24 = 

V 24 yWtf = 1-37735,_ _ 

andy d—v/((i^4 c^)=:V2— >^(4—-^5^)=V2 — V W* — 
V2- V'’V'3=0-42265; 

then the sum of these two is the value of a = 2. Hence 
.r = a 4 2 = 4, one root of x in the eq. x’—Gx'* 4 lOx = 8. 

To find the two other roots, perform the division, &c. as 
in p. 265, thus: 

X — — 6x^ + 10.r —8(x^ — 2x + 2 = 0 

x> - 4x8 ^ 


— 2x8 4 lOx 

— 2x8 4 8x 


2x - 8 
2x — 8 


Hence x* - 2x = — 2, or x^ — 2x 4 1 = — 1, and x— 1 
= ± -%/ — 1; x=l4 v'—-lor^l — — If the two 
other roots sought. 


n 


or 


52x»=&4 y(t®4-An») = A4 2^[(^/.)2 4 (Aa)'’ 

= i -2^ [(3^)® + . 

{ V i 2 ^ + t*) }' dividing by 2, and 

extracting the cnbe roots, we have x:=.\/d 4 (d* 4 c*), and 

yzi\/d— s/ (d* 4 ; the snm of these two gives the first form 

of the root z above stated. And that the 2d form is equal to the 
first will be evident by reducing the two 2d quantities to the 
same denominator. 

When c is negative, and greater tUafi d*, the root appears 
in an^aginary form* 
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Ex. 2. Oiven ,r* — Gx- + 3Cx == 44', to find x. 

^ Ans. a: = 2-32748. 

Ex. 3. To find the rcxits of ar’ — 7a-* + 14^ = 20. 

Ans. .r = 5, or = 1 + — 3, or = 1 ~ >v/ — 3. 

Ex. 4. Find the three roots of .r* + O.r = 20. 


OF SIMPLE INTEREST. 

As the interest of any sum, for any time, is directly pro- 
}x>rtionaI to the principal sum, and to the time; therefore 
the interest of I pound, for 1 year, being multiplied by any 
given principal sum, and by the time of its forbearance, in 
years and parts, will give its interest for that time. That is, 
if there be put 

r = the rate of interest of 1 pound j>er aifnum, 
p = any principal sum lent, • 
t = the time it is lent for, and 

a = the amount or sum of principal and interest; then 
is prt = the interest of the sum p, for the time t, and conseq. 
p + prt or p X (I + rl) = .a, tne amount for that time. 

Froni this expression, other theorems can easily be de¬ 
duced, for finding any of the quantities above mentioned : 
wliich theorems, collected togetner, will be as follows: 

I St, a = p + jjrt tlie amount; 2d, p = ^ the principal; 

3d, r = ^ the rate: 4tht t =: -—~ the time. 

For Example, Required to find in what tim^ any prin¬ 
cipal sum will double itself, at any rate of simple interest. 

In this case, we must use the first theorem, azzp ■¥ prt, 
in which the amount a must be made == 2p, or double the 
principal, that is, p + prt = 2p, or prt = />> or = 1; 

and hence t = — 
r 

Hence r being the interest of H for 1 year, it follows, that 
the doubling at simple interest, is equal to the quotient of 
any sum diinded by its interest for 1 year. So, if the fllte of 
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interest be 5 per cent, then 100 -r- 5 = 20, is the time of 

cloublinpf at that rate. Or the 4th theorem ^ves at once 

a—/? '^p—p =2—1 = 1 - , . 

i =- = - - —, the same ns before. 

pr pr r r 
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Besides the quantities concerned in Simple Interest, 
namely, 

= the principal sum, 
r = the rate or interest of 1/ for 1 year, 
a = the whole amount of the principal and interest, 

/ = the time, 

there is another quantity employed in Compound Interest, 
viz. the ratio of the rate of interest, which is the amount of 
II for 1 time of payment, and which here let be denoted by 
R, viz. 

R = 1 + 7*, the amount of 1/ for 1 time. 

Then the particular amounts for the .several times may 
be thus computed, viz. As 1/ is to its amount for any time, 
so is any proposed principal sum, to its amount for the same 
time; that is, as 


II : R : : p : pn, the 1st year*s amount, 

II : R ; ; pii : the 2d year’s amount, 

II : R : : pR® : pR*, the 3d year’s amount, 
and so on. 

Therefore, in general, pa' = a is the amount for the 
t year, or t time of payment. Whence the following general 
theorems are deduced : 


a 


Ist, a = pR* the amount; 2d, p = — the principal; 

It 


, ^ 1 A y. . _ log.ofa—log. ofpt^tcbme. 

3d, Rups V — the ratio; 4th, t - 2 — -_£*— A 

p log. of R 
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From which, an^ one of the quantities may be found, 
when the rest are given. 

As to the whole interest, it is found by barely subtracting 
the principal jp from the amount a. 


Example. Suppose it be required to find, in how many 
years any principal sum will double itself, at any proposed 
rate of compound interest. 

In this case the 4th theorem must be employed, making 
a = 9.p ; and then it is ^ 


t = P' -- log, gp— log. P _ log, g 

log. tt log. R log. »* 

So, if the rate of interest be 5 per cent, per annum; then 
R =: 1 H- *05 =z 1*05; and hence 

log. 2 *301030 ,. oor~ i 

t = ,— g -- - - -- = = 14*20o I nearly ; 

log. 1*05 *021189 


that is, any sum doubles itself in 14y years nearly, at the 
rate of 5 per cent, per annum compound intercut. 

Hence, and from the like question in simple interest, above 
given, are deduced the times in wfiich any sum doubles itself 
at several rates of intere.st, both simple and compound ; viz. 


At 


3 

4 

5 

6 

7 

8 
9 

10 


j)cr cent, per annum 
interest, IL or any 
other sum, will 
double itself in the 
following years. 


^AtSimp.Int. 

AtComp.Int. 

in 50 

in 35 0028 

40 

28*0701 


23*4498 

28^ 

20*1488 

25 

17*6730 

\ 22‘ K- 

15*7473 

20 1 

14*2067 2 

16* E" 

11*8957 5" 

14* 

10*2448 

12J 

9*0065 

11^ 

8*0432 

10 

7*2725 

V 



The following Table will very much facilitate calculations 
of compound intpresWon any sum, for any number of ^ears, 
at various rates of interest, • 

VOL. I. 
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The Amounts of 1/ in any Number of Years. 


Vrs, 


1 

2 

3 

4 

tr 

;> 

6 

7 

H 

9 

10 

11 

12 

13 

14 
ir» 
l(j 
17 
]fi 

w 

20 


3| 


1 03(H> 
1(KH)9 
l-(»927 
11255 
M593 
1 1940 
1*2299 

1 30481 
1 •34.39 
1 *3(142 
1 4258 
I 4085 
1*5126 
1 *5580 
1*(MM7 
1 -O-TiO 
1-7024 
1*7535; 
1*8061 


1*0712 
1*1087; 
1*1475 j 
1*1877' 
1 2293 ; 

1 * 2723 ; 
1 * 3168 * 
1 3629! 
1*4106 i 
1*4600 I 
1*5111 : 
l*. 5 f> 40 ' 
1 6187 
1*6753 
1 7340i 
1 *7947 
M!575 
1 -9225 
1*9828 : 




5 


1*04(K) 

1 0816 

1*1249 

1 1699 

1*2167 j 

1*2653: 

1*3159 

1-3686! 

1*4233: 

1*4802' 

1*5895; 

1*6010 j 

l*66i-il 

1-7317 
1 8009i 
1 *8730 

1 9479 

2'(»258 

2*1068 

2 1911 


1*0450 

10920 

M412 

1*1925 

1*2462 

1 * 3023 : 

1*36091 
1*4221 
1*4861 : 
1*55.30' 
1 6229 
1*6959 
1*7722 
1*8519 

1 935.3 

2 0224 
2*11.34 
2 2085 I 

2 ,3079 I 
2 * 4117 ! 


1 *0500 
1 1025 
1*1576 
1*2155 
1*276:1 
1*3401 
1*4071 
1*4775 
1*,5513 
1*6289 
1*7103 

1 *7959 
10866 
1*9799 
2*0789 
2*1829 
2*2920 
2*4066 

2 5270 

2*65.33 


6 


1*0600 
1*12.36 
1*1910 
1 2625 
1 a382 
1 4185 

1 *,50:16 
1*59.39 

11*6895 

jl*71M)9 

l*89a3 

2 0122 
!2*1:129 
; 2*260«» 

; 2:i9«56 
. 2-5404 
12 (5928 
, 2 8543 
:i'0*256 

1:1*2071 


'I he use ol’tliis Table, which contains all the powers, 
to the 20th |X)wcr, or the amounts of 1/, ih chiefly to calcu¬ 
late tile Interest, or the amount of any principal sum, for 
any time, not more than 20 years. 

For example, let it be required to find, to how much 523/ 
will amount in 15 years, at the rate of 5 percent, per annum 
comjwund interest. 

In the table, on the line 15, and in the column 5 per cent. 

is the amount of 1/, viz. - - 2*0789 

this multiplied by the principal - 523 


give.s the amount - - 1087‘2647 

or - - - - 1087/ 5.S’ sy. 

and therefore the interest - 561/ 5.s* 3{</. 

1. When the rate of interest is to be determined to 
any other time than‘a year; as suppose to i a year, or | a 
year, &c.; the rules are still the same; but then / will ex¬ 
press that time, and r must be taken*’the amount for that 
lime alvso. 
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Note 2. When the com|)ound interest, or amount, of any 
sum, is required for the parts of a year; it may be deter- 
niincd in the following manner: 

1^/, For any time which is some aliquot part of a year 
Find the amount of 1/ for 1 year, as before; then that 
root of it which is denoted by the aliquot part, will be the 
amount of 1/. This amount being multiplied by the prin¬ 
cipal sum, will produce the amount of the given sum as re- 
(juired. 

2r/, When the time is not an aliquot part of a year:— 
Reduce the time into days, and take the 36’5tli root of the 
amount of 1/ for 1 year, which wWI give the amount of the 
same for 1 day. Then raise this amount to that pov/er 
w hose index is ecjual to the number of days, and it will be 
the amount for that time. Which amount being multiplied 
by the principal sum, will produce the amount of that sum 
as belbre.—And in these calculations, the operation by loga¬ 
rithms will be very useful. 


OF ANNUITIES. 


Anxiutv is a term used for any periodical income, arising 
lioni money lent, or from houses, lands, salaries, pcn.sions, 
iirc. })ayable IVom time to time, but mostly by annual pay¬ 
ments. 

Annuities are divided into those that are in Possession, 
and those in Reversion: the former meaning such as have 
commenced ; and the latter such as will not begin till some 
particular event has happened, or till after some certain time 
has elapsed. 

When an annuity is forborn for some years, or the pay¬ 
ments not made for that time, the annuity is said to be in 


Arrears. 

An annuity may also be for a certain number of years; 
or it may be without any limit, and then it is called a Per¬ 
petuity. 

The Amount of an annuity, forborn for any number of 
years, is the sum arising from the addition of all the annui¬ 
ties for that number of years, together with the interes^due 

upon each after it becomes due. 

• U 
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The Present Worth or Value of an annuity, is the price 
or sum which ought to be given for it, supposing it to be 
bought off, or paid all at once. 

I^et a = the annuity, pension, or yearly rent; 
n = the number of } ears forborn, or lent for; 

R = the amount of 1/ for 1 >ear; 
m the amount of the annuity ; 

= its value, or its present worth. 


Now, 1 being the present value of the sura a, by propor¬ 
tion the present value of any other sum a, is thus found : 

as R ; 1 :: o : — the present value of a due 1 year hence. 

R 


In like manner ~ is the present value of a due 2 years 


hence; for r : 1 : : — : —• So also —-» —&c. will 

11 K- r‘ R'* 

be the present values of a, due at the end of 3, 4, 5, &c. 
years respecpvcly. Consctjuontly the sum of all these, or 

— -i. 4. ^ +■ ~ (” f — I ) X ^ 

R ^ R*"^ R»^ R R‘ K* R* 

continued to n terms will be the present value of all the n 

years’ annuities. And the value of the perpetuity, is the 

sum of the series to infinity. 

But this series, it is evident, is a geometrical progression, 

having — both for its first term and common ratio, and the 

numl>er of its terms n ; therefore the sum v of all the terms, 
or the present value of all the annual payments, will be 
J_1^ 

R R R” R" -- ! rt 

V - -- X or = --X 


a 


a 


1 - 


R 


R—1 


When the annuity is a perpetuity; n being infinite, R" 
is alfo infinite, and therefore the quantity — becomes =: 0, 


therefore — x — also = 0 ; consequently the expression 
R — 1 R” 

becomes barely v = ; that is, any annuity divided by 

thevnterest of 1/ for 1 year, gives the -value of the perpetuity. 
So, if the rate of Interest be 5 per cent. 
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Then 100a -t- 5 = 20a is ihe value of the perpetuity at 
5 per cent.: Also 100a -r 4 = 25a is the value of the per¬ 
petuity at 4 per cent.: And 100a -r 3 = 33k is the value 
of the perpetuity at 3 per cent.; and[ so on. 

Again, because the amount of 1/ in n years, is r”, its 
increase in that time will be r" — 1; but its interest for one 
single year, or the annuity answering to that increase, is 
R — 1; therefore as r — I is to r" — 1, so is a to m; that 


is, m 


R ”—1 

--— X 

R -1 


a. 


Hence, the several cases relating to 


Annuities in Arrear, will be resolved by the following 
equations; 


R"-l 

m =-- x a = I’R"; 

R -1 


R«—1 a m 

V = -- X - = -: 

II -1 R" R'* 


a 


R— 1 

R"-l 


X m 


R —1 


X I'R"; 


n = 



log. m - log. V 
log. R 

log. wi—log. V 








A 1 a 

r = (-) X - 

R"' R -1 


In this last theorem, r denotes the present value of an 
annuity in reversion, after p years, or not commencing till 
after the first p years, being found by taking the difference 


between the two values 


R"— 1 a j R^— 1 a 

- X — and-;r X —, 

R— 1 R” R -1 


for n 


years and p years. 

But the amount and present value of any annuity for any 
number of years, up to 21, will be most readily found by the 
two following tables. 
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TABLE 1. 


The Amount of an Annuity of 1/ at Compound Interest 


Vr-^. 

at 3 perc 

3^ per c 

4 per. c* 

4A perc. 

5 per c. 

C per c. 

1 

J *0000 

1 0000 

1 -0000 

1 -OOtK) 

1 *0000 

1*0000 

2 

2 0300 

2-0350 

2*0400 

2-0450 

2 0500 

2*0600 

3 

3*0909 

3*1062 

3*1216 

3*1370 

3*152.5 

3*1830 

4 

4*1836 

4-2149 

4*2465 

4*2782 

4 3101 

4-3746 

5 

5-3091 

5-3625 

5*4163 

5*4707 

5-5256 

5*6371 

6 

C-4684 

6-5502 

6 6330 


6 80J9 

6-97.>3 

m 

/ 

7*6625 

7*7794 

7-8983 

8 0192 

8-1420 

8-3 93 s 

8 

88923 



9-3800 

9*5191 

9-8975 

9 

10*1591 

Ui&Mk 

10*5828 

10-8021 

11 0266 

11-4913 

10 

11 -4639 

11*7314 

12*0061 

12 2882 

12-5779 

13-1808 

1 1 

12*8078 

13-1420 

13*4864 

13*8412 

14*2068 

14 9716 

12 

11-1920 

14-6020 

15*0258 

15 4640 

15 9171 

16 8699 

13 

15*61 “8 

16-1130 

16-6268 

17*1599 

17*7130 

18 .S821 

M 

1 7-0863 

17-6770 

1 18 2919 

18-9321 

19-59S6 

21*0151 

la 

18 5989 

19-2957 

1 20 3236 

-JO-78 11 

21 -578(i 

2:;*276(! 

16 

20-1569 

20-9710 

21 -824.5 

; 22 7193 

•23*6575 

2.'»-(i725 

17 

21-7616 

22-7050 

23-697.5 

217117 

25*8101 

28 2129 

18 

23-4144 

24-W97 

25 (1454 

‘J6-85.11 

28*1321 

30*9057 

19 

•25-1 r69 


27-6712 

29-063 6 

30 5390 

33-76(»0 

20 

26*8701 

28-2797 

29-7781 

31*371 1 

33-0660 

36*7 .‘-'56 

21 

28-6765 

30-2695 

31-9602 

3.3*7831 

35 7193 

39 9927 

TABLE II. 

The Present Value of an 

Annuity of 1 /. 

Yrs. 

at 3 perc. 


4 i)er c. 

4 A i'cr e 

.5 per e. 

0 per c. 

1 

0-9709 

0*9662 

0.9615 

0*9569 

0-9521 

0*9.521 

2 


1*8997 

1-8861 

1 8727 

1 8591 

i-8.:3i 

3 

2-8-286 

2*8016 

2*7751 

2*7490 

2-7233 

2*6730 

4 

3-7171 

3*6731 

3-6299 

3-5875 

3-5460 

3*4651 

5 

4-5797 

4*5151 

4 4518 

4 3900 

4-3295 

42124 

6 

5*4172 

5*3286 

5-2421 

5-1579 

5 0757 

4 9173 

7 

6-2303 

6-1145 

6-0020 

5 8927 

5*7864 

5-5824 

8 

7-0197 

C-8740 

7*7327 

6*5959 

6-4632 

6 2098 

9 

7*7861 

7*0()77 

7-4353 

7*2688 

7-1078 

6 8017 

10 


8 3166 

QC 

O 

7*9127 

7-7217 

7*3601 

11 

9*5256 

9*0016 

8*7605 

8*5289 

8-3054 

7*8859 

12 

9-9540 

9 6633 

9-3851 

9*1186 

8-8633 

8*3838 

13 

10 6350 

10-3027 

9*9857 

9-6829 

9*3936 

8-8527 

14 

11*2961 

10-9205 

10 5631 

10 2228 

9-8986 

9 2950 

i:> 

11*9379 

11-5174 

11*1 184 

10-7396 

10 3797 

9-7123 

16 

12*5611 

12 0941 

11*6523 

11-2310 

10-8378 

10:1059 

17 


12 6513 

12*16’57 

11-7072 

11*2741 

10*4773 

18 

13*7535 

13*1897 

12*6593 

12*1600 

11-0896 

10-8270 

19 

14*3238| 

13*7098 

13-1339 

12-5S33 

12*0853 

11*1581 

2U 

14-8775{ 


13-5903 

13 0079 

12*46*22 

1 1-4699 

21 

15-4150! 


14-0292 

13 4047/ 

12*8212 

1 1-7641 
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Tojind the Amount ^ any Annuity for born a certain num¬ 
ber of years. 

Take out the amount of 1/ from' the first tabic, for the 
proposed rate and time; then multiply it by the given 
annuity; and the product will he the amount, for the same 
number of years, and rate of interest. And the converse to 
find the rate of lime. 

Eseam, To find how much an annuity of 50/ will amount 
to in 20 years, at 3^ jx;r cent, compound interest. 

On the line of 20 years, and in the column of 3^ per cent, 
stands 28*2797, which is the anio&nt of an annuity of 1/ for 
the 20 years. Then 28*2797 x 50, gives 1413*985/ = 
1413/ 19s Hr/ for tlic answer recpiired. 

To find the Present Value of any Annuity for any number 
o/'yenrj.—Proceed here by the 2d table, in tlie same manner 
as above for the 1st table, and the present worth recpiired 
will be found. 

Exam. 1. To find the present A’alucof an annuity of 50/, 
w’hich is to continue 20 years, at 3^ per cent.-^Uy the table, 
the present value of 1/ for th<? given rate and time, is 
14*2124; therefore 14*2124 x 50 = 710*02/or 710/ 12 a-I d 
is the present value required. 

Exam. 2. To find the present value of an annuity of 20/, 
to coinnicnce 10 years hence, and then to contiijue for 11 
years longer, or to terminate 21 years hence, at 4 per cent, 
interest.—In such cases as this, we have to find the difference 
between the present values of two equal annuities, for the 
two given times; w’liich therefore W'iII be done by subtracting 
the tabular value of the one period from that of the other, 
and then multiplying by the given annuity. Thus, 
tabular value for 21 years 14*0292 
ditto for 10 years 8*1109 

the difference 5*9183 
multiplied by 20 

gives 118*366/ 

or 118/ Is 3id the answer. 


END OF THE ALGEBRA. 
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G E O M E T II Y. 


DEFINITIONS. 


1. A Point is' that which has position, but 
no magnitude, nor dimensions; neither length, 
breadtn, nor thickness. 

2. A Line is length, without breadth or 
thickness. 

3. A Surface or Superficies, i.s an extension 
or a figure of two dimensions, length and 
breadth; but without thickness. 

4. A Body or Solid, is a figure of three di¬ 

mensions, narfiely, length, breadth, and depth, 
or thickness. ‘ 



— 



— 



,5. Lines are either Right, or Curved, or 
!Mixcd of these two. 


6. A Right Line, or Straight Line, lies all in 
the same direction, between its extremities; and 
is the shortest distance between two points. 

When a Line is mentioned simply, it means 
a Right Line. 

7. A Curve continually changes its direction 
between its extreme points. 

8. Lines are cither Parallel, OClique, Per¬ 
pendicular, or Tangential. 

9. Parallel Lines are always at the same per¬ 
pendicular distance; and they never i]^eet, though 
ever so far produced. 

10. Oblique lines change their distance, and 
would meet, if produced on the side of the least 
distance. 

11. One line is Perpendicular to another, 
when ^t inclines n6t more on the one side 
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than the other, or when the angles on both 
sides of it arc equal. 

12. A line or circle is Tangential, or is a 
Tangent to a circle, or other curve, when it 
touches it, without cutting, when both are pro¬ 
duced. 

13. An Angle is the inclination or opening 
of two lines, having different directions, ana 
meeting in a point. 

14. Angles are Right or Oblique. Acute or 
Obtuse. 




15. A Right Angle is that whifih is made by 
one line perpendicular to another. Or when 
the angles on each side are equal to one an¬ 
other, they are right angles. 

10. An Oblique Angle is that which is made 
by two obli(]ue lines; and is either less or greater 
than a right angle. 

17. An Acute Angle is less than a right 

angle. * 

18. An Obtuse Angle is greater than a right 
angle. 

19. Superficies are either Plane or Curved. 

20. A Plane Superficies, or a Plane, is that with which 
a right line may, every way, coincide. Or, if the line touch 
the plane in two points, it will touch it in every point. But, 
if not, it is curved. 


XL 


21. Plane Figures arc bounded cither by right lines or 
curves. 


22. Plane figures that are bounded by right lines liave 
names according to the ^number of their sides, or of their 
angles; for they have as many sides as angles; the least 
number being three. 

23. A figure of three sides and angles is called a Triangle. 
And it receives particular denominations from the relations 
of its sides and angles. 

24. An Equilateral Triangle is that whose 
three sides are all equal. 

25. An Isosceles Triangle is that which has 
two sides equal. • 
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2G. A Scalene Triangle is that whose three 
sides arc all unequal. 

27. A Right-angled Triangle is that which 
lias one right angle. 

28. Other triangles are Oblique-angled, and 
are either obtuse or acute. 



29 . An Obtuse-angled Triangle has one ob¬ 
tuse angle. 

SO. An Acute-angled Triangle has all its 
tliree angles acute. 

31. A figure of Four sides and angles is 
called a Quadrangle, or a Quadrilateral. 

32. *A Parallelogram is a quadrilateral which 
has both its pairs of opposite sides parallel. 
And it takes the following particular names, viz. 
Rectangle, Square, Rhombus, Rhomboid. 

33. A Rectangle is a parallelogram, having 
a right angle. 

34. A Sqifnre is an equilateral rectangle; 
having its length and breadth equal. 

35. A Uhoinhoid is an oblique-angled paral¬ 
lelogram. 

36. A Rhombus is an equilateral rhomboid ; 
having all its sides equal, but its angles ob¬ 
lique. 

87. A Trapezium is a quadrilateral which 
hath not its opposite sides parallel. 

38. A Trapeztiid has only one pair of opposite 
sides parallel. 

S9- A Diagonal is a line joining any two op¬ 
posite angles of a quadrilateral. 





zs 


40. Plane fixtures that have more than four sides are, in 
general, called Polygons: and they receive other particular 
names, according to the number of their sides or angles. 
Thus, 


41. A Pentagon is a polygon of five sides; a Hexagon, of 
six sides ; a Htmtagon, seven; an Octagon, eight; a Non- 
agon, nine ; a Decagon, ten; an Undecagon, eleven; and 
a Dodecagon, twelve sides. « 
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42. A Regular Polygon has all its sides and all its angles 
equal.—If they are not both equal, the polygon is Irregular. 

43. An Equilateral Triangle Is also a Regular Figure of 
three sitles, and the Square is one of four: the former being 
also called a Trigon, and the latter a Tetragon. 

44. Any figure is equilateral, when all its sides aie equal: 
and it is equiangular when all its angles are equal. When 
both thc.se are equal, it is a regular figure. 

45. A Circle is a plane figure bounded by 

a curve line, called the Circumference, whicn 
is every where equidistant from a certain point 
within, called its Centre. • 

The circumference itself is often called a 
circle, and also the Periphery. 

46. The Radius of a circle is a line drawn 
from the centre to the circumference. 

47. The Diameter of .'1 circle is a line drawn 
through the centre, and terminating at the 
circumference on both sides. 


48. An Arc of a circle is any part of the 
ciicumfercnce. 



49. A Chord is a right line joining the ex¬ 
tremities of an arc. 


50. A Segment is any part of a circle 
Iwunded by an arc and its chord. 

51. A Semicircle is half the circle, or a 
segment cut off' by a diameter. 

The lialf circumference is sometimes called 
the Semicircle. 

62. A Sector is any part of a circle which 
is bounded by an arc, and two radii drawn to 
its extremities. 

53. A Quadrant, or Quarter of a circle is 
a sector having a quarter of the circumference 
for its arc, and its tyo radii are perpendicular 
to each other. A quarter of the circumference 
is sometimes callcii a Quadrant. 
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54. The Height or Altitude of a figure is 
a perpendicular let fall from an angle, or its 
vertex, to the opposite side, called the base. 

r>5. In a right-angled triangle, the side op¬ 
posite the right angle is called the Hvpothe- 
nuse ; and the other two sides are called the 
Legs, and sometimes the Base and Per|x*ndi- 
cular. 

56. When an angle is denoted by three 
letters, of which one stands at the angular 
point, and the other tw'o on the two sides, 
that which stands at the angular point is read 
in the middle. 

57. The circtimfercncc of every circle is 
supposed to be divided into 360 equal parts 
called degrees: and each degree into 60 Mi¬ 
nutes, each Minute into 60 Seconds, and so 
on. Hence a semicircle contains 180 degrees, 
and a quadrant 90 degrees. 

58. The JM^asure of an angle, is an arc of 
any circle contained between the two lines 
which form that angle, the angular point 
being the centre; and it is estimated by the 
number of degrees contained in that arc. 

59. Lines, or chord.**, arc said to be Equi¬ 
distant from the centre of a circle, when per¬ 
pendiculars drawn to them from the centre 
arc equal. 

60. And the right line on which the Greater 
Perpendicular lalls, is said to bo farther from 
the centre. 

61. An Angle In a Segment is that which 
is contained by two lines, drawn from any 
point in the arc of the segment, to the two 
extremities of that arc. 

62. An Angle On a segment, or an arc, is that which is 
contained by two lines, drawn from any point in the opposite 
or supplemental part of the circumference, to the extremities 
of the arc, and containing the arc between them. 

53. An Angle at the circumference, is that 
whose angular point or summit is any where 
in the circumference. And an angle at the 
centre^ is that whoic angular point is at the 
centre. 
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64. A riffht-lined figure is Inscribed in a 
circle, or tne circle Circumscribes it, when 
all the angular points of the figure are in the 
circumference of the circle. 

^ 65. A right-lined figure Circuinscribes a 
circle, or the circle is Inscribed in it, when all 
the sides of the figure touch the circumference, 
of the circle. 

66 . One right-lined figure is Inscribed in 
another, or the latter circumscribes the former, 
when all the angular }x>ints of the former are 
placed in the sides of the latter. 

67. A Secant is a line that cuts a circle* 
lying partly within, and partly without it. 

68 . Two triangles, or other right-lined figures, 
be mutually equilateral, when all the sides of the one are 
equal to the corresponding sides of the other, each to each : 
and they are said to be mutually equiangular, when the 
angles of the one are respective!}’ equal to those of the other. 

69. Identical figures, are such as are both mutually equi¬ 
lateral and e(}uiangular; or that Rave all the sides and all the 
angles of the one, respectively equal to all the sides and all the 
angles of the other, each to each; so that if the one figure 
were applied to, or laid upon the other, all the sides of the one 
would exactly fall iqwii and cover all the sides of the other; 
the two becoming as it were but one and the same figure. 

70. Similar figures, arc those that have all the angles of 
the one equal to all the angles of the other, each to each, and 
the sides about the etpial angles proportional. 

71. The Perimeter of a figure, is the sum of all its sides 
taken together. 

72. A Proposition, is something which is either proposed 
to be done, or to be demonstrated, and is either a problem or 
a theorem. 

73. A Problem, is something proposed to be done. 

74. A Theorem, is something proposed to be demonstrated* 

75. A Lemma, is something which is premised, or demon¬ 
strated, in order to render what follows more easy. 

76. A Corollary, is a consequent truth, gained immedi¬ 
ately from some preceding truth, or demonstration. 

77. A Scholium,ris a remark or observation made upon 

something going before it. • 
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A X IO ]Vt S. 

1. Thixgs which are equal to the same thing are equal to 
each other. 

2. When equals are added to equals, the wholes arc 
equal. 

3. When equals are taken from equals, the remainders 
arc equal. 

4. 'When equals are added to unequals, the wholes arc 
unequal. 

5. W^hen equals are taken from uncqiials, the remainders 
arc unequal. 

6 . T hings which are double of the same thing, or equal 
things, arc equal to each other. 

7. Things which are halves of the same thing, are equal. 

8 . Every u*liole is equal to all its parts taken together. 

9. Things which coincide, or fill the same space, are iden¬ 
tical, or mutually equal in all their parts. 

20. All right angles arc equal to one another. 

21. Angles that have equal measures, or arcs, are equal. 


THEOREM I. 


If two triangles have two sides and the included angle 
in the one, equal to two sides and the included angle in 
the other, the triangles will be identical, or equal in all 


respects. 

In the two triangles arc, def, if 
the side AC be equal to the side i>f, 
and the side uc equal to the side ef, 
and the angle c equal to the angle p ; 
tlien will the two triangles be identical, 
or equal in all respects. 

Fori-onceive the triangle arc to be applied to, or placed 
on, the triangle def, in such a manner that the point c may 
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coincide with the point f, and the side ac with the side of, 
which is equal to it. 

Then, since the angle f is equal to the angle c (by hyp.), 
the side bc will fall on the side £f. Also, because ac is 
equal to df, and nc cquRl to ef (by hyp.)j the point A will 
coincide with the point d, and the point b with tlie point e; 
consequently the side ab will coincide with the side de. 
Therefore the two triangles are identical, and have all their 
other corresponding parts equal (ax. 9), namely, the side ab 
equal to the side de, the angle A to the angle d, and the 
angle b to the angle e. u. e. d. 

THEOREM II. 

When two triangles have two angles and the included 
side in the one, equal to two angles and the included side in 
the other, the triangles are identical, or have their other sides 
and angle equal. 

Let tlic two triangles abc, def, 
have the angle a equal to the angle 
D, the angle b equal to the angle e, 
and the side ab equal to the side de ; 
then these two triangles will be iden¬ 
tical. • 

Tor, conceive the triangle abc to bc placed on the triangle 
DEF, in such manner that the side ab may fall exactly on the 
c(|iial side De. Then, since the angle a is equal to the angle 
D (by hyp.), the side ac must fall on the side dp ; and, in 
like manner, because the angle b is equal to the angle e, the 
side BC must fall on the side ef. Thus the three sides of the 
triangle abc will be exactly placed on the three sides of the 
triangle def : consequently the two triangles are identical 
(ax. 9), having the other two sides ac, bc, equal to the two 
DF, EF, and the remaining angle c equal to the remaining 
angle f. q. e. d. 



THEOREM in. 

In an isosceles triangle, the angles at the base are equal. 
Or, if a triangle have two sides equal, their opposite angles 
will also be equal. 

If the triangle abc have the side ac equal 
to the side BC : then will the angle b be equal 
to the angle a. 

Tor; conceive the angle c to be bisected, 
or divided into two equal parts, by the line 
CD, making the angl<k acd equal to the angle 

BCD. • 
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Then, tlic two triangles, acd, bcd, have two sides and 
the contained angle of the one, equal to two sides and the 
contained angle of the other, viz. the side ac equal to bc, 
the angle acd equal to uen, and the side CD common; 
therefore these two triangles arc identical, or equal in all 
respects (th. 1); and consequently the angle a cxjual to the 
angle b. q. e. d. 

Corol, 1. Hence the line which bisects the vertical angle 
of an isosceles triangle, bisects the base, and is also perpen¬ 
dicular to it. 

Coiol. 2. Hence too it appears, that every equilateral tri¬ 
angle, is also equiangular, or has all its angles etpial. 


THEOREM IV. 


Whex a triangle has two of its angles cqunK the sides 
opposite to them arc also equal. 

If the triangle abc, have the angle a 
equal to the angle b, it will also have the ('. 

side AC equal to the side uc. 

For, conceive the side ac to he bisected / ■ \ 

ill the jx)int*D, making ad ecjual to no ; / \ 

and join dc, dividing the whole triangle into ' ^ _^ 

the two triangles acd, bcd. Also conceive ^ 

the triangle acd to be turned over upon the 
triangle bcd, so that ad may fall on bd. 

Then, because the line ad is equal to the line Dii (by hyp.), 
the point a coincides with the point b, and the point d with 
the point d. Also, because the angle a is etiuaf to the angle 
B (by hyp.), the line ac will fall on the line bc, and the ex¬ 
tremity c of the side ac will coincide with the extremity c 
of the side bc, because dc is common to both; consequently 
the side ac is equal to bc. q. e. d. 

Carol. Hence every equiangular triangle is also equi¬ 
lateral. 

theorem V. 


When two triangles have all the three sides in the one, 
equal to all the three sides in the other, the triangles are 
idientical, or have also their three angles equal, each to each. 

Let the two triangles abc, abd, 
have their three sides respectively, 
equal, viz. the side ab equal to ab, 

AC to AD, and bc to bd ; then shall 
the two triangles be identical, or have 
their ttngles equal, Viz those angles 


(; 
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that are oppusile to the cijual bides; 
tianioly, the angle a.vi: to the angle 
aAi>, the angle auc to the angle abd, 
and tlie angle <: to the angle d. 

For, conceive the two triangles to 
he joined together by their longest 
etjiial sides, and draw the line CD. 

'I’hcn, in the triangle acd, beeaiise the side Ai is equal 
to AD (by hyp.), the angle acd is equal to the angle adc 
(th. 3). In like manner, in the triangle B( d, the angle bcd 
is equal to the angle ni)C, because the side bc is equal to bd. 
Hence then, the angle acd being ccjual to the angle adc, 
and the angle jjcd to the angle bdc, by equal additions the 
sum t»r the two angles acd, B( d, is equal to the sum of the 
two ADC, DDC, (ax. 2), that is, the whole angle acb equal to 
the whole angle adb. 

Sinee then, the two sides AC, ( b, are equal to the two 
sides AD, Dit, each to each, (hy livj).), and their containetl 
angles At‘B, .\DB, also e(|ual, the two triangles ahc, abd, 
are identical (th. 1), and have the other angles equal, viz. 
the angle bac to ilie angle and tlie an^le abc to the 

angle Ann. o. r,. n. 

Tiii:oRi;M VI. 

AVhl:n one line meets another, the angles which it makes 
on the same side of the other, are together c(|ual to two right 
angles. 

Let the line ab meet the line < d : then 
will the two angles abc, abd, taken to- * y 

gelhcr, he ctjual to two right angles. / 

For, first, when the two angles Aiu', _ 

ABD, are eijual to each i>lher, they are both d 

of them right angles (def. 15). 

lint w'hen the angles arc unequal, sup|X)se be drawn per¬ 
pendicular to CD. Then, sinee the two angles ebc, ebd, arc 
right angles («lef. l.>), and the angle ebd is C(]ual to the two 
angles eba, abd, together (ax. 8), the three angles, ebc, eba, 
and ABD, are equal to two right angles. 

But the tw’o angles ebc, eba, are together ecpial to the 
angle ABC (ax. 8). Consequently the two angles abc, abd, 
are also equal tt> two right angles, q. e. d. 

Cord. 1. IJcncc also, conversely, if the tw'o angles abc, 
ABD, on both sides of the lino ab, make up together two 
right angles, then <*b and bd form one coiitiiuicd right 
line CD. 

voi,. I. 
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Cord. 2. Hence, aii the angles which can be made, at 
any point B, by any number oT lines, on the same side of 
the right line i;i>, are, when taken all together, equal to two 
right angles. 

Corot. 3, And, as all the angles that can be niade on the 
other side of the line cd arc also c(jual to two right angles; 
therefore all the angles that can be made quite round a point 
B, by any number of lines, are ctjual to four right angles. 

Corot. 4, Hence also the whole circundcr- i 

ence of a circle, being the sum of the mea- / \ 

sures of all the angles that can be made about y ) 

the centre f (def. 57), is the measure of four _ 

right angles. Consequently, a semicircle, or 
180 degrees, is the nicasure of two right an¬ 
gles ; and a ({uadrant, or iK) di-grees the measure of one 
right angle. 


Till.OUl'.M \ n. 

IVnEN two lines intersect each other, the opjw.site angles arc 

etpial. 

I' 

Let the two lines au, cd, intersect in 
the point £ ; then will the angle aec be 
equal to the angle bed, and the angle 
AED equal to the angle ceb. 

For, since the line ce meets the line 
AB, the two angles aec, bec, taken to¬ 
gether, are equal to two right angles (th. 6). 

In like manner, the line be, meeting the line cn, makes 
the two angles bec, bed, equal to two right angles. 

Therefore the sum of the two angles aec, bec, is equal to 
the sum of the two bec, bed (ax. 1). 

And if the angle bec, which is common, be taken away 
from both these, the remaining angle aec will be equal to 
the remaining angle bed (ax. 3). 

And in like manner it may be shown, that the angle aed 
is equal to the opposite angle bec. 

THEOBE.M Vlll. 

When one side of a triangle is produced, the outward 
angle is greater than either of the tw’o inward opjx^sitc 
angled 
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Lc‘l ABC be a triangle, having the 
side AB produced to o; then will the 
outward angle cud be greater than 
cither of the Inward opposite angles a 
or V, 

For, conceive the side iic to be bi¬ 
sected in the |)oint e, and draw the 
line AE, producing it till ef be equal 
to af; and join bf. 

'I'lien, since the two triangles aec, blf, have the side 
AE = the side i:k, and the side CEzithe side be (by suppos.) 
and the included or opposite angles at i: also espial (th. 7), 
therefore those two triangles •are equal in all respects 
(th. 1), and ha\c the angle c = the corresponding angle 
i.ci. JJut the angle cbd is greater than the angle ebf; 
consecpiently the said outward angle cud isalto greater than 
the angle r. 

In like manner, if t it be pn>duced to c;, and a u he bi- 
seited, it may be shown that the outward angle ABC, or its 
equal t Bi>, is greater than the other angle a. 



'JIII.OIILM IX. 

• 

'I'lir greater siile, of every triangle, is opposite to the 
greater angle ; and the greater angle opposite to the greater 
sitle. 

JiCt ABC be a triangle, having the side 
AB greater than the side ac : then will the 
angle vi b, opposite the greater side au, be 
greater than the angle b, opposite the less 
side AC. 

For, on the greater side au, lake the 
}>arl Ai> equal to the less sitle AC, and join CD. Tlien, since 
BCD is a triangle, the outward angle adc is greater than the 
inward opposite angle b (th. 8). Hut the angle a('D is equal 
to the said outward angle adc, because ad is equal to At 
(th. 9). Consequently the angle acd also is greater than the 
angle b. And since the angle acd is only a part of acb, 
much more must the whole angle .vcb be greater than the 
angle b. q. e. d. 

Again, conversely, if the angle c be greater than the angle 
B, then will the side ab, opposite the former, be greater than 
the side ac, opposite the latter. 

For, if AB be nj^t greater than ac, it must be either 
equal to it, or less than it. But it Cannot be ecftial, hir 

X 
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then the angle t would be equal to the angle « (tli. 3), wliich 
it is not, by the sumx>sition. Neither can it Ih? less, lor then 
the an^lc c would bo less than the angle b, by the former 
part ol this ; which is also contrary to the siqqxjsition. The 
side AB, then, being neither equal to ac, nor less than it, 
must necessarily be greater, q. e. d. 


THEOUEM X. 


n HE sum ot any two sides of a triangle is greater than tl'.c 

third side. 


Let ABC be a triangle; then will the 
.sum of any two of its sides be greater 
than the third side, as for instance, 

AC -I* CB greater than ab. 

For, produce ac till cn be equal to 
CB, or AD equal to the s>mi of the two 
A( -|- ; and join nn : — Then, because 

CD is equal to cb (by constr.), the angle d is equal to the 
angle cbd (th. 3). Jiut the angle abd is greater than the 
angle cbd, consecpiently it must also be greater than the 
angle d. And, since the greater side of any triangle is op- 
}K)sitc to the greater angle (th. 9), the side ad (of the tri¬ 
angle abd) is greater than the side An. But ad is e<]ual to 
AC and CD, or ac and cb, taken together (by conslr.) ; there¬ 
fore AC + CB is also greater than ab. q. e. d. 

Coral. The shortest distance between two points, is a 
single right line drawn from the one |ioint to the other. 



THEOREM XI. 

The difference of any two .sides of a triangle, is less than 

the third side. 

Let ABC be a triangle; then will the 
difference of any two sides, as ab — ac, 
be less than the third side bc. 

For, produce the less side ac to d, 
till ad bc equal to the greater side ab, 
so that CD maybe the difference of the 
two sides ab — ac ; and join bd. Then, 
because ad is equal to ab (by constr.), the opposite angles d 
and ABD are equal (th. 3), But the angle cbd is less than 
the angle abd, and consequently also less than the equal 
angle p. And sineje the greater sidfc! of any triangle is 
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opposite to tlie greater angle (th. 9), llic side cD (of the 
triangle bcd) is less than the side bc. q. k. d. 

Othcrichc. Set off upon ab a distance A£)e(|ual to AC. 
Then (th. tO) ac + cb is greater than ab, that is, greater 
than At +>ic. From these, take away the equal parts ac, 
A2|..respectively; and there remains cb greater than.Aic. 
Cofisequentlyv<4[c is less than cb. q. e. i>. 

THEOREM XI1. 

When a line intersects two parallel lines, it makes the 
alternate angles equal to each other. 

Let the line ef cut the two parallel 
lines AB, CD ; then will the angld aef be 
equal to the alternate angle efd. 

For if they are not equal, one of them 
must be greater than the other; let it be 
EFD for instance which is the greater, if 
possible ; and conceive the line fb to be 
drawn, cutting off the part or angle efb equal to the angle 
AEF, and meeting the line ab in the point b. 

Then, since the outward angle aef, of thfe triangle bef, 
is greater than the inward oppo|ite angle efb (th. 8) ; and 
since these two angles also are equal (by the constr.) it fol¬ 
lows, that those angles are both eqiial and unequal at the 
same time : which is impossible. Therefore the andc efd 
is not unequal to the alternate angle aef, that is, they are 
equal to each other, q. e. d. 

Carol. Right lines which arc perpendicular to one, of two 
parallel linos, arc also perpendicular to the other. 

THEOREM XIII. 

When a line, cutting two other lines, makes the al¬ 
ternate angles equal to each other, those two lines are 
parallel. 

Let the line ef, cutting the two lines 
ab, CD, make the alternate angles aef, 

DFE, equal to each other; then will \ b 
be parallel to cn. 

For if they be not parallel, let some 
other line, as fg, be parallel to ab. 

Then, because of these parallels, the 
angle aef is equal to the alternate angle efg (th. 12). But 
the angle aef is equal to the angle efd (by hyp.) There¬ 
fore the angle efd i| equal to the angle efg (ax. 1); that is, 
a part is equal to the whole, which is impossible. Therefore 
no line but cd can bc parallel to ad. q. e. d. 
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CoroK Those lilies which arc perpeiulicnlar to the same 
line, are parallel to each other. 

THEORFM XIV. 

When a line cuts two parallel lines, the outward angle is 
equal to the inward opjmsile one, on the same side; and 
the two inward angles, on the same .side, equal to two right 
angles. 

Let the line ef cut the tivo parallel 
lines AB, CD ; then will the outward angle 
EGU be equal to the invvard op|iosite 
angle ghd, on the same side of the line 
i.F; and the two inward angles 
GHD, taken together, will be equal to 
two right angles. 

For since the two lines ab, cd, are 
}iarallel, the angle agh is equal to the alternate angle ghd, 
(th. 12). But the angle agh is equal to the oppo.sitc angle 
EC.B (th. 7). Therefore the angle e<;b is also equal to the 
angle ghd tax* 1). q. e. d. 

Again, because tlie two adjacent angles f.gb, iu.h, are to¬ 
gether equal to two right angles (th. (i); of which the angle 
EGB has been shown to be equal to the angle giid ; therefore 
the two angles bgh, ghd, taken together, arc also equal to 
tw’o right angles. 

Coral. 1. And, conversely, if one line meeting two other 
lines, make the angles on the same side of it equal, those 
two lines are parallels. 

Coral. 2. If a line, cutting two other lines, make the sum 
of the tw'o inw'ard angles on the same side, less than two 
right angles, those two lines will not be parallel, but will 
meet each other when produced. 

THEOREM XV. 

Those lines which are parallel to the same line, are 
parallel to each other. 

Let the lines ab, cd, be each of them A- ^ -B 

parallel to the line ef ; then shall the lines 

AB, CD, be parallel to each other. C jjj B 

For, let the line gi be perpendicular e- ^ -jp 

to EF. Then will this line be also per¬ 
pendicular to both the lines ab, cd (conol. th. 12), and con- 
sequenfiy the two lihes ab, cd, are parallels (corol. th. 13). 
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THEOREM XVI. 

When one side of a trian||le is produced) the outward 
angle is equal to both the inward opposite angles taken 
together. 

Let the side ab, of the triangle C E 

ABC, be produced to n; then will the 
outward angle cbd be equal to the sum 
of the two inward opposite angles a 
and c. 

For, conceive be to be drawn pa¬ 
rallel to the side ac of the triangle. 

Then bc, meeting the two parallels AC, be, makes the 
alternate angles c and cbe equal (th. 12). And ad, 
cutting the same two parallels ac, be, makes the inward 
and outward angles on the same side, a and ebd, equal to 
each other (th. It). Therefore, by equal additions, the 
sum of the two angles a and c, is equal to the sum of the 
two CBE and ebd, that is, to the whole angle cbd (by 
ax. 2). Q. E. D. 



TirEoiii:M*xvii. 

!n any triangle, the sum of all the three angles is equal to 

two right angles. 

Let ABC be any plane triangle; then 
the sum of the three angles a -j- b -f- c 
is equal to two right angles. 

For, let the side ab be produced to d. 

Then the outward angle cbd is equal 
to the sum of the two inward opposite 
angles a- p c (th. 1(5). To each of these ecj^uals add the 
inward angle b, then will the sura of the three inward angles 
a -f- B c be equal to the sum of the tw'O adjacent angles 
ABC + cbd (ax. 2). But the sum of these two last adjacent 
angles is equal to two right angles (th. 6). Therefore also 
the sum of the three angles of the triangle A + b + c is 
equal to two right angles (ax. 1 ). q. e. d. 

Carol. 1. If two angles in one triangle, be equal to two 
angles in another triangle, the third angles will also be equal 
(ax. 3), and the two triangles equiangular. 

Carol, 2. If one angle in one triangle, be equal to one 
angle in another, tlTe sums of the remaining angles^will also 
be equal (ax. 3). 
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Carol, a. ir one angle of a triangle be right, the sum of 
the other two will also be equal to a right angle, and each of 
them J>ingly will be acute, or less than a right angle. 

Corol. 4. The two least angles of every triangle are acute, 
or each less than a right angle. 

THEOREM XX HI. 

In any quadrangle, the sum of all the four inward angles, is 
equal to four right angle.s. 

Let abcd be a quadrangle; then the 1) 

sum of the four inxvard angle.s, a -f" + / \' 

c + D is equal to four right aiiglc.s. < \ 

I *" \ 

Let the diagonal a( be drawn, dixiding :_ i 

the quadrangle into two triangles, arc, adc. '' ** 

Then, because the sum of the three angles 

of each of these triangles is equal to two 

right angles (tb. 17); it follows, that the sum of all the 

angles of both triangles, which make u]) the lt)ur angles of 

the quadrangle, must be equal to four right attgles (ax. 

< 0. i:. 1). 

Corol. 1. Hence, if llirqp of the angles Ik? right one.-s, the 
fourth will also ho a right angle. 

Corol, 2. And if the stun of two of the four angles he 
equal to two right angles, the sum of the remaining two will 
also be equal to tw’o right angle.s. 

THEOREM XIX. 

In any figure whatever, the sum of all the inward angles, 
taken together, is C(]ual to twice as many right angle.s, 
wanting finur, as the figure has sides. 

Let ABODE be any figure; then the 
sum of all its Inward angle.s, A -f-ii + 
c -f D -f- E, is equal to twice as many 
right angles, w'anting four, as the figure 
has sides. 

For, from any point p, within it, draw 
lines, PA, PB, PC, &c. to all the angles, 
dividing the poly^n into as many tri¬ 
angles as it has sides. Now the sum of the three angles of 
each of these triangles, is equal to two right angles (th. 17); 
therefore the sum of the angles of all the triangles is etuial 
to twice as many rig^t angles as the fig^ire has sides. But 
the sun? of all the angles about tlic point P, which arc so 
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iTiany of the angles of tlic triangles, but no part of the in¬ 
ward angles of the polygon, is enual to four right angles 
(corol. 3, th. 0), and must be deducted out of the former 
sum. Hence it follows that the sum of all the inward angles 
of the |X)l 3 ’gon alone, A+n-i-c-fD + E, is c(jual to twice 
as many right angles as the figure has sides, w'anting the 
said four right angles, q. e. d. 


THEOREM XX. 


When every side of any figure is produced out, the sum 
of all the outward angles thereby made, is e(jual to four 
right angles. 

Let A, B, c, &c. be the outward ' "v 

angles of any polygon, made by pro- / 

ducing all the sales; then will the sum 

A + n-^c-f-D-j-K, of all those outward ^ 7 

angles, be equal to four right angles. ^ \ / 

For every one of those outward an- V^--wig¬ 
gles, together with its adjacent inward \ 

angle, make u])' two right angles, as 
A-r« equal to tw'o right angles, being * 

the two angles made by one linc^ meeting another (th. G). 
And there being as many outward, or inward angles, as the 
figure has sides ; therefore the sum of all the inward and 
OLitw^ard angles, is c([Uiil to twice as many right angles as 
the figure has sides. But the sum of all the inward angles. 


the figure has sides. But the sum of all the inward angles, 
with four right angles, is equal to twice as many right angles 
as the figure has sides (th. 19). Therefore the sum of all 
the inward and all the outward angles, is equal to the sum 
of all the inward angles and four right angles (by ax. 1). 
From each of these take away all the inward angles, and 
there remains all the outward angles equal to four right an¬ 
gles (by ax. 3). 

THEOREM XXI. 

A PERPENDICULAR is the shortest line that can be drawn 
from a given point to an indefinite line. And, of any other 
lines drawn from the same point, those that are nearest the 
perpendicular arc less than those more remote. 

If AB, AC, AD, &c. be lines drawn from A 

the given point a, to the indefinite line de, ^ 

of which AB is perpendicular; then shall / 
the perpendicular ab be less than AC, and ac / 

less than AD, &c. • . F. 

• # 

For, the angle n being a right one, tlie 
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angle c is acute (by cor. 3, ih. 17), and therefore less tlian 
the angle b. Hut the less angle of a triangle is suhtciuled 
by the less side (th, 9). Therefore the sule ah is less than 
the side ac. 

Again, the angle acb being acute, as before, the adjacent 
angle acd will be obtuse (by th. 6); conse{|uently the angle 
I) IS acute (corol. 8, th. 17), and therefore is less than tlu‘ 
angle c. And since the less side is opposite to the less angle, 
therefore the side ac is less than the side ai>. q. k. i>. 

Corol. A perpendicular is the least distance ol' a given 
point from a hue. 


THEORE.M XXII. 


Tiif. opprisitc side.s and angles of any parallelogram are 
equal to each other; and the diagonal divides it into two 
equal triangles. 


Let ABCD^be a jiarallelogram, of which 
the diagonal is bd ; iheq will its opjx>.site 
sides and angles be evpial to each other, 
and the diagonal bd will divide it into two 
equal parts, or triangles- 



For, since the sides ab and dc are pa¬ 
rallel, as also the sides ad and bc (delin. 

32), and the line bu meets them ; therefore the alternate 
angles are equal (th. 12), namely, the angle abd to the angle 
CDB, and the angle adb to the angle cud. Hence the two 
triangles, having two angles in the one equal to tw'o angles 
in the other, have also their third angles equal (cor. 1, th. 17), 
namely, the angle a equal to the angle c, which are two of 
the opposite angles of the parallelogram. 


Also, if to the equal angles abd, cdb, lie added the equal 
angles cbd, adb, the wholes wdll bc equal (ax. 2), namely, 
the whole angle abc to the whole adc, which are the other 
two opposite angles of the parallelogram. a. e. d. 


Again, since the two triangles are mutually equiangular 
and nave a side in each equal, viz. the common side bd ; 
therefore the two triangles are identical (th. 2), or equal in 
all respects, namely, the side ab equal to the opposite side 
DC, and AD equal to the opposite sicle bc, and the whole 
triangle abd cquallo the whole triangle nci>. q. e. d. 
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Carol. 1 . Hence, if one angle of a parallelogram be a riglit 
angle, all the other three will also be right angles, and the 
parallelogram a rectangle. 

Coral. 2. Hence also, the sum of any two adjacent angles 
of a parallelogram is equal to two right angles. 

THEOREM XXIII. 

Every quadrilateral, whose opposite sides are equal, is a 
parallelogram, or has its opposite sides parallel. 

Let A BCD be a quadrangle, having the 
opposite sides equal, namely, the, side ab D r 

equal to do, and ad equal to bc ; then 
shall these equal sides be also parallel, and 
the figure a parallelogram. 

For, let the diagonal bd be drawn. Then, 
the triangles, abd, cbd, being mutually 
equilateral (hy hyp.), they arc also mutu¬ 
ally equiangular (th. 5), or have their corresponding angles 
equal; consequently the opposite sides are parallel (th. 13) ; 
viz. the side ab parallel to DC, and ad parallel to bc, and the 
figure is a parallelogram, q. e. ». 

THEOREM XXIV. 

Those lines which join the corresponding extremes of 
two equal and parallel lines, arc tnemsclves equal and 
parallel. 

Let AB, DC, be two equal and parallel lines; then will 
the lines ad, bc, which join their extremes, be also equal 
and parallel. [See the fig. above.] 

For, draw the diagonal bd. Then, because ab and dc are 
parallel (by hyp.), the angle abd is equal to the alternate 
angle bdc (th. 12). Hence then, the two triangles having 
two sides and the contained angles equal, viz. the side ab 
equal to the side dc, and the side bd common, and the con¬ 
tained angle abd equal to the contained angle bdc, they 
have the remaining sides and angles also respectively equal 
(th. 1); consequently ad is equal to bc, and also parallel to 
it (th. 12). Q. E. D. 

THEOREM XXV. 

Parallelogram^, as also triangles, standing on the 
same base, and between the same paftillels, arc equal to 
each other. 
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Let A BCD, ABRF, l»c two |)arailelo^rams, j)_ c F t: 

and ABC, ABF, two triangles, standing on \ "T/ 

the same base ab, and between the same \ Y '■ 
jmrallels ah, i>e ; then will the pavallelo- \ /\ 
gram abcd be equal to the paralJcIograni y y 
ABEF, and the triangle abc equal to the 0 

triangle abf. 

For, since the line de cuts tlie two parallels af, be, and 
the two AD, BC, it makes the angle k equal to the angle afd, 
and the angle d equal to the angle bce (th. 14-); the two 
triangles adf, bce, are therefore equiangular (cor. 1, tli. 17); 
and having the two corresiwnding sitles ad, bc, equal 
(th. 22), being opposite sides of a parallelogram, these two 
triangles arc identical, or equal in all respects (th. 2), If 
each of these equal triangles then bc taken from the whole 
space abed, there will remain the parallelogram abek iti 
the one case, cijuul to the parallelogram abcj> in the other 
(by ax. 3). 

.i\lso the triangles abc, ahf, on the same base ab, and 
l>etwecn the same p.'irallcls, arc e(|iial, being the halves of 
the said equal |>araHclograms (th. 22). q. e. d. 

Coral. 1. Parallelogranjs, or triangles, having the same 
base and altitude, are equal. For the altitude is the same as 
the perpendicular or distance between the two parallels, which 
is every where equal, by the definition of parallels. 

Coral. 2. Parallelograms, or triangles, having e(|ual liases 
and altitudes, arc equal. For, if'the one figure he ajipiied 
with its base on the other, the bases will coincide or lie the 
same, because they are etjual: and so the two figures, having 
the same base and altitude, arc equal. 
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If a parallelogram and a triangle, stand on the same 
base, and between the same parallels, the parallelogram 
will be double the triangle, or the triangle half the {laral- 
lelogram. 

Let ABCD be a parallelogram, and abe a 
triangle, on the same base ab, and between 
the same parallels ab, de; then will the 
parallelogram abcd be double the triangle 
ABE, or the triangle half the parallelo- 
gram, 

For,».draw the disgonal ac of the parallelogram, dividing 
it into two ccpial parts (th. 22). Then because the triangles 
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ABC, ABE, on the same base, and Iwtwecn the same parallels, 
are equal (th. 25); and because the one triangle abc is lialf 
the parallelogram abcd (th. 22), the other equal triangle 
ABE is also equal to half the same parallelogram abcd. 
u. E. D. 

Carol. 1. A triangle is ecjual to half a parallelogram of the 
same base and altitude, because the altitude is the perpendi¬ 
cular distance between the parallels, which is every where 
equal, by the definition of parallels. 

Coral. 2. If the base of a parallelogram be half that of a 
triangle, of the same altitude, or the base of the triangle be 
double that of the parallelogram^ the two figures will be 
equal to each other. 


THEOREM XXVIJ. 

Rectangles that arc contained by equal lines, are equal 
to each other. 

Let nn, Fii, be two rectangles, having 
the sides ah, bc, equal to the sides ef, 

FG, each to each ; then will the rectangle 
111 ) be etjual to tlie rectangle fh. 

For, draw the two diagonals Ac, eg, 
dividing the two parallelograms each into 
two equal parts. Then the two triangles abc, efo, arc 
equal to each other (th. 1), because they have the two sides 
AH, JH , and the contained angle n, equal to the two sides 
EF, FG, and the contained angle f (by hyp.). But these 
e(jual triangles arc the halves of the respective rectangles. 
And because the halves, or the triangles, arc equal, the 
wholes, or the rectangles db, iif, are also equal (by ax. G). 
Q. r,. D. 

Coral. The squares on equal lines arc also equal; for 
every square is a species of rectangle. 

THEOREM XXVIII. 

The complements of the parallelograms, whicli are about 
the diagonal of any parallelogram, are equal to each other. 

Let AC be a parallelogram, bd a dia¬ 
gonal, EiF parallel to ab or dc, and gih 
parallel to ad or bc, making ai, ic, com¬ 
plements to the parallelograms eg, hf, 

Avhich are about the diagonal db : then 
will the complements I be equal to tl^p 
complement ic. 



I- 

A ^ 


9 J 

f G 

] 

i - i. 



302 


«.jk:uMii;TKv. 


For, since llic diagonal ub biseeU the three })arallelogianis 
AC, Ku, iiF (th. 22); iherclorc, the wliole triangle uah being 
equal to the whole triangle dcb, and the jwirts niii, hid, re¬ 
spectively equal to the parts dgi, ifb, the remaining parts 
Ai, ic, must also be equal (by ax. 3). q. k. d. 


THEOREM XV IX. 

A TRAPEZOID, or trapezium having two sides parallel, is 
ct]ual to halt'a parallelogram, \\hosc base is the sum ot'tliose 
two sides, and its altitude the j)erpendicular distance between 
them. 



Let ABCD be the trafKV.uid. having its 
two sides ab, dc, parallel ; and in ab 
produced take be equal to dc, so that 
AE may be the sum of the two parallel 
sides; produce dc also, and let kf, gc, 

BH, be all thn*e parallel to ad. Then is 
AF a parallelogram of the same altitude with the tra{H’zoid 
ABCD, having its base ak eipial to the sum ol' the parallel 
sides of the trapezoid ; and it is to 1 h‘ proved that the trape¬ 
zoid ABCD is equal to half the parallelogram af. 


Now, since triangle.s,. or parallelograms, of equal bases 
and altitude, are ecjual (corol. 2, th. 2.'>), the parallelogram 
Dc; is CH|Ual to the parallelogram he, and llic triangle coi; 
ecjual to the triangle run; consecjuently the line bc bisects, 
or ecjually divides, the jiarallelogram af, and aucd is the 
half of it. a. £. 1 ). 


THEOREM XXX. 


The sum of all the rectangles contained under one 
whole line, and the several parts of another line, any way 
divided, is equal to the rectangle conluined under the two 
whole lines. 


Let AU l>c the one line, and ab the 
other, divided into the parts ae, ef, 

EB; then will the rectangle contained 
by AD and ab, bc equal to the sum of 
the rectangles of ad and ae, and ad and 
EF, and AD and fb: thus expressed, 

AD . AB = AD . AE -f AD . EF AD . FB. 



For, make the rectangle ac of the two whole lines ad, 
ab; and draw eg, fh, perpendicular to ab, or parallel to 
ad, to which ihcv are equal (th. 22). Then the whole 
rectari|;lc AC is made up of all the other rectangles ag, 
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Efi, Fc. But tliese rectangles are contain- ^ G H c 

ed by ad and ae, eg and ef, fii and fb ; 

which are equal to tlie rectangles of ad 

and AE, AD and ef, ad and fb, because 1, I 

AD is equal to each of the two i:c;, fh. a e ' F B 

Therefore the rectangle ad . ab is equal to the sum of all 

the other rectangles ad . ae, ad . ef, ad . fb. a. l. d. 

Carol. If a right line be divided into any two parts, the 
.square on the whole line, is equal to both the rectangles of 
the whole line and each of the parts. 


theorem xxxr. 


The scjuare of the sum of two lines, is greater than the 
sum of tlieir squares, by twice the rectangle of the said 
lines. Or, the square of a whole line, is equal to the 
s<juares of its two parts, together with twice the rectangle of 
those parts. 

Let the line ab be the sum of any two 
lines AC, cb; then will tlie square of ab 
be equal to the squares of ac, cb, together 
w ith twice the rectangle of ac . c^. That 
is, AB* =: AC* -i CB“ + 2AC . CB. 

For, let ABOE be the s<|uare on the sum 
or whole line ab, and acfg the square 
on the part ac. Produce cf and c.f to the other sides at ii 
and I. 


r~ 

n 




Froin the lines on, gi, which are equal, being each equal 
to the sides of the square ab or bd (th. 22), take the parts 
CF, GF, which are also equal, being the sides of the square 
AF, and there remains fh equal to fi, which are also equal 
to DH, Di, being the opposite sides of the parallelogram. 
Hence the figure hi is equilateral; and it has all its angles 
right ones (corol. 1, th. 22); it is therefore a square on the 
line FI, or the square of its equal cb. Also the figures ef, 
FB, are equal to two rectangles under ac and cb, because 
GF is equal to ac, and fh or fi equal to cb. But the 
whole square ad is made up of the four figures, viz. the two 
squares af, fd, and the two equal rectangles ef, fb. That 
is, the square of ab is equal to the squares of ac, cb, toge¬ 
ther with twice the rectangle of Ac, cb. q. e. d. . 

Corol, Hence, if a line be divided into two equal |)arts ; 
the square of the whole line will be cqi^l to four times the 
i>([uave of half the line. • 
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THEOREM XXXII. 

The scjuare of the dilFercncc of two lines, is los.s than the 
sum of their stjuarcs, by twice the rectangle of the said 
lines. 

Let AC, nr, be any two lines, and aii 
their diftercnce: then will the square of au 
1)0 less than the squares of ac, bc, by 
twice the rectangle of ac and bc. Or, 

AB* = AC^ •+ BC* — 2aC . DC. 

For, let ABDE he the square on the dif¬ 
ference AB, and ACKo the square on the 
line AC. Froilucc i;d to h ; also produce 
OB and Hc, and draw ki,‘ making ui the .stjuaiv of llic other 
line BC. 

Now it is visible that the square ad is loss than the two 
squares af, ih, by the two rectangles i:r, di. Jliit ay is 
equal to the one line ac, and ce or rii i" ecjual to the other 
line BC ; consequently the rectangle i.i , contained under Eo 
and c.r, is equal to the rectangle of ac ami lu . 

Again, fh being ecjiial to < i or uc or nii, by adding the 
common part„Hr, the whole hi will he e(|iial to ihewlioU* i r, 
or equal to ac ; and conscijucntly the figure di is eipial to 
the rectangle contained Ify ac and bc. 

Hence the two figures r.i, i»i, are two reclann:!es of tlie 
two lines AC, bc ; and consequently the square of ab is 
less than the squares of ac, bc, hy twice tlie rectangle 
AC . BC. u. E. D. 

THEOIir.M xxxni. 

The rectangle under the sum and diftennee of two lines, is 

equal to the difference of the squares of those lines *. 

Let AB, AC, he any two unequal lines; 
then will the difference of the squares of 
AB, AC, be equal to a rectangle under 
their sum and difference. That is 

AB- — = AB + AC . AB - AC. 

For, let ABDE be the square of ab, and 
ACFG the S(]uare of ac. Produce db 
till BH be equal to AC; draw iii parallel 
to AB or ED, and produce rc both ways 
to I and K. 


L _K l» 

I 
i 


A r 


fi 


t- 

i— 

kl 


* 'I'his and the two preceding theorems, are evinced algc- 
l)raically, hy the three expressions 

(ff + 6)« = 4- 3}- '2aA 

— 2ab -f- = (r + — 2 ab 

{'I 4- b) (a — b) ~ u" — I'. I 
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Then the tliffercnce oi' tlie two squares ad, af, is evi¬ 
dently the two rectangles ef, kb. But the rectangles ef, 
Bi are equal, l)eiiig contained under equal lines; lor ek and 
Bii are each equal to ai:, and ge is equal to ch, being each 
equal to the diff'erence between ab and ac, or their equals 
AE and AG. Therefore tiie two ef, kb, are equal to the two 
KB, BI, or to the whole kii ; and consequently kii is equal 
to the diflercncc of the stjuares ad, af. But kii is a rect¬ 
angle contained by dh, or the sum of ab and ac, and by kd, 
or the difference of ab and ag. Therefore the difference of 
the squares f)f ab, ac, is equal to the rectangle under their 
sum and difference, q. e. i>. 

theorem XXXIV. 

In any right-angled triangle, the square of the hypo- 
tlienuse, is equal to the sum of the squares of the other two 
sides. 

Let AUt: be a right-angled triangle, O 

having the right angle c ; then will the 
sc|uare of the hypothenuse ab, be equal f^, 
to the sum of the sijuares of the other 
two sides ac, cu. Or aB' ac* 

-f UC-. • 

For, on AB de&.eribe the square ae, 
and on a(', cb, the stpiares At;, bu ; 

’hen draw ck })arallcl to ad or be; 
and join ai, bf, cd, ce. 

Now, because the line ac meets tlie two < g, cb, so as to 
make two right angles, those two form one straight line t;B 
(enrol. I, th. (i). And because tlie angle fac is equal to the 
angle dab, being each a right angle, or the angle of a .square ; 
to each of these equals add the common angle bac, so will 
the whole angle or sum fab, be equal to the whole angle or 
sum CAD. But the line fa is equal to the line ac, and the 
line AB to the line ad, being sides of the same square; so 
that the two sides fa, ab, and their included angle fab, are 
equal to the two sides ca, ad, and the (xmtainea angle cad, 
each to each : tliercforc the whole triangle afb is equal to 
the whole triangle acd (th. 1). 

But the square ag is double the triangle afb, on the 
same base fa, and between the same parallels fa, gb 
(th. 26); in like manner the parallelogram ak is double the 
triangle acd, on the same base ad, and between the same 
parallels ad, ck. And since the doubles of equal things, 
are equal (by ax. C); therefore the squarl; ag is equaUto the 
parallelogram ak. 

VOL. 1. • 
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In like manner, the other square nil is proved equal to 
the other parallelogram bk. ('onseqiiently the two wjuares 
AG and BH ro 2 :ether, are equal to the two parallelograms ak 
and i!K tonother, or to the whole stpiare ak. Tliat is, the 
sum of the two stjuares on the two less sides, is ecpial to the 
square on the greatest side. q. k. n. 

Carol. 1. Hence, the square of either of the two less sides, 
is equal to4he difTerenee of the squares of the hy}H)thenuse 
and the other side (ax. 3); or, et]ual to the rectangle con¬ 
tained by the sum and difference of the said hvj>othenuse 
and otlier side (th. 33). 

Carol. 9.. Hence also, if two ri^lit-angled triangles Itave 
two sides of the one equal to two corresponding sides of the 
other; their third sides will also be equal, and the triangles 
identical. 


TIIKORKM XVW. 


In* any triangle, the difference of the stjuares of the 
two .sides, is'rtjual to the tlifferetice of the stjuares of the 
segments of the base, o^ of the two lines, c)r distances, 
included between the extremes of the base and the [terpen- 
dicular. 

I..et ABC he any triangle, having 
ci> perpendicular to ab; then will 
the difference of the s<jiiares of ac, 

Bc, be equal to the difference of 
the squares of ad, bp; that is, 

At - — uc’ = AD® “ JID . 



For, since At® is ccjual to ad* + cd’ ^ ii , ,i qjx 
and lic® is ctjual to nn' -f- cd® i ‘ ^ ’ 

Theref. the difference hctw'cen At/- and Be®, 
is equal to the difference between ad*^ 4- ct>® 

and Bu® + CD*, 

or cfjual to the difference between ad® and bd% 
by taking away the common square cd®. 


Q, E. D. 


Carol. The rectangle of the buni and difference of the two 
.sides of any triangle, is equal to the rectangle of the sum 
and fliff'ereiice of the distances between the perpendicular 
and the tvu) extremes of the base, or equal to the rectangle 
of the ha-e and tlic difference or .sum of tlie segment.*., 
.nccordi’ng a.s lh(‘ perfiendiciilar falls Within or without the 
triangle. 
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That is, (Ar4 B( ) . (ac —bc) (ad4-bd) . (ad —«ij) 

Or, (ac I IK') . (ac — Bc) rr AB . (ad— ni>) in the 2il flfr. 
And (Ac-f-nc') . (ac—bc) = ab .(ad + bd) in the 1st fig . 


THEOREM XXXVI, 

Iv any obtuse-angled triangle, the square ol‘ the side 
subtending tlie obtuse angle, is greater than the Mini of 
the squares of the other two sitles, by twice the rectangle 
of the base and the distance of the perpendicular from the 
obtuse angle. 

Let ABC be a triangle, obtuse angled at b, and c D pcapen- 
dieiilar to ab ; then will the scpiare of Ac be gre-ater than the 
scpiares of ab, bc, by twice the rc'ctangle of ad, bd I'hat 
is, AC* tr AB’ -{-B(‘^ -{--‘iAB . Bi). See the 1st fig. above, 
or below. 

For, Ai)^ = ab*^ -f- 111)2 Ovu . bd (th. ill). 

And AD’ 4- Cl)'* = AB- 4- BD- 4- CD- 4- ~vn . bd (ax. 2). 

Hut AH-’ + CD- = AC -’, and bd-4- c u-<= bc - (th.34). 

Therefore ac- — ab’^ -f bc** 4- ijAii . bd. u. e. d. 


THEOREM XXXVIl. 


Ix any triangle, the square of the side sublencling an acute 
angle, is loss than the scpiares of the base and the other side, 
by twice the rectangle of the base and the distanc*c of'the 
perpendicular from the acute angle. 

Let ABC' bc a triangle, having 
the .angle a acute, and ri> perpen¬ 
dicular to AB ; then will the square 
of BC, bc less than the scjuarcs 
of AB, AC, by twice the rectangle 
of AB, AD. That is. Be* = ab- 
4- AC® — 2ad . AB. 



D B 


For BD2 = AD« 4- AB= — 2ad , ab (th. 32). 

And bd- -f DC® = AD® 4- dc- 4- ab* — 2ad . ab (ax. 2 ). 
Therefore bc® = ac® 4- ab® — 2 ad . ab (th. 34). q. e.d. 


THEOREM XXXVlir. 

In any triangle, the double of the squWc of a line^rawn 
from the vertex to the middle of the 43ase, togelbcr with 
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double the square of the half base, is equal to the sum of 
the squares of the other two sides. 

Let ABr be a triangle, and rn the line 
drawn from the vertex to the middle of 
the base ab, bisecting it into the two equal 
parts AD, DB; then will the sum of the 
squares of ac, cb, 1m‘ equal to twice the 
sum of the squares of en, ad ; or ac^ + 

CB« = 2cd‘ 4- 2ad*. 

For Ac^ n en- 4* ad- -|- ^ . i>e (th. 36). 

And n cn® + nn*’ — 2 ad . df, (th. 37). 

Therefore ac’ 4- BCa = 2c'o® -f" 

n 2cD^ 4- 2AD’ (ax. 2). o. e. d. 

TltrORE.M \xxix. 

In an isosceles triangle, the square of a line drawn from 
the vertex to any fK>int in the base, together with the rect¬ 
angle of the segments of the base, i.s equal to tlie square of 
one of the equal sides of the triangle. 

Let ABf be the isosccles.thangle, and ( D 
a fme draw’ii from the vertex to any |K)int 
D in the base : then will the wjuare of a( , 

Ik* equal to the .stjuare of < n, together 
with the rectangle of ad and on. That 

is, AC’ Z: CD’ + AD . DB. 

For Ac“ — e = ae’ — df.'^ (th. 3.5). 

= ad . DB fth. 33). 

Therefore, ac* = cd* + ad . db (nx. 2). 

THEOREM XL. 

In any parallelogram, the two diagonals bisect each other ; 
and the sum of their squares is equal to the sum of the 
squares of all the four sides of the parallelogram. 

Let ABCD Ik? a parallelogram, whose 
diagonals intersect each other in k : then 
will AE be equal to ec, and be to ed ; and 
the sum of the squares of ac, bd, will be 
equal to the sum of the squares of ab, bo, 

CD, DA. That is, 

AF, Fc, and BE r: ed, 

t *■ 

and AC* + BD* rr ab® + bc® 4 cd® 4- da*. 



(• 

A 


A A 

A 1) K li 


Q. E. D. 


c 
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For, the triangles aeb, dec, are equiangular, because 
they have the opposite angles at E equal (th. 7), and the two 
lines AC, bd, meeting the parallels ab, dc, make the angle 
BAE equal to the angle dce, and the angle abe, equal to the 
angle cde, and the side ab equal to the side dc (th. 22); 
therefore these two triangles are identical, and have their 
corresponding sides equal (th. 2), viz. ae = ec, and be = ed. 

Again, since ac is bisected in e, the sum of the squares 
AD‘ + DC® = 2ae® -i- 2 de^ (th. 38). 

In like manner, ab- -f- bc- = 2ae- + 2be’ or 2 de-. 

Theref. ab* + bc® -f cd"^ -f da- = 4ae* 4- 4de= (ax. 2). 

But, because the square of a whole line is equal to 4 
times the square of half the line (cor. th. 31), that is, ac* = 
4ae*, and bd* =: 4i)E* : 

Theref. ab* + bc* 4- cd* + da* = ac* 4- bd* (ax. 1). 

Q. £. D. 

Cor. 1. If AD = DC, or the ])arallelogram be a rhombus ; 
then AD* = ae* 4- ed*, cd* = de^ 4- ce*, &c. 

Cor. 2. Hence, and by th. 34, the diagoftals of a rhom¬ 
bus intersect at right angles. « 


THEOREM XLI. 

Ik a line, drawn through or from the centre of a circle, 
bisect a chord, it will be perpendicular to it; or, if it be 
perpendicular to the chord, it will bisect both the chord and 
the arc of the chord. 

Let AB be any chord in a circle, and CD 
a line drawn from the centre c to the 
chord, 'riien, if the chord bc bisected in 
the point d, cd will bc perpendicular to 
AB. 

Draw the two radii ca, cb. Then the 
two triangles acd, bcd, having ca equal to 
CB (dcf. 44), and cd common, also ad equal 
to DB (by hyp.); they have all the three sides of the one, 
equal to all the three sides of the other, and so have their 
angles also equal (th-5). Hence tlicn, the angle adc being 
equal to the angle bdc, these angles are right angles, and the 
line CD is porpcndic^ilar to ah (dcf. 11). 

Again, if cd he perpendicular to ab, then will flie chord 
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AB be bi&cctetl at tlic point ii, or have ad equal U) db ; anil 
the arc aeb bisected in the j>oint k, or Imve ae equal eb. 

For, having drawn ca, cn, as before: "riicn, in the tri¬ 
angle ABC, because the side CA is equal to the side< B, their 
op}>osite angles a and b arc also equal (tli. 3). Hence then, 
in the two triangles acd, bcd, the angle a is equal to the 
angle b, and the angles at D arc equal (def. 11); therefore 
their third angles are also e(|uul (corol. 1. ih. 17). And 
having the side cd common, they have also the side ad e({ual 
to the side db (th. i?). 

Also, since the angle act, is equal to the angle bce, the 
arc AE, which measures the former (def. 57), isecpial to the 
arc BE, which measures the latter, since ecpial angles must 
have equal measures. 

Corol. Hence a line bisecting any chord at right angles, 
pa'ses through the centre of the circle. 


THEOKEM XLIl. 

• 

If more than two equal lines can be drawn from any 
|x>int within a circle to the^circumference, that jM)int will be 
the centre. 

Let ABC be a circle, and n a point 
within it: then if any three lines, da, 

DB, DC, drawn from the point j) to the 
circumference, bo equal to each other, 
the point d will be the centre. 

Dra\v the chords ab, bc, which let 
be bisected in the points e, f, and join 

DE, DF. 

Then, the two triangles, dae, dbe, 
have the side da equal to the side db by supposition, and 
the side ae equal to the side eb by hypoilicsis, also the side 
DE comnjon : therefore these tw'o triangles are identical, ami 
have the angles at e equal to each other (ih. 5); conse¬ 
quently DE is i3erpendicular to the middle of the chord ab 
( def. 11), and therefore passes through the centre of the 
circle (corol. th. 41). 

In like manner, it may he shown that df pa.sses through 
the centre. Consequently the point n is the centre of the 
circle, and the three^eqnal lines da, dis dc, are radii. 

Q. E. J>. 
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If two circles placed one wtliin another, toiicli, the centres 
of the circles and the point of contact will be all in the same 
right line. 

l^ct the two circles abc, ade, touch one 
another internally in the point a ; then 
will the ]>oint a and the centres of those 
circles he ail in the same ri<rht line. 

Let be the centre of the circle ABC, 
through which draw the diameter akc. 

Theif, if the centre ol‘ the other circle 
can he out of this line ac, let it he sup- 
jH)sed in some other point as g ; through which draw the line 
ro, cutting the two circle^ in « and d. 

Now, in tile triangle An;, the sum of the two sides fg, 
OA, is greater than the third side \v (th. 10), or greater than 
its equal radius Fu. From eaclj of these take away the 
common part fg, and the remainder ga ^wll be greater 
than the remainder (;b. But the point g being supposed 
the centre of the inner circle, its two radii, ga, go, are equal 
to each other; consequently gd will also be greater than (;b. 
But Aor, being the inner circle, gd is necessarily less than 
Gii. So that (;d is both greater and less than gb ; whicli is 
ahsuiil. ('onsecpionlly l!ic centre r. cannot be out of the 
line AFC o l. d. 

TlfEOUEM XMV. 

If two circles touch one another externally, the centres of 
the circles and the point of contact will be all in the same 
right lijie. 

l^et the two circles abc, ade, touch one 
another externally at the point a ; then will 
the {)oint of contact a and the centres of the 
two circles be all in the same right line. 

Let F be the centre of the circle abc, 
through which draw the diameter afc, and 
produce it to the other circle at r.. Then, if 
the centre ol* the other circle ade can be out 
of the line fk, lot it, ii’possible, bo supjxjscd 
in some other point c;; and draw tlicjines 
AG, FBUG, culling llie two circles in b and d. 
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Then, in tlie triungie a kg, the sum of the two sides af, 
AG, is greater than the third side fg (th. Hi). But, f and g 
being tlic centres of the two dreles, tlie two radii oa, gd, 
are equal, as are also the two radii af, fb. Hence the sum 
ofGA, AF, is equal to the sum of gd, bf; and therefore this 
latter sum also, gd, bf, is greater than gf, wliich is absurd. 
Consequently the centre g cannot be out of the line ef. 

Q. £. D. 


THEOREM \LV. 

( 

Aky chords in a circle, which are equally di>tant frmn 
the centre, are equal to each other ; or if they be ecjual to 
each other, they will be eijually distant Irom the centre. 

Let AB, CD, be any two chords at equal 
distances from the centre g ; then will 
these two chords ab, ci>, be equal to each 
other. 

Draw the tjvo rathi ga, go, and the 
two perpendiculars ge, (;f, which are the 
equal distances from the cetftre c;. 'I hen, 
the two right-angled triangles, gaf,, gcf, having the side ga 
ecjual the sitle gc, and the siiie gk equal the side gf, and 
the angle at E equal to the angle at f, therefore those two 
triangles arc identical (cor. 2, th. fii), and have the line 
ae equal to the line CF. But An is the dcnible of ae, and 
CD is the double of cr (th. 41); therefore ab is equal to cn 
(by ax. 6). Q. E. D. 

Agfiin, if the chord ab be equal to the chord cd ; then 
will their distances from the centre, ge, t;F, also be equal 
to each other. 

For, since ab is equal cd by supposition, the half ae is 
equal the half cf. Also the radii ga, gc, being equal, as 
well as the right angles Eand f, therefore the tliird sides arc 
equal (cor. 2, th. 34), or tiic distance ge equal the distance 
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THEOREM XLVI. 

A line perpendicular to the extremity of a radius, is a 
• tangent to the circle. 
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Let the line add be perpendicular to the 
radius ci) of a circle; then shall ab touch 
the circle in the point d onl}^. 

From any other point e in the line ab 
draw CFE to the centre, cutting the circle 
in F. 

Then, because the angle d, of the triangle 
CDE, is a right angle, the angle at e is acute (cor. 3, th. 17), 
and consequently less than the angle d. But the greater 
side is always opposite to the greater angle (th. 9); tliere- 
fore the side ce is greater than the side cd, or greater than 
its equal cf. Hence the point e is without the circle; and 
the same for every other point in the line ab. Consequently 
the whole line is without the circle, and meets it in the point 
D only. 



THEOREM XLVIl. 

When a line is a tangent to a circle, a radius drawn to 
the point of a contact is per|)endicular to the^tangent. 

Let the line ab touch the circumference of a circle at the 
point d; then will the radius ci) be perpendicular to the 
tangent ab. [See the last figure.] 

For the line ab being wholly without the circumference 
except at the point D, every other line, as c e, drawn from 
the centre c to the line .4B, must pass out of the circle to 
arrive at this line. The line ci> is therefore the shortest that 
can be drawn from the point c to the line ab, and conse¬ 
quently (th. 21) it is perpendicular to that line. 

Carol. Hence, conversely, a line drawn perpendicular to 
a tangent, at the point of contact, passes through the centre 
of the circle. 


THEOREM XLVIII. 

The angle formed by a tangent and chord is measured by 
half the arc of that chord. 

Let AB be a tangent to a circle, and cd a chord drawn 
from the ]K)int of contdfct c; then is the angle bcd measured 
by half the arc cfd, and the angle acd measured by half 
the arc con. 

Draw the radius tv to the point of contact, and the radius 
KF perpendicular to the chord at h. 
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Then the radius ef, l)eing perpendicular 
to the cliord cu, bisects the arc cfd (th. 41). 
Tlierefore cf is half* the arc cfd. 

In the triangle ceh, the angle ii being a 
right one, the sum of the two remaining 
angles i: and c is equal to a right angle (cor. 
3, th. 17), which is equaH.o tlie angle m r, 



because the radius ce is |)erpendicular to the tangent. From 
each of these equals take away the common j)art or angle c, 
and there remains the angle e equal to the angle bcd. 
But the angle e is measured by the are cf (def. 57), which 
is the half of cfd; therefore the equal angle uco must also 
have the same measure, ’namely, half the arc cfd of the 
chord CD, 


Again, the line gef, being perpendicular to the chord cd, 
bisects the arc cgd (th. 41). Therefore cg is half the arc 
CGD. Now, since the line ce, meeting fg, makes the sum 
of the two angles at e equal to two riglit angles (th. (i), and 
the line cd makes with ab the sum of the two angles at c 
equal to two right angles ; if from these two etjual sums 
there be takep away the parts or angles ceu and nen, 
v/hich have been proved equal, there remains the angle 
CF.G equal to the angle At n. 15ut the former of these, 
CFG, being an angle at the centre, is measured by the arc 
CG (def. 57); consequently the equal angle At d must also 
have the same measure cg, which is half the arc cgj) of the 


chord CD. Q. E. D. 


Coral. 1. The sum of two right angles is measured hy 
fialf the circumference. For the two angles bcd, acd, 
which make up two right angles, arc measured by the arcs 
CF, CG, which ]nuke up half tnc circumference, fg being a 
diameter. 


Coiol. 2. Hence also one riglit angle must have for its 
measure a tjuarter of the circumference, or 90 degrees. 


TIIEOUEM XLIX. 

An angle at the circumference of a circle is mcasurcil hy half 

the arc that subtends it. 


Let BAC be an angle at the circumference ; 
it has fur its measure, half the arc bc which 
suhteiids it. 

For, suppose llq‘ tangent de fussing 
dironglf the f)oint of contact A : then, the 
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angle DAC being measured by half the arc ABC, and the angle 
DAD by half the arc ab (th. 48) ; it follows, by ccjual sulv 
traction, that the difference, or angle UAt;, must be measured 
by half the arc bc, which it stands upon. e. d. 

THEOREM L. 

All angles in the same segment of a circle, or standing on 
the same arc, are equal to each other. 

Let c and d bc two angles in the same 
segment acdb, or, which is the same thing, 
standing on the supplemental arc y>EB; then 
will the angle c be equal to the angle d. 

For each of these angles is measured by 
half the arc ai.b ; and thus, having equal 
measures, they are (’(jual to each other (ax. 11). 

THEOREM LI. 

An angle at the centre of a circle is double th^ angle at the 
circumference, when both stand on the same arc. 

Let e l)e an angle at the centre c, and n 
an angle at the circumference, both standing 
on the same arc or same chord ab : then will 
the angle c be double of the angle d, or the 
angle d equal to half the angle c. 

For, the angle at the centre c is measured 
by the whole arc aeb (def. 57), and the angle at the circum¬ 
ference D is measured by half the same arc aeu (ih. 49); 
therefore the angle d is only half the angle c, or the angle c 
double the angle d. 




THEOREM Lll. 

An angle in a semicircle, is a right angift 

If ABC or ADC be a semicircle; then any 
angle n in that semicircle, is a right angle. 

For, the angle D, at the circumference, 
is measured by half the arc abc (th. 49), 
lhaj is, by a quadrant of the circunifereiicc. 

Hut a (jiiadraut is the measure of ii right 
angle (eor. 4, th. (> or cor, 2, th. '18). 
Therefore the angle D is a right angle. 
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THEOREM LlII. 

The angle formed bv a tangent to a circle, and a chord 
drawn from the point oi contact, is equal to the angle in the 
nlternate segment. 

If AB he a tangent, and ac a chord, and 
D any angle in the alternate segment aix' ; 
then will the angle d he equal to the angle 
BAC made by the tangent and chord of tlie 
arc AEG. 

For the angle d, at the circumference, 
is measured by half the afe akc (th. 49); 
and the angle hac, made by the tangent and chord, is al>o 
measured by the same half arc aec (th. 48) ; therefore these 
two angles arc equal (ax. 11). 

THEOREM Liv. 

The sum of any tw o opposite angles of a qun<lrangle in- 
scribc^ in a circle, is eijual to two right angles. 

Let ABCD he any quaflrilateral inscribed 
in a circle; then shall the sum of the two 
opposite angles a and c, or b and d, he equal 
to two right angles. 

For the angle a is measured by half the 
arc DCB, which it stands on, and the angle 
c by half the arc dab (th. 49); theretbre 
the sum of the two angles a and c is measured by half the 
sum of these two arcs, that is, by half the circumference. 
But half the circumference is the measure of two right angles 
(cor. 4, th. 6); therefore the sum of the two opposite angles 
a and c is equal to two right angles. In like manner it is 
shown, that the sum of the other two opposite angles, d and 
B, is equaljto tw’o right angles, y. e. d. 

THEOllEM LV. 

If any side of a quadrangle, inscribed in a circle, be pro¬ 
duced out, the outward angle will be equal to the inward 
opposite angle. 

if the side ab, of the quadrilateral 
ABCD, inscribed in a circle, be protiuced 
to E; the outwar<l angle j>ae will be equal 
to the inward opposite angle c. 
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For, the sum of the two adjacent angles dae and dab is 
equal to two right angles (th. 6) ; and the sum of the two 
opposite angles c and dab is also equal to two right angles 
(th. 54) ; therefore the former sum, of the two angles dae 
and DAB, is equal to the latter sum, of the two c and dab 
(ax. 1). From each of these equals taking away the com¬ 
mon angle dab, there remains the angle dae equal the 
angle c. q . e. d. 


THEOREM LVT. 


Any two parallel chords intercept equal arcs. 

Let the two chords af>, cd, be parallel: 
then will the arcs ac, bd, be equal; or 
AC BD. 

Draw the line bc. Then, because the 
lines AE, CD, are parallel, the alternate an¬ 
gles n and c are equal (th. 12). But the * 
angle at the circumference n, is •measured by half the arc 
AC (th. 49); and the other equal angle at the circumference 
r is measured by half the arc bd : therefore the halves of the 
arcs AC, BD, and consequently the arcs themselves, are also 
i*qual. (1. E. D. 



TITKORfeM I.VII. 


When a tangent and chord are parallel to each other, they 

intercept equal arcs. 

Let the tangent abc be parallel to the 
chord DF ; then are the arcs bd, bf, equal; 
that is, BD = bf. 

Draw the chord bd. Then, because the 
lines ab, df, are parallel, the alternate 
angles d and b are equal (th. 12). , But 
the angle b, formed by a tangent and chord, is measured by 
half the arc bd (th. 481; and the other angle at the circum¬ 
ference D is measured by half the arc ^ (th. 4*9); therefore 
tlie arcs bd, bf, arc equal, q. e. d. • 
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THEOREM I.VI11. 


The angle formed, within a circle, by the intcrsec'tion t»f 
two chords, is measured by lialf the sum of the tuo iiiter- 
cc])ted arcs. 


i > 


(• 

' \ 

( . ^ 1 
K/ \ '' 


Let the two chords ab, cd, intersect at 
the point e : then the angle aec, or deb, Is 
measured by half the sum of the two arcs 

AC, DB. 

Draw the chord af parallel to c n. Then, 
because the lines aFjCD, are parallel, and ab 
cuts them, the angles on the same side a 
and DEB are equal (th. 14). Hut the angle at the circum¬ 
ference A is measured by half the arc bf, or of the sum of 
FD and DB (th. 49) ; therefore the angle i: is also measuretl 
by half the sum of fd and db. 


Again, because the chords af, cd, arc parallel, the arcs ac, 
FD, are equal (th. 5(>) ; therefore the sum ol’ the two ares \f’, 
DB, is equal to the sum of die two fd, db ; and consequently 
the angle e, which is measured bv half the latter sum, is also 
measured by half the former, u. e. i>. 


THEOREM Ll\. 



The angle formed, out of* a circle, hv two secants, 
is measured by half the difference of the intercepted 
arcs. 

Let the angle e be formed by two se¬ 
cants EAR and ECD ; this angle is measured 
by half the difference of' the two arcs ac, 

DB, intercepted by the two secants. 

Draw the chord af parallel to cd. Then, 
because the lines af, cd, arc parallel, and 
ab cuts them, the angles on the same side a 
and BED are equal (th. 14). But the angle a, at the circum¬ 
ference, is measured by half the arc bf (th. 49), or of the 
difference of df and db : therefore the equal angle e is also 
measured by half the difference of df, dii. 

Again, because tlif chords, af, cd, are parallel, the arcs 
AC, FD, ‘are equal {th. 56); therefore the difference of the 


— 
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two arcs ac, db, is equal to the difference of the two df, db. 
Conse(|iic*ntly the angle e, which is measured by half the 
latter aifference, is also measured by half the former. 

Q. E. D. 


THEOREM LX. 

The angle formed by two tangents, is measured by half the 
difference of the two intercepted arcs. 

Let eb, ed, be two tangents tQ a circle 
at the points a, c ; then the angle e is 
measured by half the difference of the two 
arcs ci‘A, C'GA. 

Draw the chord af parallel to ed. 

Then, because the lines, af, eju, are pa¬ 
rallel, and EB meets them, the angles on 
the same side a and e are eq«ial (tli. 14). 

But the angle a, formed by the chord af and tangent ab, 
is measured by half the arc af (th. 48); therefore the equal 
angle e is also measured by half the same arc af, or half the 
dilFerence of the arcs n a and ( F, or C(;\ (th. 57). 



Carol. In like manner it is proved, that 
the angle E, formeil by a tangent Ecn, 
and a secant eab, is measured by half 
the dilfcrence of the two intercepted arcs 
CA and CFB. 


THEOREM LXI. 

When two linos, meeting a circle each in two points, cut 
one another, either within it or without it; the rectangle 
of the parts of the one, is equal to the rectangle oi the 
parts of the other; the parts of each being measured from 
the point of meeting to the two intersections with the cir¬ 
cumference. 
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Let the two lines ab, cd, meet each 
other in k ; then the rectangle of ae, eb, 
will be cijual to the rectangle of ce, ed. 

Or, AE . EB r: ce . ed. 

For, through the point e draw the dia¬ 
meter FG; also, from the centre h draw 
the radius dh, and draw hi perpendicular 
to CD. 

Then, since deh is a triangle, and the 
perp. HI bisects the chord ri> (th. 41), the 
line CE is equal to the difference of the 
segments di, ei, the sum of them Ix'ing 
DE. Also, because h is the centre of the 
circle, and the radii dh, fh, gh, arc all equal, the line eg 
is equal to the sum of the »des Dii, he ; and ef is equal to 
their difference. 



But the rectangle of the sum and difference of the two 
sides of a triangle is equal to the rectangle of the sum aixi 
difference of the segments of the base (ih. 3o); theref re 
the rectangle bf fe, eg, is equal to the rectangle of cr:, kd. 
In like manner it is pnjvqd, that the same rectangle of i k, 
EG, is equal to the rectangle of ae, eb. Consetpiently the 
rectangle of ae, eb, is also equal to the rectangle of ck, i j> 
(ax. 1). Q. E, D. 

Cored. 1. When one of the lines in the 
second case, as de, by revolving aliout the 
point E, comes into the position of the tan¬ 
gent EC or ED, the two points c and d run¬ 
ning into one; then the rectangle of <’e, ed, 
becomes the square of ce, because ce and d f. 
arc then equal. Consequently the rectangle 
of the parts of the secant, ae . eb, is ei]ual 
to the square of the tangent, ce^. 



Corol. 2. Hence both the tangents ec, ef, drawn from 
the same point e, are equal; since the square of each is equal 
to the same rectangle qj^quantity ae . er. 


THEdREM LXII. 

In equiangular triangles, the rectangle^,of the corresponding 
^ or like sidek, taken alternately, are equal. 
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Let ABC, DEF, be two equiangular 
triangles, having the angle a = the 
angle n, the angle b =: the angle k, 
and the angle c = the angle f ; also 
the like si(^s ab, de, and ac, df, 
being those opposite the equal angles : 
then will the rectangle of ab, df, be 
equal to the rectangle of ac, de. 

In BA produced take ag equal to df; and through the 
three points b, c, g, conceive a circle bcgii to lx; described, 
meeting ca produced at h, and join git. 

Then the angle g is equal to the angle c on the same arc 
BH, and the angle h equal to the angle b on the same arc cg 
(th, 50); also trie opposite angles at A are equal (th. 7) : 
therefore the triangle agh is equiangular to the triangle 
ACB, and consequently to the triangle dfe also. But tlic 
two like sides ac;, df, are also equal by supposition; conse- 
c[ucntly the two triangles agh, dfe, are identical (th. 2), 
having the two sides ag, ah, ecjual to the two df, de, each 
to each. 

But the rectangle cja . ab is equal to tlie rectangle iia . Ac 
(th. (jl): consequently the rectangle df . ab is equal to the 
rectangle de . At;, o. f. d. 


THEOltF.M LX 111. 

The rectangle of the two sides of any triangle, is equal 
to the rectangle of the perpendicular on the third side and 
the diameter of the circumscribing circle. 

Let CD be the perpendicular, and ce 
the diameter of the circle about the triangle 
ABC; then the rectangle ca . cb is = the A 
rectangle cd . ce. 

For, join be : then in the tw'o triangles 
ACD, ECB, the angles a and e are equal, 
standing on the same arc bc (th. 50); also the right angle d 
is equal the angle b, which is also a right angle, being in a 
semicircle (th. 52): therefore these two triangles have also 
their third angles equal, and are equiangular. Hence, ac, 
CE, and CD, cb, being like sides, subtending the equal angles, 
the rectangle ac . cb. dF the first and lastm them, is equal to 
the rectangle ce . cd, of the other two (th. 62), 

VOL. 1. 
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THEOREM LXIV. 

The sq^uare of a line bise^in^ any angle of a triangle, 
tegether with the rectangle of the two segments nf the oppo¬ 
site side, is equal to the rectangle of the two other sides in¬ 
cluding the bisected angle. 

Let CD bisect the angle c of the triangle 
ABC; then the square CD ^ + the rectangle 
AD . DB is = the rectangle ac . ('B. 

For, let CD be produced to meet the cir¬ 
cumscribing circle at £, and join ae. 

Then the two triangles ace, bcd, arc 
equiangular: for the angles at c arc equal 
by supposition, and the angles b and e arc e<]ual, standing 
on the same arc ac (tli. 50); conseijueiitly the third angles 
at A and d are equal (,cor. 1, tli. 17): also cD, and ck, 
CB, are like or corresponding sides, being opjHisite to e(]ual 
angles: therefore tlie rectangle ac . c» is tlic rectangle 
CD . CE (th. 6ii). But the latter rectangle cd . ce is = cn^ -|- 
thc rectangle cd . or. (th. 30) ; therefore the ftirmer rectangle 
AC . CD is also = CD“ 4“ CD . DE, or equal tocD*^ -|- ad , dh, 
since cd . de is = ad . db (th. 61). <j. e. n. 



THEOREM LXV. 


The rectangle of the two diagonals ol‘ any quadrangle 
inscribed in a circle, is equal to the sum of the two rect¬ 
angles of the opposite sides. 

Let ABCD be any quadrilateral inscribed 
in a circle, and ac, bd, its two diagonals: 
then the rectangle ac . bd is = the rect¬ 
angle AB . DC + the rectangle ad , bc. 

For, let CE be drawn, making the angle 
BCE ec}ual to the angle dca. Then the two 
triangles acd, bce, are eouiangular; for the angles a and 
B are equal, standing on the same arc dc ; and the angles 
DCA, BCE, are equaS^ supposition; consequently the third 
ang^M adc,-Eec, are also eciual: also, ac, bc, and ad, be, 
are like or corresponding sides, being opposite to the equal 
angles: therefore )he rectangle ac .,be is = the rectangle 
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Again, the two triangles a«c, dec, are equiangular: for 
the angles bac, bdc, are equal, standing on the same arc bc; 
and the angle dce is equal to the angle bca, by adding the 
common angle ace to the two equal angles dca, bce ; inere- 
fore the third angles e and abc are also equal: but ac, dc, 
and Aii, laH^ are the like sides: therefore the rectangle ac . 
DE is = the rectangle ab . dc (th. 62). 

Hence, by equal additions, the sum of the rectangles 
AC . BE -)- AC . DE IS = AD . BC -f AB . DC. But the 
former sum of the rectangles ac . be + ac . de is = the 
rectangle ac . bd (th. 30); therefore the same rectangle 
AC . BD is equal to the latter sum, the rect. ad . bc -f- the 
rcct. ab . DC (ax. 1). Q. E. D. . 

Coral. Hence, if abd be an equilateral triangle, and r 
any point in the arc bcd of the circumscribing circle, wchave 
AC = BC + DC. For AC . BD being = a d . bc 4- ab . dc ; 
dividing by bd = ab = ad, there results ac = bc + dc. 


OF RATIOS AND PROPORTIONS. 

DIll-IKITION'S. 

Def. 76. Ratio is the proportion or relation which one 
magnitude bears to another magnitude of the same kind, 
with re.spect to tjuantily. 

Note. The measure, or quantity, of a ratio, is conceived, 
by considering what part or parts the leading quantity, called 
the Antecedent, is of the other, called the Consequent; or 
what part or parts the number expressing the quantity of the 
former, is of the number denoting in like manner the latter. 
So, the ratio of a quantity expressed by the number 2, to a 
like quantity expressed by the number 6, is denoted by 2 
divided by o, or ^ or 4 : the number 2 being 3 times con¬ 
tained in 6, or the third part of it. In like manner, the ratio 
of the quantity 3 to 6, is measured or 4 ; the xatio of 
4 to 6 is ^ or 4 ; that of 6 to 4 is 4 oir 4 ; 

77. Proportion is an equality of ratios, "rhus, 

78. Three quantitifs are said to bc proportional, when the 
ratio of the first to the second is equal to the ratio»of the 

2 



S24 


GEOMETRY. 


second to the third. As of the three quantities a (2), b (4), 
c (8), where = ^ =both the same ratio. 

79. Four quantities are said to Ikj proportional) when the 

ratio of the first to the second, is the same as the ratio of the 
third to the fourth. As of the four, a (4), b (2), d(5), 

where 4 =•,?=: 2, both tlie same ratu). 

ATtfe. To denote that four quantities, a, b, c, d, are pro¬ 
portional, they are usually stated or placed thus, a : b :: c : j>; 
and read thus, a is to b as c is to n. But when three quan¬ 
tities are proportional, the middle one is re|)cated, and they 
arc written thus, a : b :: h : c. 

The proportionality of quantities may also be expressed 
very generally by the equality of fractions, as at pa. 120. 

Thus, then a : b :: c : d, also b ; a : ; t ; n, and 

A : C’: : B : D, and t : A : : b : q. 

80. Of three proiwrtional (quantities, the middle one is 
said to be a Mean Proportional between the other two; and 
the last, a Third Proportional to the first and second. 

81. Of four proportional (quantities, the Iasi is said to be 
a Fourth Proportional to .the other three, taken in order. 

82. Quantities are said to be Continually Proqnrrtioiiai, or 
in Continued Proportion, when the ratio is the same between 
every two adjacent terms, viz. when the first is to the second, 
as the scjcond to the third, as the third to tlic fourth, as the 
tburlh to the fifth, and so on, all in the same common ratio. 

As in the quantities 1, 2, 4, 8, 16, &c.; where the com¬ 
mon ratio is equal to 2. 

83. Of any number of quantities, a, b, e, o, the ratio of 
the first A, to the last d, is said to be Comqx>unded of tlic 
ratios of the first to the second, of the second to the third, 
«|id sc on to the last. 

84. Inverse ratio is, when the antecedent is mode the 
(^nsequent, and the consequent the antecedent.—Thus, if 
1 : 2 : : 3 : 6; then inversely, 2:1:: 6: 3. 

85. Alternate pix^rtion is, when antecedent is compared 
with antecedent, aDll^4k>nsequent with consequent.—As, if 
1 : 2 : : 3 : 6; then, by alternation, or permutation, it will 
be 1 : 3 :: 2 : 6. 

86. Compound ratio is, when the $um of the antecedent 
and consequent is compared, either ififti the consequent, or 
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with the antecedent.—Thus, if 1 : 2 : : 3 : 6, then by com- 
pusilion, 1 + 2:1::3 + C:3, and 1 + 2 : 2 : : 3 + 6 : 6. 

87. Divided ratio, is when the difference of the antecedent 
and consequent is compared, either with the antecedent or 
witli the cq^pequent.—Thus, if 1 :2 :: 3: (>, then, by division, 
2—1 : 1 ; : 6 — 3:3, and 2 — 1 : 2 :: 6 — 3: 6. 

^ofe. The term Divided, or Division, here means sub¬ 
tracting, or parting; being used in the sense opposed to 
compounding, or adding, in def. 86. 

THEOREM LXVI. 

Equimultti'LEs of any two quantities have the same ratio 
as the (juantities themselves. 

Let A and n be any two quantities, and wiA, twb, any 
equimultiples of them, m being any number whatever : then 
will niA and 7 «b have the same ratio as a and b, or 
A : B : : toa : ?nB. 

7nB B 

ror —=—, the same ratio. • 

WA A 

Carol. Hence, like parts of quantities have the same ratio 
as the wholes; because the wholes are equimultiples of the 
like parts, or a and b arc like parts of iua and niB. 

THEOREM EXVII. 

If four quantities, of the same kind, be proportionals; 
they will be in proportion by alternation or permutation, 
or the antecedents will have the same ratio as the con¬ 
sequents *. 


* The author's object in these propositions was to sim^fy 
the doctrine of ratios and proportions, by iniagiuiug that the 
antecedents and consequences may always be divided into parts 
that are cominensurable. But it is known to mathematicians 
that there are certain quantities or magnitudes, such as the side 
and the diagonal of a square, which cannot possibly be divided 
in that manner by means of a commo^ 0 ^^pasurc. The theorems 
themselves are true, nevertheless, when applied to these m- 
commensurables ; since no two quantities of the same kind can 
possibly be assigned, whose ratio cannot be expressed by that 
of tw’O numbers, so near, that the differei^pe shall be less than 
the least number that can be named. From the greater of two 
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Let A : B : : m.\ : niB ; then will a : WA ; : b : wb. 

m.\ m mB m . 

±or — = and-= both the same ratio. 

A I B 1 ' 


unequal magnitudes we may take, or suppose takeoi its An//, 
from tlic remaining half, its half, and so on, by continual bi¬ 
sections, until there shall at length be left a inagnitndo less than 
the Iwst of two magnitudes} or, indeed, less than the least 
magnitude that can - be assigned i and this princijifle furnishes a 
ground of reasoning- 

Or, somewhat differently, let a and n be two constant quan¬ 
tities, a and 6 two variable quantities, which we can render as 
small as we please, if we have an equality between a -f- o, and 
B + or, in other words, if the equation a -f a = n -f ^ holds 
good whatever are the values of a and 6 , it may be divided into 
two others, a = b, between the constant quantities, and, a zz b, 
lietween the variable quantities, and which latter must obtain 
for all their states of magnitude. For if, on the contrary, we 
suppose A = n :f: Q, we shall have a — n = — a ss ± q, an 

absurd result; since the quantities a and b being susceptible of 
diminishing imlejinitely, their difference cannot always be = q. 
This is the principle which constitutes the methoij^limits. In 
general, one magnitude is chllcd a limit of another, trhen we can 
make this latter approach so near to the former, that their df- 
ference shall be less than any g^iven magnitude, and yet so that the 
ixco magnitudes shall never become strictly equal. 

Let us here apply the principle to the demonstration of this 
proposition, that the ratio of two angles acb, noi*, is equal to 
that of the arcs, ab, np, comprised between their sides, and 
drawm from their respective summits as centres with equal 
radii. 


If the arcs pn, ha, 
are commensurable, 
their common mea¬ 
sure hm will be con¬ 
tained n times in »», 
r ^mes in ha \ so that 
we shall have the 




equal ratios ^ . Through each point of division, m, n, &c. 

draw the lines wic, to the summits c, and o, the angl^ 

proposed will be dividb^into «, and r, equal angles, bem, men*, 

PON n __ 

poq, qor. Sec. We shall, thilrefore, hare —= —. Hence 


is ^ ^ lAace each of them is equal to the ratio ~ 
BCA ba r 
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Othemise. Let a : 

B : 

: c : D; 

then shall b : 

A : 

: c: D. 

l". 1 . A C 

r or, let — = — = 

: r; 

then A 

= Br, and c = 

Dr 

: there- 

B D 





_ 1 

r ’ 

fore B z •^afeand d = 

c 

r 

Hence 

— = —, and 

A r 

D 

c 

Whence it is evident that - 

B I) 

A 

(ax. 1), or B : 

A : 

: D : 0, 


la a similar manner may most of the other tlieorems be 
demonstrated. 


THEOREM LXVlII. 

If four (jiiantitics be proportional; they will be in proportion 
by inversion, or inversely. 

Let A : B : : mA : wib ; then will n ; a :: mB : mx. 

_ ?»A A - . , 

Jr or — = —, both the same ratio. 

MB B 


. THEOREM LXIX. 

If four quantities be proportional; they will be in projxir 
tion by composition and division. 

Let A : u : : mx : im ; 


If the arcs are incommensurable, divide one of them, ba, into 
a number r of equal parts, bm, mn, See. and set off equal parts 
P9f upon the other arc pn ; and let s be the point of di¬ 

vision that falls nearest to n. Draw o«8. Then, by the pre¬ 


ceding, ba, ps, being commensurable, we shall have 

BCA. 0 ^ 

the angle pos = pon -p nos^ arc ps = pi + Therefore,^' 


PON 

BCA 


NOS pn ns 
■f -= 4- —. 


BCA 


lift 


hn 


Here nos and ns are susceptible of indefinite variation, ac¬ 
cording as we change the common measure, bnt, of ba-, they 
may, therefore, be rendered as small please, while the 

other quantities remain the same. Consequently, by the na¬ 
ture of limits, as above explainsid, we have the equal ratios 

PON mi , 

— = or PON ; Bcjt: : pn : ba. 

BCA ba ^ 
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Then will b ± A : a : ; ?«« + «ia : mA , 
and B ± A ; b : : /nn -f : twB. 


for 


niA 


' m B + fflA B ± A 


; and 


mo 


tUii±f»A 


Carol. It appears from hence, that the sum greatest 

and least of tour proportional quantities, of the same kind, 
exceeds the sum of the other two. For since 
A : A -f « : : fWA : m\ -f wb, where a is the least, and 
wiA -f mB the greatest; then »/ -f 1 • a + wb, the sum of 

tlie greatest and least, exceeds + 1 . a + b, the sum of 
the two other quantities. 


rilEOKEM LXX. 

Ie, of four proportional quantities, there Ikj taken any 

equimultiples whatever oi' the two antecedents, and any eciui> 

multiples whatever of the two consequents; the quantities 

resulting will still be proportional. 

Let A : B :: wiA : win; also, let pA and pmA be any 

equimultiples of the two antecedents, and qa and qmB any 

equimultiples of the two consequents ; then will - - - - 

p\ : qB : : pmA : gms. 

qmB VB , , , 

ror - - = -—, both the same ratio. 

pmA pA 


THEOJIEM LXXf. 

If there lie four proportional quantities, and the two con¬ 
sequents be either augmented or diminished by quantities 
that have the same ratio as the respective antecedents; the 
results and the antecedents will still be proportionals. 

Let A : B : : mA : me, and ha and nmA any two quali¬ 
ties having the same ratio as the two antecedents; then will 
A : B ± nA ; : via : wb ± «wa. 

_ mn±7itnA B±nA . , , 

For —- ==-, both the same ratio. 

mA A 


THEOREM LXXII. 

If any numbeur of quantities be proportional, then any 
one oie the antecedents will be to its consequent, as the 
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sum of all the antecedents, is to the sum of all the con* 
sequents. 

Let A : B ; : niA : mo : : «a : wb, &c. ; then will --- 
A : B :; A 4- mA 4 - WA : B + wb + wb, &c. 


For = ( 1 h-w» 4 -w)b _ 

A4-WlA-j-WA (14-»*4 -w)a 



the same ratio. 


TIIEOKEM LXXIII. 


If a whole magnitude be to a whole, as a part taken from 
the first, is to a part taken from the other; then the re- 
main<ler will be to the remainder, as the whole to the 
Avhole. 


B — 


For 



711 

771 


• • 

• • 

- A 

• 

■ b; 



71 




in 

m 

B : 

: A- 

A : B-B. 



71 

11 

m 




— 

B 



71 

_ H 

, both the same 

771 


A 



'' 71 ^ 


THEOREM LXXIV. 

If any quantities be proportional; their squares, or 
cubes, or any like powers, or roots, of them, will also be 
proportional. 

Let A : B ; : via : wjb ; then will a" : b** : : wi’*a" : 

^ Wi”B" u 1 u 

For -r-T. = —r j both the same ratio. 

7 »'*A" A* 

I 

See also, th. viii. pa. 120. 


THEOREM LXXV. 

If there be two sets of proportionals ; then the products 
or rectangles of the corresponding terms will also .be pro¬ 
portional. 


% 


Let A : B : : mA i ms. 
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then will AC : BD :: wwac : mn bd. 

T;. 7/I//BD »n , - , 

1 or-tx)th the same ratio. 

9A/IAC AC 


THEOREM LXXVI. 

If four quantities be proportional; the rectangle or pro¬ 
duct of the two extremes, will be equal to the rectangle or 
product of the two means,,, And the converse. 

Let A : B : : ntA ; rwu; 

then is A X vib o x m.\ = 7/1 ab, as is evident. 

I 

THEOREM LXXVII. 

If three quantities Ikj continued proportionals; the rect¬ 
angle or product of the two extremes, will be cHjual to the 
square of the mean. And the converse. 

Let A, niA , m-A be three proportionals, 

or A : m\ : :• fUA : m^A ; 

then is A X m^A = 7rt*A®, as is evident. 

THEOREM LXXVlir. 

If any number of quantities be continued proportionals; 
the ratio of the first to the third, will be duplicate or the 
square of the ratio of the first and second; and the ratio of 
the first and fourth will be triplicate or the cube of that of 
the first and second; and so on. 

Let A, wiA, 7rt®A, fn^A, &c. be proportionals; 

then is = — ; but -A. — -1; and =—i ; &c. 

MA rn OT®A w® m^A to* 

^ THEOREM LXXIX. 

Triangles, and also parallelograms, having equal altitudes, 
arc to each other as their bases. 

Let the two triandes abc, def, have 
the same altitude, or be between the same 
parallels ae, ce; then is the**surface of 
the triangle adc, to the surface of the 
triangle •def, rill the' base ad is to ' 
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base DE. Or, ad : he : : the triangle adc: the triangle 

DEF. 

For, let the base ad be to the base de, as any one num¬ 
ber m (2), to any other number n (3); and divide the 
resp«ctii!S|^baseB into those parts, ab, bd, dg, gh, he, all 
equal to another; and from the points of division draw 
the lines bc, fg, fh, to the vertices r and f. Then will 
these lines divide the triangles ad^c, def, into the same 
number of parts as their bases, each equal to the triangle 
ABC, because those triangular parts have equal bases and 
altitude (cor. 2, th. 25); namely, the triangle abc equal to 
each of the triangles bdc, dfg, gfh, hfe. So that the tri¬ 
angle ADC, is to the triangle dfe, as the number of parts 
(2) of the former, to the number n (3) of the latter, that is, 
as the base ad to the base de (def. 79) *, 

In like manner, the parallelogram adki is to the parallelo¬ 
gram DEFK, as the base ad is to the base de ; each of these 
having the same ratio as the number of their parts, m to n, 
Q. e. d. 


THEOREM LXXX. 

Triangles, and also parallelograms having equal bases, are 
to each other as their altitudes. 


* If the ba.scs ad, dk, of two triangles that have a coniinon 
vertex c, are incommensurable to each other, the ratio of the 
triangles is, notwithstanding, equal to that of their bases. 

For, first, if possible, let the triangle 
BCD be to tlic triangle acd, not as ed to 
AD, but as some other line bd greater 
than ED, is to ad. 

Let AM be a part, or measure of ad, 
less than be, and let di be that multiple 
of AM, which least exceeds de, and which by the note to th. 
may be made as small as we please. Let cb, ci, be drawn, i 
evidently falls between e and b, because (by hyp.) ei is less than 
AM. But icD : ACD ;: ID : ad, by th. 79. Also, by hyp. 
ecd : ACD : : BD : ad, greater than the ratio of id : ad, or of 
ICD ; ACD ; and consequently, ecd is greater than icd : which 
is impossible. By a like reasoning it may be shown, that ecd 
cannot be to acd, as a line less than ed, is to ad. ConseqnenUy, 
it must be ecd : acd : ; ed : ad. 

Similar reasoning, rounded upon the prece^g no(p, apjdies 
also to the case of parallelograms. 
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Let A HI', BEF, be two triangles 
having (he equal bases ab, he, anil 
whose altitudes are the perpendicu¬ 
lars cg; fh ; then will the triangle 
ABC: the triangle bef :: cg : fh. 

For, let BK be perpendicular to 
AB, and eoual to co; in which let 
there be taken be = rii; drawing ak and al. 

Then triangles of equal bases and heights being equal 
(cor. 2, th. 25), the triangle -ujk is = ahc, and the triangle 
ABL = BEF. But, considering now auk, abl, as two tri¬ 
angles on the bases bk, BL,.nnd liaving the sitme altitude ah, 
these will be as their bases (th. 79), namely, the triangle 
ABK : the triangle abl :: bk : bl. 

But the triangle abk = abc, and the triangle abl = bef, 
also BK = CG, and bl = Fit. 

Theref. the triangle abc : triangle bef :: cg ; fix. 

x\nd since parallelograms are the douldes of these triangles, 
having the same bases and altitudes, they will likewise have 
to cacb other t^jc same ratio as their altitudes, q. e. i>. 

Coro/. Since, by this theorem, triangles and parallelo¬ 
grams, when their bases arc cijual, are to each other as their 
altitudes; and by the foregoing one, when their altitudes arc 
equal, they are to each other as their bases; therefore uni¬ 
versally, when neither are equal, they are to each other in 
the compound ratio, or as the rectangle or product of their 
ba.ses and altitudes. 


THKOllKM LXXXI. 

If four lines be proportional; the rectangle of the ex- 
tremes will be cijual to the rectangle of the means. And, 
conversely, if the rectangle of Uie extremes, of four lines, 
be, equal to the rectangle of the means, the four lines, taken 
alternately, will be proportional. 

Let the four lines a, b, c, d, be a. -- 

proportionals, or a : b :: c : d ; 
then will the rectangle of a and d be 
equal to the rectangle of B and c; 
or the rectangle a . d = b . c. 

For, let the four lines be placed 
with their four^extreruities meeting 
in a comthon point, forming at that 
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point four right angles; and draw lines parallel to them to 
complete the rectangles p, q, r, where p is the rectangle of 
A and 1), Q the rectangle of it and c» and r the rectangle of 
B and u. 

Then the rectangles p and b, being between the* same 
parailelsi'^e to each other as their bases A^nd b (th. 79); 
and the rectangles a and b, Ijeing between the same parallels, 
are to each other as their bases c and n. But the ratio of 
A to B, is the same as the ratio of c to d, by hypothesis; 
therefore the ratio of p to k, is the same as the ratio of q to 
R ; and consequently the rectangles r and a are equal. 

Q. E. D. 

Again, if the rectangle of a and d, be equal to the 
rectangle of b and c ; these lines will be proportional, or 
A : B : ; c : 1 ). 

For, the rectangles being placed the same as before : then, 
because parallelograms between the same parallels, are to one 
another as their bases, the rectangle p : r : : a : b, and 
Q : R ;: c : D. But as p and q are equal, by supposition, 
they have the same ratio to r, that is, the rapo of a to b is 

equal to the ratio of r to n, or a : b :: c ; d. q. e. d. 

• 

Coro}. 1. When the two means, namely, the second and 
third terms, are equal, their rectangle becomes a square of 
the second term, which supplies the place of both the second 
and third. Ami hence it follows, that when three lines are 
proportionals, the rectangle of the two extremes is equal to 
the square of the mean ; and, conversely, if the rectangle of 
the extremes be equal to the square of the mean, the three 
lines are proportionals. 

Carol. 2. Since it appears, by the rules of proportion in 
Arithmetic and Algebra, that when four quantities are pro¬ 
portional, the product of the extremes is equal to the product 
of the two means; and, by this theorem, the rectangle of the 
extremes is equal to the rectangle of the two means; it fol¬ 
lows, that the area or space of a rectangle is represented or 
expressed by the product of its length and breadth multiplied 
together. And, in general, a rectangle in geometry is similar 
to the product of the measures of its two dimensions of length 
and breadth, or base and height. Also, a square is similar 
to, or represented by, the measure of its side multiplied by 
itself. So tliat, whaj is shown of such^products, is to lx* un¬ 
derstood of the squares and rectangles. 
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Coral, 3. Since the same reasoning, as in tliis theorem, 
liolds ft>r any parallelograms whatever, as well as Ibr the 
rectangles, the same property belongs to all kinds of paral¬ 
lelograms, having equal angles, and also to triangles, which 
are the halves of parallelograms; namely, that if the sides 
about the equal angles of parallelo^ams, or ff^gles, Ixs 
reciprocally proportional, the parallelograms or triangles will 
be equal; and, conversely, if the parallelograms or triangles 
be equal, their sides about the equal angles will be recipro¬ 
cally proportional. 

i 

Corel. 4. Parallelograms, or triangles, having an angle in 
each equal, are in proporticn to each other as tlic rectangles 
of tlie sides which are about these et^ual angles. 


THEOREM LXXXIl. 

If a line be drawn in a triangle parallel to one of its sides, 
it will cut the other two sides proportional I}’. 

Let DE be parallel to the side nc of the 
triangle arc ; then will ad : db : : ak : ec. 

For, draw be and cd. '^I'hcn llic tri¬ 
angles DBE, DCE, arc equal to each other, 
because they have the same base i>e, and 
are between the same parallels de, bc 
(til. 25). But Uie two triangles, aue, bde, 
on the bases ad, db, have the same altitude; and the two 
triangles ade, cde, on the bases ae, i:(', have also the same 
altitude; and because triangles of the same altitude are to 
each other as their bases, therefore 

the triangle ade : bde : : at> : db, 
and triangle ade : cde :: ae : ec. 

But BDE is = CDE ; and equals must have to equals the 
same ratio; therefore ad : db :: ae : ec. q. e. d. 

Corel, Hence, also, the whole lines ab, ac, are propor¬ 
tional to their corresponding proportional segments (corol. 
th. 66), 

viz.j AB : AC : : AD ; ^E, 

c and AB : AC :: bd : CE. 
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THEOREM LXXXIII. 

A LINE which bisects any angle of a triangle, divides the 
opposite side into two segments, which are projjortional to 
the two other adjacent sides. 

Let the angle acb, of the tnangle abc, 
be bisected by the line cn, making the 
angle r equal to the angle s : then will the 
segment ad be to the segment db, as the 
side AC is to the side cb. Or, - - - - 

AD : DB :: AC : cb. 

For, let BE be panillel to cd, meeting 
AC produced at e. Then, because the line bc cuts the two 
parallels cD, be, it makes the angle cbe equal to the alter¬ 
nate angle s (th. 12), and therefore also equal to the angle 
r, which is equal to 5 by the supposition. Again, because 
the line ae cuts the two parallels dc, be, it makes the angle 
E equal to the angle r on the same side of it (th. 14). Hence, 
in the triangle bce, the angles n and e, being each equal to 
the angle r, are equal to each other, and consequently their 
opposite sides cb, ce, are also equal (th. 3). 

But now, in the triangle abe, the line C 14 being draw'n 
parallel to the side- be, cuts the two other sides ab, ae, pro¬ 
portionally (th. 82), making AD*to db, as is ac to ce or to 
Its equal cb. q. e. d. 



THEOREM LXXXIV. 

Equiangular triangles are similar, or have their like sides 

proportional. 

Let ABC, DEF, bc two equiangular tri¬ 
angles, having the angle a equal to the 
angle d, the angle n to the angle e, and 
consequently the angle c to the angle r ; 
then will ab : ac :: de : df. 

For, make dg = ab, and dii = ac, and 
join GH. Then the two triangles abc, 

DGH, having the two sides ab, ac, equal 
to the two DG, DH, and the contained an¬ 
gles a and D also equal, are identical, or 
equal in all respects (th. 1), namely, the 
angles b and c are equal to the angles a and h. But the 
angles b and c are equal to the angles e and f by the hypo¬ 
thesis ; therefore also the angles g and h arc equal to the 
angles e and f (ai^ 1), and conseq\^ently the line gh is 
parallel to the side f.f (cor. 1, th. 14). ' . 


V 
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Hence then, in the triangle def, the line gh, being parallel 
to the sitle ef, divides the tw'o other sides proportionally, 
making no : dh : : de : df (cor. th. 82). But o<i and 
Dll are et|ual to ab and ac ; therelbre also - - - - - 

AH : 'ac : : de : df. q. e. d. 


THEOREM LXXXV. 


Triangles which have their sides proportional, are eejui- 

angular. 


In the two triangles abc, def, if 
AB : DE : ; ac : of : : hc : ej ; the two 


triangles will have their correspondi 
angles equal. 





For, if the triangle abc he not etjuian- 
giilar with the triangle def, suppose st>ine 
other triangle, a.s dfa;, to l>c etiuiangular 
with ABC. But this is im|>ossiDle: for if 
the two triangles abc, dec, were equian¬ 
gular, their sides would be pro|X)rtional 
(th. 84). So that, ab being to de as ac 
to DG, and AB^to de as bc to eg, it follows that dg and eg, 
being fourth proportionals, to the same three quantities, as 
well as the two df, ef, the former, dg, kg, would he equal 
to the latter, df, ef. 'I’hiis, then, the two triangles Di:r, 
DEG, having their three sides equal, would be identical 
(th. 5); which is absurd, since their angles are unequal. 



theorem i.xxxvi. 

Tkian’gles, which have an angle in the one equal to an 
angle in the other, and the sides alxHit these angles pro¬ 
portional, are equiangular. 

Let ABC, DF.F, bc tw'o triangles, having the angle a = the 
angle d, and the sides ab, ac, proportional to the sides 
DE, df; then will the triangle abc bc equiangular with the 
triangle def. 

For, mqke dg = ab, and dh = ac, and join oh. - 

Then, the two triangles abc, dgh, having two sides equal, 
and the contained angles a and d equal, are identical and 
equiangular (th. 1), having the angles o and u equal to the 
angles b and c. But, since the sides dg, dh, are proportional 
to the sides de, df, the line gh is parallel to ef (th. 82); 
hence the angles e and f are etjual to the angles G and h 
(th. 14), and consequently to their equals b and c. q. e. d. 
, [^‘c fig. th. i.xxxiv.] 
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THEOREM LXXXVII. 


In a right-angled triangle, a pei-pendicular from the 
right angle, is a mean proportional between the segments of 
the hypothenuse; and each of the sides, about the right 
angle, is a mean proportional between the hypothenuse and 
the adjacent segment. 


Let ABC be a right-angled triangle, and 
CD a perpendicular from the right angle c 
to the hypothenuse ab ; then will 



CD be a mean proportional between ad and db ; 

AC a mean proportional between ab and ad ; 

BC a mean proportional between ab and bd. 

Or, AD : CD : : CD ; db ; and ab : bc : : bc : bd ; and 
AB : AC : : AC ; ad. 


For, the tw'O triangles, abc, adc, having tlic right angles 
at c and d equal, and the angle a common, have tlieir third 
angles equal, and arc equiangular*(cor. 1, th. 17). In like 
manner, tlic two triangles abc, bdc, having the right angles 
at c and d equal, and the angle b common, have their third 
angles equal, and are equiangular. 

Hence then, all the tnree triangles, abc, adc, bdc, being 
equiangular, will have their like sides proportional (th. 84) ; 

viz. AD ; CD :: CD : db; 

and AE : AC : : AC ; ad; 

and ab : bc : : bc : bd. q. e. d. 


Corol. 1. Because the angle in a semicircle is a right 
angle (th. 52); it follows, that if, from any point c in the 
periphery of the semicircle, a perpendicular be drawn to the 
diameter ab ; and the two chorus ca, cb, bc drawn to the 
extremities of the diameter : then are ac, bc, cd, the mean 
proportionals as in this theorem, or (by th. 77), - - - - 
CD* = AD db ; AC* = AB . ad; and bc* =: ab . bd. 

Corol, % Hence ac* : bc* :: ad : bd. 

Corol, 3. Hence we have another demonstration of 
th. 34. 

For since ac* = yfB . ad, and bc* ^ ab . bd ; 

By addition ac* -1- bc* = ab (ad -f- bd) = ab*. * 

VOL. I. • A A 
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TIIKOREM LXXXVni. 


EarTANGULAK or similar triangles, arc to each other as the 
squares of their like sides. 


Let ABC, DEP, be two equiangular 
triangles, ab and de being two like 
sides: then will tlic triangle abc be to 
the triangle def, as the square of ar 
is to the square of de, or as ab" to de". 

For, the triangles being similar, they 
have their like sides proportional (th. 84), 
and are to each other as the rectangles 
of the like pairs of their sides (cor. 4, 
th, 81); 



tliercf. AB : DE :: AC : dk (th. 84), 
and AB : DE : : AB : dk of equality : 
theref. ab* :: de* : : ab . ac : de . df (th. 75). 

But A ABC : A def : ; ad . Ac : DE . DF (cor. 4, th.81), 
theref. a abo ; a def : : ad* : de*. q. f.. d. 


THEOREM LXXXTX. 

All similar figures are to each other, as the squares of their 

like sides. 

Let ABODE, FGHIK, bc 
any two similar figures, the 
like sides being ab, fc, and 
BC, GH, and so on in the 
same order: then will the 
figure ABCDE be to the figure 
FGHiK, as the square of ab 
to the square of fg, or as ab- to fg*. 

For, draw bs, bo, gk, gi, dividing the figures into an 
equal number of triangles, by lines from two equal angles 
B and G. 

The two figures being similar (by suppos.), they are equi¬ 
angular, and have their like sides proportional (def. 67). 

Then, since the angle a is = the angle f, and the sides 
AB, ae, proportional to the sides, fg, fk, the triangles 
ABE, FGK, are equiangular (th. 86).« In like manner, the 
two triangles boo, ghi, having the angle c =: the angle h. 
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and the sides bc, cd, proportional to the sides CH, hi, are 
also equiangular. Also, if from the equal angles aeo, fki, 
there be taken tlie equal angles aeb, fkg, there will remain 
the equals bed, gki ; and if from the equal angles* ode, 
iiTK, taken away the equals cdb, hig, there will remain 
the equals DDE, gik ; so that the two triangles bde, gik, 
having two angles equal, arc also equiangular. Hence each 
triangle of the one ngure, is equiangular with each corre¬ 
sponding triangle of the other. 

But equiangular triangles are similar, and are proportional 
to the squares of their like sides (th. 88). 

Therefore the a abe ; A fgk ab” : fg-, 
and A BCD : A ghi :: bc* : gh*, 
and A BDE: A gik :: de“ ; ik®. 

But as the two polygons arc similar, their like sides are 
proportional, and consequently their squares also propor¬ 
tional ; so that all the ratios ab* to fg*, and nc* to gh*, and 
to IK*, are equal among themselves, and consequently 
the corresponding triangles also, abe to fgh, and bcd to 
ghi, and bde to gik, have all the same ratio, viz. that of 
AB* to FG» : and hence all the antecedents, or the figure 
ABCDE, have to all the consequents, or the figure fghik, still 
the same ratio, viz. that of ab* to fg* (th. 72). q. e. d. 


THEOREM XC. 

Similar figures inscribed in circles, have their like sides, 
and also their whole perimeters, in the same ratio as the 
diameters of the circles in which they are inscribed. 

Let ABCDE, FGHIK, 
be two similar figures, 
inscribed in the circles 
whose diameters are al 
and FM; then will each 
side AB, BC, &c. of the 
one figure to the like 
side gf, gh, &c. of the 
other figure, or the whole perimeter ab + bc + &c.of the 
one figure, to the whole perimeter fg + gh -f &c. of the 
other figure, as the diameter al to the diameter fm. 

For, draw the two corresponding diagonals ac, fh, as 
also the lines bl, GM.*Then, since the |)oIygons are similar, 
they are equiangular, and their like sides have the satne ratio 

• A A 2 
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(<ld’. (>7); iherefore the two triangles arc, fgii, have the 
angli* B = the angle g, and the sides ab, bt, proportional 
to the two sides fg, gii, consequently these two triangles 
are equiangular (ill. 86), and have the angle acb = fug. 
But the angle acb r: alb, standing on the same are ab ; 
and the angle fug =: fmg, standing on the same arc fg; 
therefore the angle alb = fmg (ax. 1). And since the 
angle ABL = fgm, being Ixith right angles, becauBe in a 
semicircle; therefore the two triangles abl, fgm, having 
tw-o angles equal, arc equiangular; and consequently their 
like sides are proportional (th. 84); hence au ; fg :: the 
diameter al : the diameter fm. 

In lilie manner, each tiide bc, ('j>, &c. has to each side 
GH, lit, ^c. the same ratio of al to fm ; and consctiucnlly 
the hums of them arc still in the same ratio, viz. ab -j- bc + 
rn, &c. : fg -f <:h + ni, &c. ; : the diam. al : the diam. 
FM (th. 72). Q. E. D. 


THEOREM XCL 

Similar figures in.scribed in circles, are to each other a.s the 
sejurfres of the diameters of those circles. 

Let ABODE, FGHiK, be two similar figures, inscribed in 
the circles whose diameters are al and fm ; then the surface 
of the fxjlygon abcde will be to the surface of the polygon 
FGHIK, as al® to FM*. 

For, the figures being similar, arc to each other as the 
squares of their like sides, ab‘ to fg* (th. 88). But, by the 
last theorem, the sides ab, fg, arc as the diameters al, pm ; 
and therefore the squares of the sidt*s ab‘ to fg*, as the 
squares of the diameters al* to fm® (th. 74). Consequently 
the polygons abcde, fghik, are idso to each other as the 
squares of the diameters al* to fm’ (ax. 1). q. e. d. 

[See fig. th. xc.] 

THEOREM XCII. 

The circumferences of all circles are to each other os their 

diameters *. 


* The truth of theorems 92, 93, and Qf, may be established 
more satisfactorily than in the text, upon principles analogous to 
those of the two last i|t>tes. , 

Theorem. The area of any circle abd is equal to the rect- 
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Lot H, <Z, deiiulo the diamctorb ot‘ two circles, and c, c, 
their circumferences; 

then will d : t/ : : c : c, or D : c : : d: c. 


an^le contuined by tbc radius, and a str.iight line equal to half 
llu* circuiuference. 

If not, let the rectangle he /ess than 
tlie circle abd, or equal to the circle 
FSB: and iiiia^ine ei> drawn to touch 
the interior circle in r, and meet the 
circumference a»j> in k and i>. Join 
CD, cutting the arc of the interior circle 
in K. , Let ni be a qiiadrantal arc. of 
the inner circle, and from it take its 
half, from the remainder its half, and so on, until an arc ki !•> 
obtained, less than tk. Join ci, produce it to cut kd in L, and 
make rt; = i l : so shall co be the side of a regular polygon 
circmn.sciihing the ciicle kmi. It is manifest that this polygon 
is le-ss than the circle bccanse it is ctuitained nithin it. 

Because the triangle ocl is half the rectangle of base ge and 
altitude cr, tlie whole polygon of which gci. i^s a constituent 
ti ianglc, i equal to half the rectangle « hose tiasc is the perimeter 
of that pohg.m and altitude cr. that pcrimetci io less than 

the circimdVrciicc abd, because each portion of it, such as gl, 
is less tliaii the corresponding arch of circle having radius ci., 
and therefore, a Jortiori, less than the corrc.sponding arch of 
circle with radius c.\. Also ce is less than c.\. 'I'herefore tlu: 
polygon of uhich one side is gl, is less than the rectangle whose 
base is half the circumference abd and altitude ca \ that is, 
(by hyp.) less than the circle fnu, which it contains : which is 
absurd. Therefore, the rectangle under the radius and half 
the circunifereucc is not less than the circle abd. And by a 
similar process it may be shown that it is not greater. Con¬ 
sequently, it is equal to that rectangle. Q. e. d. 

Theorem. The circumferences of tw'O circles abd, abd, arc 
as their radii. 

If possible, let the radius 
AC, be to the radius, ac. as 
the circumference abd to a 
circumference ihk less than 
abd. Draw the radius cie, 
and the straight line J'ig 
a chord to the circle abd, 
and a tangent to the circle 
ihk in i. From eb, a (piartcr of the circumference of abd, 
take away its half, anfl then the half of tlit?, remainder, atid so on, 
until there be obtained an arc ed less than eg i and fro% d djaw 
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For (by llieor. 90), simiiar polygons inscribed in circles 
have their perimeters in the same ratio as the diameters of 
those circles. 

Now as this property belongs to all polygon?, whatever 
the number of the sides may be; conceive the number of the 
sides to be indefinitely great, and the length of each inde* 
finitely small, till they coincide with the circumference of 
the circle, and be ccjual to it, indefinitely near. Then the 
perimeter of the jwlygon of an infinite numlier of sides, is 
the same thing as the circumference of the circle. Ilencc it 
appears that the circumferences of the circles, l)eing the same 
as the perimeters of such polygons, arc to each otiicr in the 
same ratta as the diameters of the circles, u. e. d. 


THEOBEM XCIII. 

The areas or spaces of circles, are to each other ns the 
s(|uares of their diameters, or of their radii. 

Let A, «, denote the areas or spaces of two circles, and 
1), d, their diameters; then a : a :: d* : d*. 

For (by theorem 91) similar polygons inscribed in circles 
are to each other as the .aquares of tiie diameterb of the 
circles. 


tid parallel to fg, it will be the side of a regular polygon in¬ 
scribed in the circle abd, yet evidently greater than (he circle 
Utk, because each of its constituent triangles, as acd contains 
the corresponding circular sector cno. Let au Ije the side of a 
similar polygon inscribed in the circle adb, and join ac, co, 
similarly to ac, cd. The similar triangles acd, ned, give ac : ac 
: ; AD : ad^ and : : perim. of polygon in add : perim. of polygon 
in abd. But, by the preceding theorem, ac : ac : : rircumf. 
ABD : circumf. abd. The perimeters of the polygons are, there* 
fore, as the circumferences of the circles. But, this is im¬ 
possible i because, (by hyp.) the perim. of polygon in abd is 
less than the circumf.; while, on the contrary, the perim. of 
polygon in adb is greater than the circumf. ihk. Consequently, 
AC is not to ac, as circumf. adb, to a circumference less than 
adb. And by a similar process it may be shown, that ac is not 
to AC, as the circumf. abd, to a circumference less than abd. 
Therefore ac : ac : : circumf. abd : circumf. abd. q. k. d. 

Carol. Since by this theorem, we have c ; c :: R: r, or, if 
c s= irii, c = iTr; and, by the former, area (a) : area (a) : : 
^iic : ^rc : we have ha:: : : ii* : r* : : d* : d* : : 
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Hence, conceiving the number of the sides of the polygons 
to be increased more and more, or the length of the sides to 
become less and less, the polygon approaches nearer and 
nearer to the circle, till at length, by an infinite appyoach, 
they coincide, and become in effect etjual; and then it fol¬ 
lows, that the spaces of the circles, which are the same as of 
the polygons, will be to each other as the squares of the 
diameters of the circles, g. e. d. 

Corol. The spaces of circles are also to each other as the 
squares of the circumferences; since the circumferences are 
in the same ratio as the diameters (by theorem 92). 


* TIIEOUEM xciv. 

The area of any circle, is equal to the rectangle of half its 
circumference and half its diamUer. 

Conceive a regular p<jIygon to be in¬ 
scribed in the circle; and radii drawn to 
all the angular points, dividing it into ns 
many equal triangles as the polygon has 
sides, one of which is abc, of wliich the 
altitude is the perpendicular CD from the 
centre to the base ab. 

Then the triangle abc, being equal to a rectangle of half 
the base and equal altitude (th. 26, cor. 2), is equal to the 
rectangle of the half base ad and the altitude CD ; con¬ 
sequently the whole polygon, or all the triangles added to¬ 
gether which compose it, is equal to the rectangle of the 
common altitude cd, and the halves of all the sides, or the 
half perimeter of the polygon. 

Now conceive the number of sides of the polygon to be 
indefinitely increased ; then will its perimeter coincide with 
the circumference of the circle, and consequently the altitude 
CD will become equal to the radius, and the whole polygon 
equal to the circle. Consequently the space of the circle, or 
of the p61ygon in that state, is equal to the rectangle of the 
radius and half the circumference, a. e. d. 




OF PLANES AND SOLIDS. 


DKFI.MTIOXS. 

Def. 88. The Common Section of two Planes, is llie 
line in which they meet, or cut each other. 

89. A Line is Perpendicular to a Plane, when it .’s per- 
()endicular to every line in that plane w'hich meets it. 

90. One Plane is Perpendicular to Another, wfjen every 
line of the one, which is iierpendiciilar to the line of their 
common section, is ])cr|ienaicular to the other. 

91. The Inclination of one Plane to another, or the an;;le 
they form between them, is the angle contained by two Jine'<, 
drawn from any point in the common section, and at right 
angles to the same, one of these lines in each plane, 

92. Parallel Planes, are such as being produced ever so 
far both ways, will never meet, or which are every where at 
an equal perpendicular distance. 

93. A Solid Angle, is that which is made by three or 
more plane angles, meeting each other in the same {xiint. 

94. Similar Solids, contained by plane figures, are such as 
have all their solid angles equal, each to each, and are boundcnl 
by the same number of similar planes, alike placed. 

95. A Prism, is a solid whose ends are parallel, equal, and 
like plane figures, and its sides, connecting those ends, arc 
parallelograms. 

96. A Prism takes particular names according to the figure 
of its base or ends, wiiether triangular, stjuare, rectangular, 
pentagonal, hexagonal, &c. 

97. A Hight or Upright Prism, is that which has the 
planes of the sides perpendicular to the planes of the ends 
or base. 

98. A Parallelopiped, or Parallelopipcdon, is 
a prism bounded by aix parallelograms, every 
opposite two of whick arc equal, alike, and pa¬ 
rallel. * 
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99. A Kfftan^ular rarallclo})ldeclon, is that whose bound¬ 
ing planes are all rectangles, which arc perpendicular to cacli 
Ollier. 

100. A Cube, is a wjuare prism, being bounded 
by six e(]ual sejuare sides or faces, ami are perjxjti- 
dicular to each other. 

101. A Cylinder i.s a round prism, having cir¬ 
cles for its ends; and is conccivetl to bo formed 
by the rotation of a right line about the circuin- 
ferencc.s of two ecjual and parallel circle.s, always 
parallel to the axis. 

102. The Axis of a Cylinder, is the right line 
joining the centres of the two parallel circles, about 
h'gure is described. 

105. A Pyramid, is a solid, whose base is any 
right-lined plane figure, and its sides triangles, 
liaving all their vertices meeting together in a 
point above the base, called the vertex of tlie 
pyramid. 

104. A pyramid, like tlie prism, takes particular names 

from the figure of the base. • 

105. A Cone, is a round pyramid, having a 
circular base, aud is conceived to be generated 
by the rotation of a right line about the eircum- 
fcrcnce of a circle, one end of which is fixed at 
a jjoint above the plane of that circle. 

106. The Axis of a cone, is the right line, joining the 
vertex, or fixed point, and the centre of the circle about 
which the figure i.s described. 

107. Similar Cones and Cylinders, are such as have their 
altitudes and the diameters of their bases proportional. 

108. A Sphere, is a solid bounded one curve surface, 
which is every where ecjually distant from a certain point 
within, called the Centre. It is conceived to be generated 
by the rotation of a semicircle about its diameter, whicli 
remains fixed. 

109. The Axis of a Sphere, is tlie right line about whicli 
the semicircle revolves; and the centre is the same as that of 
the revolving semicircle. 

110. The Diameter of a Sphere, is any right line passing 
through the centre, and terminated both ways by the surface. 

111. The Altitude of a solid, is the lAerpendicuIar drawn 
from the vertex to the ojipositc side or base. • 
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THEOREM XCV. 

A p'krpendicular is the sliortcst line which can be drawn 
from any point to a jiiane. 

Let AB be perpendicular to tin? plane 
DE ; then any otner line, as ac, drawn 
from the same point a to the plane, will 
l>e longer than the line ab. 

In tlie plane draw the line bc, joining 
the |X)ints bc. 

Then, because the line a!b is peqicndi- * 
cular to the plane nr., the angle b is a right angle (def. 90), 
and consequently greater than the angle c ; uierefore the 
line AB, oj>posite to the less angle, is less than any other line 
AC, opposite the greater angle (th. 21). e. d. 

THEOREM XCVI. 

A PEKPENDicuEAR nicasurcs the distance of any jmint fiom 

a plane. 

I'lie distance of one point from another is measured by a 
right line joining them, because this is the shortest line which 
can be drawn from one point to another. So, aLw, tljc 
distance from a |X)int to a line, is measured by a perpendi¬ 
cular, liecause this line is the shortest which can be drawn 
from the point to the line. In like manner, the distance 
from a jioint to a plane, must bc measured by a perpendicular 
drawn from that point to the plane, because this is the 
shortest line which can be drawn from the point to the 
plane. 



THEOREM XfVII. 

The common section of two jdanes, is a right line. 

Let ACBDA, AEBFA, bc two plancs 
cutting each other, and a, b, two points 
in which the two planes meet; drawing 
the line ab. this line will bc the common 
intersection of the two planes. 

Lor, because the Fight line ab toudics 
the two ylancs in the points a and u, it 
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touches them in all other points (def. 20): this line is there¬ 
fore common to the two planes. "^I’hat is, the common in¬ 
tersection of the two planes is a right line. Q. e. d. 


TIIROREM XCVIII. 

1 1 ' a line be perpendicular to two other lines, at their 
common point of meeting; it will be per[>endicular to the 
plane of those lines. 

Let the line ab make right angles with 
the lines Ac, ADf then will it» be per¬ 
pend ioular to the plane cde which passes 
through these lines. 

If the line ab were not perpendicular to 
the plane cde, another plane might pass 
through the point a, to which the line ab 
woulil be j)erpendicular. Kut this is im¬ 
possible ; for, since the angles bac, bad, arc right angles, 
this other plane inusl pass through the points c, d. Hence, 
this plane passing through the two points A* c, of the line 
AC, and through the two jxiints d, of the line ad, it will 
pass through both these two lines, and therefore be the same 
plane with the former, o. e. d. 


THEOREM XCIX. 

If two lines be perpendicular to the same plane, they will be 

parallel to each other. 

Let the two lines ab, cd, be both per¬ 
pendicular to the same plane ebdf ; then 
will ab be parallel to CD. 

For, join B, d, by the line bD in the 
plane. Then, because the lines ab, cd, 
arc perpendicular to the plane ef, they are 
both perpendicular to the line bd (def. 90) in that plane; 
and consequently they are parallel to each other (cor. tn. 13). 

Q. E. D. 

Corol. If two lines be parallel, and if one of them be per¬ 
pendicular to any plj||pe, the oilier wilkalso be perfiendicular 
to the same plane. • 
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THEOREM V. 

If two planes cut cacli other at ri«rht angles, and a line 
be drawn in one of the planes })crpendlcular to their 
common intersection, it will be }H.‘r|K*ndicular to the other 
plane. 

Let the two planes acci>, akrf, cut 
each other at right angles; and the line 
CG be perpendicular to tlieir common sec¬ 
tion AB ; then will ct; be also perpcndiciiHr 
to the other plane aebf. 

For, draw eg jK'rpendieular to am. 

Then, because the two lines, c.(\ i.r, are 
|>er]>endicu!ar to the common intersecti»jn 
AB, the angle cge is the angle of inclination of the two 
planes (def. 92). But since the two planes cut each other 
jwrpendicularly, the angle of inclination cge is a right 
angle. And since the line cg is perpendicular t<» the two 
lines GA, GF., in the plane albf, it is therelore perpendicular 
to that plane (th. 9S). e. d. 


THEOREM Cl. 

If one plane meet another plane, it will make angles 
with tliat other plane, which are together equal to two right 
angles. 

Let the plane acbd meet the plane af.bf ; these planes 
make with each other two angles w hose sum is etpial to two 
right angles. 

For, through any point g, in the common section ad, 
draw ci>, ef, perpendicular t<» au. 'rhen, the line cg 
makes with ef two angles together eqii;il to tw<j right angles. 
But these two angles arc (hy def. 92) the angles of inclina¬ 
tion of the two planes. Therefore the two planes make an¬ 
gles with each other, which are together et]iial to two right 
angles. 

Corel. In like manner, it may be demonstrated, that planes 
which intersect have their vertical or opposite angles equal; 
also, that parallel plAnes have their akernatc angles ccjual; 
and so on, as in |>arallcl lines. 
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THEOREM CII. 

• 

If two planes be parallel to each other; a line which is 
perpendicular to one of the planes, will also be perpendicular 
to the other. 

Let the two planes cd, ef, be parallel, 
and let the line ab be perpendicular to the 
plane cd ; then shall it also be perpendi¬ 
cular to the other plane Er. 

For, from any jjoint (;, in the plane ef, 
draw f H perpendicular to the plane cd, and 
draw AH, BG. 

Then, because da, gh, are both perpendicular to the 
)lane cd, the angles a and ii are lioth right angles. And 
iccause the planes cd, ef, are parallel, the perpendiculars 
BA, Gii, are equal (def. 93). Hence it follows that the lines 
BG, AH, arc parallel (def. 9). And the line ab being per- 
lendicular to the line ah, is also perpendiculaj to the parallel 
ine BO (cor. th. 12). 

In like manner it is proved, that the line ab is perpen¬ 
dicular to all other lines which can be drawn from the {K>int 
B in the plane ef. Therefore the line ad is perpendicular 
to the whole plane ef (def. 90). a. e. d. 



THEOREM cm. 

If two lines be parallel to a third line, though not in the 
same plane with it; they will be parallel to each other. 

Let the lines ab, cd, be each of them 
parallel to the third line ef, though not in 
the same plane with it; then will ab be pa¬ 
rallel to CD. 

For, from any point c. in the line ef, let 
GH, Gi, be each perpendicular to ep, in the 
planes eb, ed, of the proposed parallels. 

Then, since the line ef is perpendicular 
to the two lines gh, gi, it is perpendicular 
to the plane ghi of those lines (th. 98). And because ef 
is perpendicular to the plane ghi, its parallel ab is also per¬ 
pendicular to that plane (cor. tb. 99). For the same reason. 
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the line rn is |X‘rjx;ndicular to the same plane ghi. Hence, 
because tlic two lines ab, rn, are perpendicular to the same 
plane, these two lines are parallel (th. 99). Q. E. d. 


THEOEEM CIV. 


If two lines, that meet each other, be parallel to two 
other lines that meet each other, though not in the same 
plane Mith them; the angles contained by those lines will be 
equal. 


Let the two lines ab, b^, be parallel to 
the two lines de, ef; then will the angle 
ABC be equal to the angle def. 

For, make the lines ab, bc, de, ef, all 
equal to each other, and join ac, of, ad, 
be, cf. 



Then, the lines ad, be, joining the equal 
and parallel lines ab, de, are equal and 
parallel (th. 24). For the same reason, cf, be, arc ecpiol 
and parallel. * Therefore ad, cf, are equal and parallel 
(th, 15) ; and consequently also ac, df (th. 24). Hence, 
the two triangles abc, dkf, having all their sides equal, 
each to each, have their angles also equal, and consequently 
the angle abc = the angle def. q. e. d. 


THEOREM CV. 

The sections made by a plane cutting two other parallel 
planes, are also parallel to each other. 

Let the two parallel planes ab, cd, bc 
cut by the third plane efhg, in the lines 
EF, GH ; these two sections ef, gh, will 
bc parallel. 

Suppose EG, FH, be drawn parallel to 
each other in the plane efhg ; also let 
Ei, FK, be perpendicular to the plane CD; 
and let ig, kh, be joined. 

Then eg, fh, being parallels, and ei, fk, being both 
perpendicular to the plane cd, are also parallel to each other 
(th. 99); consecmently the angle hfk is equal to the angle 
GEi (th. 104). But tW angle pkh is also equal to the angle 
EiG, beiilg both right angles; therefore the two triangles are 





THEOBEMS. 


351 


cqulan^lar (cor. 1, th. 17) ; and the sides fk, ei, being the 
equal distances between the parallel planes (def. 93), it fol¬ 
lows that the sides fit, eg, are also equal (th. 2). But these 
two lines are parallel (by suppos.), as well as equal^ con¬ 
sequently the two lines ef, gh, joining those two equal 
parallels, are also parallel (th. 24). q. e. d. 

THEOREM cvi. 

If any prism be cut by a plane parallel to its base, the sec¬ 
tion will be equal and like to the base. 

Let AG be any prism, and a plane 
parallel to the base, ac ; then will the plane 
IL be equal and like to the base ac, or the 
two planes will have all their sides and all 
their angles equal. 

For, the two planes ac, il, being parallel 
by hy]X)thesis ; and two parallel planes, cut 
by a third plane, having parallel sections 
(th. 105) ; therefore IK is parallel to ab, and el to bc, and 
LM to CD, and im to ad. But ai and sk are parallels 
(by def. 95) ; consequently ak is a parallelogram ; and the 
opj>ositc sides ab, ik, arc equal (th. 22). In like manner, 
it IS showm that kl is = Bc, and lm = cn, and im = ad, 
or the two planes ac, il, are mutually equilateral. But 
these two planes having their corresponding sides parallel, 
have the angles contained by them also equal (th. 104), 
namely, the angle a = the angle i, the angle b = the 
angle k, the angle c = the angle l, and the angle d = the 
angle m. So that the two planes ac, il, have all their 
corresponding sides and angles equal, or they are equal and 
like. Q. £. D. 

THEOREM evil. 

If a cylinder be cut by a plane parallel to its base, the 
section will be a circle, equal to the base. 

Let AF bc a cylinder, and ohi any see> 
lion parallel to the base abc ; then will ghi 
be a circle, equal to abc. 

For, let the planes ke, kf, pass through 
the axis of the cylinder mk, and meet the 
section ghi in the th«ee points h, i, and 
join the points as in the figure. 
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Then, since kl, ci, are parallel (by def. 102); nml the 
plane ki, meeting the two parallel planes ahc, (iiii, makes 
the two sections KC, Lt, {>arallcl (th. 105); the figure klic 
is therelbre a parallelogram, ami consequently has the o[>- 
posite sides li, kc, equal, where kc is a radius of the circular 
base. 

In like manner it is shown that lh is ecjual to the radius 
K n; and that any other lines, drawn from the point l to 
the circumference of the section Giii, arc all ec]ual to radii 
of the base ; consequently cm is a circle, and equal to abc. 

Q. c. n. 


THEOREM CVIIt, 


All prisms and cylinders, of equal bases and altitudc^j arc 

equal to eacli other. 

Let AC, DF, be two 


/ 

/ 

_ / 

] 


—T 




C 




a- 






■S. 

I 


I 

,K 


Kr 


IV 


jr 


i.s 


'A 


prisms, and a cylinder, 
on etiual bases, ab, de, 
and having equal alti¬ 
tudes Bc, EF ; then will 
the solids ac, df, be 
ecjual*. 

For, let PQ, Rs, be 

any two sections parallel to the bases, and equidistant from 
them. Then, by the last two theorems, the section pq is 
equal to the base, ab, and the section Rs equal to the base 
DE. But the bases, ab, de, arc equal, by the hypothesis; 
therefore the sections pg, es, are equal aJso. In like manner, 
it may bc shown, that any other corresponding sections are 
equal to one another. 

Since then every section in the prism ac is equal to its 
corresponding section in the prism or cylinder df, the prisms 
and cylinder themselves, wnich are composed of an ecpial 
number of all those equal sections, must also bc equal. 

Q. E. D. 

Coral. Every prism, or cylinder, is equal to a rectangular 
parallelopipedon, of an equal base and altitude. 


* This, and some other demonstrations relative to solids, are 
upon the defective principle of Indivisible*, introduced by Ca- 
valerius in the year 1635. Unfortunately, demonstrations upon 
sounder principles wobld not accord wi/ih the brevity of this 
Course. . 
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THEOnEM CIX, 


Rjictangular pamllelopipedons, of equal altitudes, arc to 
each other as their bases *, 


I<et AC, EC, be two rectan¬ 
gular parallelo])lpedons, haviup^ 
the cijual altitudes ad, i.h ; 
then Mill the solid ac be to the 
solid EG, .'IS the base ab is to 
the base ef. 
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For, let the profxirtion of the 
base All to the base i:f, be that 
of any one number fn (3) to 

any other number 7/(2). And conceive ati to be divided 
into VI e(|Lial parts, or rectangles, ai, i.k, mu (by dividin'^ 
AN Into that number of equal parts, and draM-inpj ii., km, 
])araliel to r>N). And let r.F be divided, in like manner, 
into n (Hjual parts, or rectangles, ko, i*f: all o^‘these parts, 
of both hasi's, Iiein^ mutually' equal amon" themselves. And 
thr<)np;h the lines of division let theldane sections Lit, ms, pv, 
pass parallel to AO, et. 

Then the pandlelopipedons ar, ls, M(', ev, pg, arc all 
eipial, having eipial bases and altitudes. Therefore the solid 
AC is to the .solid eg, as the number of parts in the former, 
to the mjml)er of eijiial parts in tlie latter; or as the lunnher 
of parts in A B to the number of equal parts in ef, that is, a^ 
the base Au to the base ef. o. e. d. 

Carol. Ph'om this theorem, and the corollary to the last, ii 
a])pear.s that all ])risms and cylinders of equal altitudes, arc 
to each other as their bases ; every prism and eyllinler being 
ecjiud to a rectangular parallelopipedon ofauetpial base and 
'altitude 


theorem cx. 


JIectangui.ar paralielopipedons, of ecpial bases, are to each 

other as their altitiules. 


% 

* Here, also, the priii^ple of former notes may readily^bc ap¬ 
plied ill tlic ca*>e of incommensurnbles. 
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to ihc altitude fd of tfu' 


Let AB, CD, Ih? two rectan- 
l^ular parallelopi^lons, stand¬ 
ing on the equal oases ae, cf ; 
therf will the solid ab be to the 
stdidcD, as the altitude kb is to 
the altitude id. 

For, let At; be a rectangular 
jxirallelopipetlon on the base 
AE, and its altitude Et; equal 
solid CD. 

Then ag and cd are equal, being prisms of equal bases 
and altitudes. But if hb, hg, be considered as bases, the 
solids AB, AO, of e<]ual altitude Ait, will be to each other 
as those base.s hb, ho. But these bases hb, hg, l>cing 
parallelograms «>f equal altitude iif., are to each other as 
their bases eb, eg; tlierefore the tw(> prisms, ab, ag, are 
to each other as the lines f.b, kg. But At; is equal to 
CD, and EG e<pial to fd ; consetpiently the prisms ab, cn, 
are to each other as their altitudes, eh, i n ; that is,- 


AB : rn 


eb : FD. <1. E. n. 


Coral. 1. Front this theorem, and theeomllary to theorem 
108, it appears, that all pnsmsnnd cvluKlers, f»f er|nal bases, 
are to one another as their altitudes. 


Carol. 2. Because, hy corollary I, prisms and evlinders 
arc as their altitudes, when their bases are equal. Atid, hy 
the corollary to the lovst theorem, they are as their bases, 
when their altitudes arc equal. Therefore, universally, 
when neither arc equal, they are to one another as the pro¬ 
duct of their ba.scs and altitudes. And hence also these 
products are the projier mim<*ral measures of their (juantitios 
or magnitudes. 


theoke;m ( xr. 

Similar prisms and cylinders arc to each other, as the 
cubes of their altitudes, or of any other like linear dimensions. 

Let abcd, eegii, be two similar 
prisms ; then wil] the prism cd be 
to the prism gh, as ab’ to kf’ or 
ad^ to EH*. 

For the solids are to each other 
as the product of llicir bases and 
altitudes (th. 110, cor. 2), that i.«, 
as AC . AD to EG ; Eli. But the ^ 
bascs^ being similar planes, are to each other as the square.s 
of their like sides, that is, ac to eg as ab'’ to ef '; therefore 
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the solid CD is to the solid gu, as ab* . ad to ef* . eh. But 
BD and Fu, being similar planes, have their like sides pro¬ 
portional, that is, AB : EF ;: AD : Eir, - -- or ab* : 

EF* :: AD* : eh* : therefore ab- . ad : ef® . eh :: ab’ 1 ef^ 
or : : ad’’ : eh^ ; conseq. the solid cd : solid (;n : : ab’ ; ef’ : : 

AD’ : EH^ Q. E. 1). 


THEOREM CXI I. 

In any pyramid, a section parallel to the base is similar 
to the base; and these two planes are to each other as the 
squares of their distances from the vertex. 

I^et A BCD be a pyramid, and EFp a sec¬ 
tion parallel to the base bcd, also ajh a 
line perpendicular to the two planes at h 
and t : then will bd, eo, be two similar 
planes, and the plane bd will be to the 
plane E(i, as ah'- to ai®. 

For, join cii, fi. Then because a plane 
cutting two parallel planes, makes parallel 
sections (th. 10.)), therell>re the plane abc, 
meeting the two parallel planes jid, eo, inake.4 the sections 
Hc, EE, parallel : In like manner, the plane acd makes the 
sections ( D, fg parallel. Again, because two pair of parallel 
llne> make equal angles (th. 104), the two ef, fg, which 
are parallel to uc, cd, make the angle efg equal the angle 
BCD. And in like manner it is showm, that each angle in 
the plane eg is equal to each angle in the plane BD,and con- 
.sequcntly those two planes are e(|uiangular. 

Again, the three lines .vb, ac, ad, making with the 
parallels bc, ef, and cd, fg, equal angles (th. 14), and 
the angles at a being common, the two triangles ab<’, aef, 
are equiangular, as also the two triangles acd, afg, and 

have therefore their like sides proportional, namely,- 

AC : AF : : BC : ef : : cd : fi;. And in like manner it 
may bc shown, that all the lines in the plane fg, are pro¬ 
portional tt> all the corresponding lines in the base bd. 
Hence these two planes, having their angles ecjual, .nnd their 
sides prup(.)rtional, are similar, hy def. (>8. 

But, similar planes being to each other as the squares of 
their like sides, the plane bd : eg ; : bc* : ef*, or :: At® : 
AF«, by what is shown above. Also, the two triangles 
AHC, AiF, having the angles ii and i right ones (ih. 98), 
and the angle a common, are equiangular, and have there¬ 
fore their like sides proportional, namely, ac : af :: ah : ai, 
or AC* : AF® :; ah® : Ai®. Consequently the two plahcs«D, 
EG, which are as the former .%j[uarcs ac*, af^, will be also as 
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the latter squares ah*^, ai*, that is bd : eg 

AH® ; Al*. Q. E. T>. 


THEOREM CMII. 


In a cone, any .section {mrallel to the base is a circle; and 
this action is to the base, as the .s<jiiares of their di.stanccs 
from tlie vertex. 


Let abcjD be a cone, and Giir a .section 
parallel to the base nci»; then will om 
be a circle, and non, ghi, will be to each 
other, as the squares of their distances 
from the vertex. 

I'^or, draw alf perpendicular to the two 
parallel planes; and let the planes a('F, 
ADE, pass through the axis of the cone 
ARE, meeting the section in the three points 

H, r, K. 



i» 


Tlien, sinc^c the section ghi i.s |>arallel to the base; nci>, and 
the planes ck, dk, meet them) hk is |)arallel to ci-:, and 
IK to DE (th. 10.3). AivJ because the triangles formed by 
these lines are equiangular, kh : Ec :: ak : ae : : ki : ed. 
But EC is equal to ed, being radii of the .same circle; thert'- 
forc KI is also c(iual to kh. And the same may be shown of 
any other lines nrawn from the point k to the perimeter of 
the section ghi, which is therefore a circle (def. 41'). 

Again, by similar triangles, al : af : : ak : ae, or 
:; KI : ED, hence al* ; af* : : ki* : ed*; but ki’‘ ; ed* ; : 
circle ghi : circle bcd (ih. 93); therefore ai* : af* :: 
circle ghi : circle bcd. q. e. d. 


THEOREM ex IV. 


All pyramids, and cones, of equal bases and altitudes, are 

equal to one another. 


Let ABC, DEF, 
beany p^amids and 
cone, of equal bases 
BC, EF, and equal 
altitudes ag, dh : 
then will the pyra-» 
mids Oiud cone auc 
and DEF, be equal. 
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For, parallel to the bases and at equal distances am, do, 
from the vertices, suppose the planes ik, lm, to be drawn. 

Then, by the two preceding theorems, ------ 

Do“ : DH* : : LM : ef, and * 

AN* : Au* : : ik : bc. 

But since an*, ar*, are equal to do*, dh*, respectively, 
therefore ik : bc : : lm : ef. But bc is equal to ef, 
by hypothesis; therefore ik is also equal to lm. 

In like manner it is shown, that any other sections, at 
equal distance from the vertex, are equal to each other. 

Since then, every section in the cone, is equal to the cor¬ 
responding section in the pyramidsfand the heights are equal, 
the solkls ABC, i)£F, composed of all those sections, must be 
equal also. q. e. d. 


THEOREM CXV. 

Every pyramid is the third part of a prism of the same base 

and altitude. 

Let ABCDEF bc a prism, and bdef a 
pyramid, on the same triangular base def : 
then will the pyramid bdef be a third part 
of the prism abcdef. , 

I'or, in the planes of the three sides of 
the prism, draw the diagonals bf, bd, cd. 

Then the two planes bdf, bcd, divide the 




whole prism into the three pyramids bdef, dabc, dbcf, 
which aio proved to be all equal to one another, as follows. 

Since the opposite ends of the prism are equal to each other, 
the pyramid wliose base is abc and vertex d, is equal to the 
pyramid whose base is dEF and vertex b (th. 114), being 
])yramids of e(pml base and altitude. 

But the latter pyramid, whose base is def and vertex b, 
is the same solid as the pyramid whose base is bef and 
vertex D, and this is equal to the third pyramid whose base 
is BCF and vertex d, being pyramids of the same altitude and 
equal bases bef, bcf. 

Consequently all the three pyramids, which compose the 
prism, are e(]ual to each other, and each pyramia is the 
tliird part of the prism, or the prism is triple of the pyramid. 

a. F,. D. 

Hence also, ever}'^ pyramid, whatever its figure may bc, is 
the third part of a prism of the same base and altitude; 
since the base of the prism, whatever Ue its figure, may be 
ilivided into triangle.s,*aiui the M’hole solid into tr|jingular 
prisms and pyramids. • 
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Coral. ^Vny cone is tlie third part of a cylinder, or of a 
prism, of equal base and altitude; since it has been proved 
that a cylinder is equal to a prism, and a cone equal to 
a pyramid, of equal base and altitude. 

Scholium. Whatever has been demonstrated of the pro¬ 
portionality of prisms, or cylinders, holds equally true of 

I jyraiJijids, or cones; the former being always triple the 
atter ; vi/. that similar pyramids or cones arc as the cul)eS' 
of their like linear sides, or diameters, or altitudes, &c. 
And the same for all similar solids whatever, viz. that they 
are in proportion to each other, as the cubes of their like 
linear dimensions, since they are composed of pyramids every 
wav similar. 


THEOllEM CXVI. 

Ir a sphere be cut by a plane, the section will be a circle. 

Let the sphere aebf be cut by the plane 
adb; then will the section adb be a circle. 

Il’ the section |mss Uiroiigh the centre of 
the sphere, then will the distance from the 
centre to every ])oint in the periphery of 
that section be equal to the radius of the 
sphere, and consequently such section is a 
circle. Such, in truth, is the circle eafb in the figure. 

Draw the chord ab, or diameter of tlie section adb ; per¬ 
pendicular to which, or to the said section, draw the axis of 
the sphere ecgf, through the centre c, which will bisect the 
chord AB in the point g (th. 41). Also, join ca, cb ; and 
draw < D, GD, to any |X)int d in the perimeter of the sec¬ 
tion ADB. 

Then, because cg is perpendicular to the plane adb, it is 
perpendicular both to ga and gd (def. 90). So that cga, 
CGD are two right-angled triangles, having the perpendi¬ 
cular c'G common, and the two hypothenuses ca, cd, equal, 
being both radii of the sphere; therefore the third sides ga, 
GD, are also equal (cor. 2, th. 34). Jn like manner it is 
shown, that any other line, drawn from the centre g to the 
circumference of the section adb, is equal to ga or gb ; con¬ 
sequently that section is a circle. 

Scholium. The sc'ction through the centre, having the 
same centre and di".mcter as the sphere, is called a great 
circle of the sphere; the other plane sections being little 
circles. 
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THEOREM CXVII. 

Every sphere is two-thirds of its circumscribing cylinder. 

Let ABCD be a cylinder, circumscribing 
the sphere efgh ; then will the sphere 
EFGH be two-thirds of the cylinder abcd. 

For, let the plane ac be a section of the 
sphere and cylinder through the centre i. 

Join Ai, Bi. Also, let nn be parallel to 
AD or BC, and eig and kl parallel to ab 
or DC, the base of the cylinder ; tfie latter line kl meeting 
BI in ift, and the circular section of the sphere in n. 

Then, if the whole plane hfdc be conceived to revolve 
alwut the line hf as an axis, the square fg will describe 
a cylinder ag, and the quadrant ifg will describe a hemi¬ 
sphere EFG, and the triangle ifb will describe a cone iab. 
Also, in the rotation, the three lines or parts kl, kn, km, as 
radii, will describe corresponding circular sections of those 
solids, namely, kl a sc'ction of tlic cylinder, mn a section of 
the sphere, and km a section of the cone. 

Now, FB being equal to fi or ig, and kl parallel to fb, 
then by similar triangles ik is equal to km (tn. 82). And 
since, in the right-angled triangle ikn, in® is equal to ik^ 
-h KN= (th. 34); and bcc-ausc kl is equal to the radius IG 
or IN, and km = ik, therefore kl" is equal to km- + kn^ 
or the square of the longest radius, of the said circular 
sections, is equal to the sum of the squares of the two others. 
And >>ecause circles are to each other as the squares of their 
diameters, or of their radii, therefore the circle described by 
KL is equal to both the circles described by km and kn ; or 
the section of the cylinder, is equal to both the corresponding 
sections of the sphere and cone. And as this is.always the 
case ill every parallel position of kl, it follows, that the cy¬ 
linder EB, which is composed of all the former sections, is 
equal to the hemisphere efg and cone iab, which are com¬ 
posed of all the latter sections. 

But the cone iab is a third part of the cylinder eb (cor. 2, 
th. 115) ; consequently the hemisphere efg is equal to the 
remaining twt>-thirds; or the whole sphere efgh equal to 
two-thirds of the whole cylinder abcd. q. e. d. 

^ « 

Corol. 1. A cone, hemisphere, and cylinder of ^he same 
base and altitude, are to each other as the numbers 1,2, 3 
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Cord, Ji. All spheres arc to each other as the cubes of 
their diameters; all these being like parts of their circiim- 
scril>ing cylinders. 

Carol. 3. From the foregoing demonstration it also ap¬ 
pears, that the spherical zone or frustum egnp, is equal to 
the difference between the cylinder egi.o and the cone inq, 
all of the same common height ik. And that the spherical 
s<^ment pfn, is equal to the difference bet^veen the cylinder 
ABi.o and the conic frustum aqlmb, all of the same common 
altitude fe. 


PROBLEMS. 

PROBLEM I. 

To bisect a line ab ; that is, to divide it into two equal parts. 

From the two centres a and b, with any 
c(|ual radii, describe aics of circles, intersect¬ 
ing each othej- in c and d ; and draw the 
line CD, which will bisect the given line ab 
in the {x>int e. 

For, draw the radii ac, bc, ad, bd. 

Then, because all these four radii are equal, 
and the side cd common, the tw’o triangles acd, bcd, aic 
njutiially equilateral: consequently they are also mutually 
equiangular (th. 5), and have the angle ace equal to the 
angle bce. 

Hence, the two triangles ace, bce, having the two sides 
AC, CE, c^qual to the two sides bc, ce, and their contained 
angles equal, are identical (th. 1), and therefore have the 
side AE equal to eb. q. e. d. 




Ar- 
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PROBLEM II. 

To bisect an angle bac*. 

From tlie centre a, with any radius, de¬ 
scribe an arc, cutting off the equal lines 
AD, AE ; and from the two centres d, e, 
with the same radius, describe arcs inter¬ 
secting ill f; then draw af, which will 
bisect the angle a as requirc'd. 

* A v^ry ingenious instrument for trisecting an angle, is de¬ 
scribed in the Mccliaiiic’s Magazine, No. 22, p, '*44. 
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For, join df, ef. Then the two triangles adf, aef, 
having the two sides ad, df, equal to the two ae, ef (being 
equal radii), and the side af common, they are mutually 
e(|uilateral; consequently they are also mutually equiangular 
(th. 5), and have the angle baf equal to the angle caf. 

Seftolium. In the same manner is an arc of a circle bi¬ 
sected. 

PROBLEM HI. 

At a given point c, in a line ad, to erect a perpendicular. 

From the given point c, with any radius, 
cut off any equal parts cd, ce, erf the given 
line; .and, from the t\yo centres d and e, 
w'ith any one radius, describe arcs intersecting 
in F ; then join cf, which will be perpendi¬ 
cular as required. 

For, draw the two equal radii dp, ef. Then the two 
triangles cdf, cef, having the two sides cd, df, equal to 
the two CF, EF, and cF common, arc mutually equilateral; 
consequently they are also mutually equiangular (th.5), and 
have the tw'o adjacent angles at c equal to each other I*'there¬ 
fore the line cf is perpendicular io ab (def. 11). 

Othcricise. 

When the given point c is near the end of the line. 

From any point d, assumed above the 
line, as a centre, through the given point 
c describe a circle, cutting the given line 
at e; and through E and the centre d, 
draw the diameter edf; then join cf, 
which will be the perpendicular required. 

For the angle at c, being an angle in a semicircle, is a 
right angle, and therefore the line cf is a perpendicular 
(by dcf. 15). 




PROBLEM IV. 


From a given point a, to let fall a perpendicular on a given 

line Bc. 


From the given point a as a centre^ with 
any convenient radius, describe an arc, cut¬ 
ting the given line at the two points d and 
E ; and from the two centres d, e, with 
any radius, describoitwo arcs, intersecting 
at F ; then draw agf, which will be per¬ 
pendicular to BC as requirgtl. 
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For, draw the equal radii ad, ae, and df, ef. Then the 
two triangles adf, aef, having the two sides ad, df, equal 
to the two ae, ef, and af common, are mutually equilateral; 
consequently they are also mutually equiangular (th. 5), and 
have the angle dag cMjual the angle eag. Hence then, the 
two triangles adg, aeg, having tne two sides ad, ag, equal 
to the two AE, AO, and their included angles equal, are there¬ 
fore eT|x.iangular (th. 1), and have the angles at g equal; 
consequently ag is perpendicular to bc (defT 11). 


QthervsUe 

When the given ix>int is nearly opposite the end of the line. 

From any point d, in the given line 
BC, as a centre, describe the arc of a a 

circle through the given point a, cutting 
BC in E ; and from the centre k, with the 
radius ea, describe another arc, cutting 
the former in f; then draw agf, which 
will be peqiendicular to bc as required. 

For, draw the equal radh da, df, and ea, ef. Then the 
tw'o triangles dae, dfe, will be mutually equilateral; conse¬ 
quently they are also mutually equiangular (th. 5), and have 
the angles at d equal. Hence, the two triangles dag, dig, 
having the two sides da, dg, equal to the two df, dg, and 
the included angles at d equal, have also the angles at g 
equal (th. 1); consei]uently those angles at g are right 
angles, and the line ag is perpendicular to dg. 



PROBLEM v. 

At a given {mint a, in a line ab, to make an angle equal to 

a given angle c. 

From the centres a and c, with any one 
radius, describe the arcs de, fg. Then, 
with radius de, and centre f, describe an 
arc, cutting fg in Gc. Through g draw 
the line ag, and it will form the angle re¬ 
quired. 

For, conceive the equal lines or radii, 

DE, FG, to be drawn* Then the two triangles cde, afg, 
being mi|tually equilateral, arc mutually equiangular (th. 5), 
and have the angle at a equal to the angle c. 
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PROBLEM VI. 

Through a given point a, to draw a line parallel to % given 

line Bc. 

From the ^ven point a draw a line ad 
to any point in the given line bc. Then 
draw the line eaf making the angle at a 
equal to the angle at d (by prob. 5); so 
shall ef be parallel to bc as required. 

For, the angle d being equal to the alternate angle a, the 
lines BC, ef, are parallel, by th. yi. 



problem VII. 


To divide a line ab into any proposed number of equal 

parts. 

Draw any other line ac, forming any 
angle with the given line ab ; on which 
set off’as many of any equal parts ad, de, 

EF, FC, as the line ab is to bc divided into. 

Join bc ; parallel to which draw'the other 
lines FG, EH, Di : then these will divide ab 
in the manner as required.—For those parallel lines divide 
both the sides ab, ac, proportionally, by th. 82 . 
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PROBLEM VIII. 

To find a third proportional to two given lines ab, ac. 

Place the two given lines ab, ac, 
forming any angle at a ; and in ab take 
also AD equal to ac. Join bc, and 
draw DE parallel to it; so will ae be 
the third proportional sought. 

For, because of the parallels, bc, de, 
the two lines ab, ac, are cut propor¬ 
tionally (th. 82); so that ab : ac : : ad or ac : ae; there¬ 
fore A£ is the third proportional to ab; ac. 

problem IX. 

To find a fourth proportional to three lines ab, ac, ad. 

Place two of the given lines ab, ac, making any angle 
at A ; also place ad on Ag. Join bc ; and parallel to it 
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draw DE : so shall ae be the fourth pro¬ 
portional as required. 

For, because of the parallels bc, de, 
die tw’^o sides ab, ac, arc cut propor¬ 
tionally (th. 82); so that ----- 
AB : AC : : AD : ae. 



FROBl.EM X. 


To find a mean proportional l)et\veen two lines ab, Bc. 


Place AB, BC, joined in one straight 
line AC : on which, as a diariiCtor, describe 
the semicircle adc ; to meet which erect 
the perpendicular bd ; and it will be llie 
mean prtqxjriioiial .sought, between ab 
and BC (by cor. tb. 87). 


A-B 

B—C 
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PROBLEM XI. 

To find the centre of a circle. 

Draw any chord ar ; and bisect it per¬ 
pendicularly w'ith the line'c'D, which will Ik? 
a diameter (th. 41, cor.). Therefore ci) 
bisectetl in o, will give the centre, as re- 
tpiired. 



PROBLEM XII. 

I’d de.scribc the circumference of a circle throujrh tlirec civ* 

points A, B, c. 

From the middle point b draw chords 
BA, BC, to the two other points, and bi¬ 
sect these chords [)Cr|K?ndicularly by lines 
meeting in o, which will be the centre. 

I'lien from the centre o, at the distance 
of any one of the points, as oa, describe 
a circle, and it will pass through tiic two 
other points b, c, as required. 

For the two right-angled triangles oad, obd, having the 
.sides AD, DB, equal (by constr.), and ou common, with the 
included right angles at D equal, have their third sides oa, 
OB, also equal (th. 1).. And in like manner it is shown that 
uc is equal to ou or oa. So that allMic three oa, ob, oc, 
beings equal, will be radii of the same circle. 
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PROBLEM XIII. 

To draw a tangent to a circle, through a given point a. 

When the given point a is in the circum¬ 
ference of the circle : Join a and the centre 
o ; perpendicular to which draw bag, and it 
will be the tangent, by th. 46. 

But when the given point a is out of the 
circle: Draw ao to the centre o ; on which 
as a diameter describe a semicircle, cutting 
the given circumference in d ; through which 
draw BADC, which will be the |angcnt as- 
required. 

For, join do. Then the angle ado, in a 
semicircle, is a right angle, and consequently 
AD is perpendicular to tlie radius do, oris a 
tangent to the circle (th. 46). 

PROBLEM XIV. 

Om a given line n to describe a segment of a circle, to contain 

a given angle c. 

At the ends of the given linesnake 
angles dab, dba, each equal to the 
given angle c. Then draw af, be, 
perpendicular to ad, bd ; and with the 
centre e, and radius ea or eb, describe 
a circle; so shall aeb be the segment 
required, as any angle f made in it will 
be equal to the given angle c. 

For, the two lines ad, bd, being 
periiendicular to the radii ea, eb (by constr.'), are tangeiits 
to tile circle (th. 46) ; and the angle a or b, which is eqiial to 
the given angle c by construction, is equal to the angle f in 
the alternate segment aeb (th. 53). 





PROBLEM XV. 


To cut off a segment from a circle, that shall contain a given 

angle c. , 


Draw any tangent ab to the given 
circle; and a chord ad to make the 
angle dab equal to the given angle c ; 
then DEA will be the segment required^ 
any angle e made in*it being equal to 
the given angle e. 
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For the angle a, made by the tangent and chord, whicli 
is equal to the given angle c by construction, is also ei|ual to 
any angle £ in the alternate segment (th. 53). 


PROBLEM XVT. 

^«>inake an equilateral triangle on a given line ab. 

From the centres a and n, with the 
distance ab, describe arcs, intersecting in 
c. Draw ac, bc, and abc will be the 
equilateral triangle. 

For the equal radii, ac, iic, are, each of 
them, equal to ab. 



PROBLEM XVIl. 

To make a triangle with three given line-;; ^it, ac, ni'. 


W’ith the centre a, and distance A(\ C 

describe an arc. With the centre b, and 
distance BC, describe another arc, cutting \ 

the former in c. Draw ab, bc, and abc —- Ml 

will be the triangle required. A - C 

For the radii, or sides of the triangle, R- C 

AC, BC, are equal to the given lines ac, 

BC, by construction. 


PROBLEM XVUI. 

To make a square on a given line ab. 

Raise ai>, bc, each ];)erpendicular and 
equal to AB ; and join bc ; so shall abcd be 
the square sought. 

For all the three sides ab, ab, bc, are 
equal, by the construction, and bc isc(|uai 
and parallel to ab (by ih. 24); so that all the 
four sides arc equal, and the opposite ones are parallel. 
Again, the angle a or b, of the parallelogram, being a right 
angle, the angles are all right ones (cor. I, th. 22). Hence, 
then, the hgure, havifig nil its sides equal, and all its angles 
rightj is r square (def. 34). 
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PROBLEM XIX. 

To make a rectangle, or a parallelogram, of a given length 

and breadth, ab, bc. 

Erect AD, BC, perpendicular to ab, and 
each equal to bc ; tnen join dc, and it is 
done. 

The demonstration is the same as the last 
problem. 

And in the same manner is described any oblique paral' 
lelogram, only drawing ad and bc to make the given oblique 
angle with ab, instead of perpendicular to 2t. 

PROBLEM XX. 

To inscribe a circle in a given triangle abc. 

Bisect any two angles a and B, with 
the two lines ad, bd. From the inter¬ 
section d, which will be llie centre of 
the circle, draw the perpendiculars db, 

DF, DG, and they will be the radii of 
the circle required. • 

For, since the angle dae is equal to 
the angle dag, and the angles at e, c, 
right angles (by constr.), the two triangles, ade, adg, are 
equiangidar ; and, having also the side ad common, they are 
identical, and have the sides de, dg, equal (th. 2). In like 
manner it is shown, that df is equal to de or dg. 

Therefore, if with the centre d, and distance de, a circle 
be described, it will pass through all the three points, e, f, g, 
in which points also it will touch the three sides of the tri¬ 
angle (th. 46), because the radii de, df, dg, are perpen¬ 
dicular to them. 

PROBLEM XXI. 

To describe a circle about a given triangle abc. 

Bisect any two sides with two of the 
rpcndiculars df., df, dg, and d will 
the centre. 

For, join dA, db, dc. Then the two 
right-angled triangles dae, dbe, have 
the two sides, de, ea, equal to the two 
DE, eb, and the included angles at e 
equal: those two triangles are therefore 




C 
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identical (th. I), and have the side da equal to nn. In like 
manner it is sliown, that i>c is also equal to da or db. So 
that all the three da, db, dc, being equal, they are radii of 
a circld passing through a, d, and c. 


PROBLEM XXII. 

To inscrilie an equilateral triangle in a given circle. 

Through the centre c draw any tlianieter 
AB. From the point n as a centre, with the 
radius nc of the given chcle, describe an 
are dce. Join ad, ae, de, and ade is the 
equilateral triangle sought. 

For, join db, dc, eb, ec. Then dcb 
is an e(]uilateral triangle, having each side 
equal to the radius of the given circle. In 
like manner, bce is an equilateral triangle. Hut the angle 
ADE is equal to the angle a he or cbe, standing on the .same 
arc AE; also tl\c angle aed is e<jual to the angle can, on the 
same arc ad; lienee the triangle dae has two of its angles, 
ade, aed, equal to the angles of an equilateral triangle, and 
therefore the third angle at a is also eijual to the same ; so 
that the triangle is ec|uiangular, and therefore equilateral. 

PROBLEM XXIII. 

To inscribe a square in a given eirele. 

Draw'two diameters ac, ud, crossing 
at right angles in the centre e, Tlien 
join the four extremities a, b, c, d, with 
right lines, and these will form the in¬ 
scribed square abcd. 

For the four right-angled triangles' 

AEB, BEC, CED, DEA, arc identical be¬ 
cause they have the sides ea, eb, ec, ed, 
all equal, being radii tof the circle, and 
the four inclucfcd angles at £ all equal, 
being right angles, by the construction. Therefore all their 
third sides ab, iic, cd, da, are equal to one another, and the 
figure ABCD is e(|uilateral. Also, all its four angles, a, b, e, d, 
are right^ones, being angles in a semicircle. Consequently 
the figure is a square. 
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BROBLEM XXIV. 

To describe a square about a given circle. 

Draw two diameters ac, bd, crossing 
at right angles in the centre e. Then 
through their four extremities draw fg, 

IH, parallel to ac, and fi, gh, parallel 
to BO, and they will form the square 

FGHI. 

For, the opposite sides of parallelo¬ 
grams licing equal, fg and ih are each 
equal to the diameter ac, and fi ^nd oh each equal to the 
diameter bd ; so that the figure is equilateral. Again, be¬ 
cause the opposite angles of parallelograms are equal, all the 
four angles f, g, ii, i, are right angles, being equal to the 
op))osite angles at E. So that the figure' fghi^ having its 
sides equal, and its angles right ones, is a square, and its sides 
touch tlie circle at the four points a, b, c, d, being perpen¬ 
dicular to the radii drawn to those points. 

. I'ROBLEM XXV. 

To inscribe a circle in « given square. 

Bisect the two sides fc, fi, in the points a and b (last fig.). 
Then through these two points draw ac parallel to fc or ih, 
and bd parallel to fi or gh. Then the point of intersection 
E will be the centre, and the four lines ea, eb, ec, ed, radii 
of the inscribed circle. 

For, because the four parallelograms ef, eg, eh, ei, have 
their opposite sides and angles ecpial, therefore all the four 
lines EA, EB, EC, ED, are equal, being each equal to half a 
side of tlie square. So that a circle described from the centre 
E, with the iHstance ea, will pass through all the points 
A, b, c, D, and will he inscribed in the square, or will touch 
its four sides in those points, because the angles there are 
right ones. 

PROBLEM XXVI. 

To describe a circle about a gjyen square. 

(See fig. Prob. xxiii.) 

Draw the diagonals ac, bd, and their intersection e will 
be the centre. 

For the diagonals o£ a square bisect each other (th. 40), 
making ea, eb, ec, ed, all equal, and consecpientiy these 
are radii of a circle passing through the four points a, b, c, d. 

VOL. I. • c c 
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PROBLEM XXVII. 

cut a given line in extreme and mean ratio. 

Let AB be the given line to be divided 
in extreme and mean ratio, tliat is, so as 
that the whole line lua^ be to the greater 
part, Aiblhe greater part is to the less part. 

Draw BC perpendicular to ab, and equal 
to half AB. Join ac; and with centre c 
and distance cb, describe the circle bd; 
then with centre A and distance ad, de¬ 
scribe the arc de ; so shall ab be divided 
in E in extreme and mean ratio, or so lliat 

AR : AE : : AE : £B. 

Produce ac to the circumference at f. Then, adf beiui’ 
a secant, and ab a tangent, because b is a right angle: tlicre- 
ffjre the rectangle af • ad is equal to ab- (cor. 1, th. 61) J 
sequently the means and extremes of these arc promrtional 
(th. 77),' viz. AB : af or ad 4- df : ; ad : ab. mi ak 
is equal to Ab by construction, and ab = 2bc di**; 
therefore, ab : ae -tr ab :; ae : ab ; 

and by division, ab : ae :; ae : eb. 

PBOBLEM XXVIII. 

'Ib inscribe an isosceles triangle in a given circle, tliat 
shall have each of the angles at the base double the angle at 
the vertex. 

Draw any diameter ab of the given 
circle; and divide the radius cb, in the 
point D, in extreme and mean ratio, by tl»e 
last problem. From the point b apply the 
chords BE, BF, each equal to the greater 
part CD. Then join ae, af, ef ; and aef 
will be the triangle required. * 

For, the chords be, bf, being equal, 
their arcs are equal; therefore the supplemental arcs and 
chords AE, af, are alfo equal; tonsequently the triangle aef 
is isosceles, and has the angle E equal to the angle f; also 
the angles at g are right angles. 

Draw rr and df. Then, bc : cd : : CD : bd, or 
BC : BF : : BF : bd By constr. Andi da : bf ;: bf : bg 
(by di. 67). But BC * 4ba ; therefore bg = ^bd = J 
therefore the two triangles gbf, gdf, are identical (th. 1). 
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and each equiangular to abf and aof (th, 87). Therefore 
their doubles, bfd, afe, are isosceles and equiangular, as 
well as the triangle bcf; having the two sides Be, c$, equal, 
and the angle b common with the triangle bfd. But cn 
is = DF or BP ; tijenefore the angle c = the angle dfc 
(th. 4); consequently the angle bdf, which is equal to the 
sum of these two equal angles (th. 16), is double of one of 
them o; or the equal angle b or ceb double thf^gle c. 
So that CBF is an isosceles triangle, having each of its two 
equal angles double of the third angle c. Consequently the 
triangle aef (which it has been shown is equiangular to the 
triangle cbf) has also each of ita angles at the base double 
the cyigle a at the vertex. 

PROBLEM XXIX. 

To inscribe a regular pentagon in a given circle. 

Inscribe the isosceles triangle abc, 
having each of the angles abc, acb, 
double the angle bac (prob. 26), Then 
bisect the two arcs adb, aec, in the 
points D, E ; and draw the chords ad, db, 

AE, EC, so shall ADBCE be the inscribed 
equilateral pentagon required. 

For, because equal angles stand on equal arcs, and double 
angles on double arcs, alro the angles abc, acb, being each 
double the angle bac, therefore the arcs adb, aec, sub¬ 
tending the two former angles, are each double the arc bc 
subtending the latter. And since the two former arcs are 
bisected in d and e, it follows that all the 6ve arcs ad, db, 
BC, CE, EA, are equal to each other,' and consequently the 
chords also which subtend them, or the five sides of the 
pentagon, are all equal. 

Note. In the construction, the points D and e are most 
easily found, by applying bd and ce each equal to bc. 

PROBLEM XXX. 

To inscribe a regular hexagon in a circle. 

Apply the radius ao of the given circle 
as a chord, ab, bc, cd, &c. quite rohnd the 
circumference, and it will complete the re¬ 
gular hexagon abcdef. 

Draw the radii ao, bo, co, do, eo, fo, 
completinf six ^uaWtriangles; of which any 
one, as abo, being equilateral (by constr.) its . 
three angles arc all equal (^r. 2, th, 3), and any one ot them, 

• c c 2 
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as AOB, is one-third of the whole, or of two 
right angles (ih. 17), or one-sixth of four right 
angles.. But the whole circumference is the 
measure of four right angles (cor. 4, th. 6). 

Therefore the arc ab is one-sixth of the cir¬ 
cumference of the circle, and conseoiiently its 
chord AB one side of an equilateim hexagon 
inscrilj^tfTti the circle. And the same.of the other chorda. 

Coro/. The side of a regular hexagon is equal U> the radius 
of the circumscribing circle, or to the chord of one-sixlh part 
of the circumference « 

t 

PBObIeM XXXI. 

To describe a regular pentagon or hexagon about a ciicie. 

In the given circle inscribe a regular 
poly^pn of the same name or number 
of sides, as abcde, by one of'►the fore¬ 
going problems. Then to all Its angular 
points draw tangents (by prob. 1.3), ami 
these will form the circumscribing poly¬ 
gon required. ‘ 

Fur all the chords, or sides of the 
inscribed figure, ab, bc, &c. being equal, and all the radii 
OA, oit, &c, being equal, all the vertical angles about the 
point o are equm. But the angles qjef, oaf, oag, obg, 
made by the tangents and radii, are right angles; therefore 
OEF -f OAF = two right angles, and oag -f obg = two right 
angles; consequently, also, aoe + afe = two right angles, 
and Aou + agb=: two right angles (cor. 2, th. 18). Hence, 
then, the angles aoe -f afe being = aod + agb, of which 
AOB is = AOE; consequently the remaining angles v and c 
are also equal. In the same manner it is shown, that all the 
angles f, g, h, i, k, are equal. 

Again, the tangents from the same pmnt fe, fa, are equal, 
as also the tangents ag, gb (cor. 2, tn. 61); and the angles 
F and G of the isosceles triangles afe, agb, are equal, as well 
as their opposite sides ae, ab ; consequently those two tri¬ 
angles are identical (th. 1), and have their other sides ef, f a, 
AG, GB, all equal, and^FG equal to the double of any one of 
them. In like manner it is shown, that all the other sides 
Gii, HI, IK, KF, arc equal to Fo, or double of the tangents 
GB, BH, &c. 

* The hfst way to describe a polygon of any nnmber of sides, 
the leifgth of one side being given,^is to find the radios of the 
rircuinscribing circle by means of'the table, .,at pa. 35, vol. ii. 
and the rule at pa. 36 . 
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Hence, then, the circumscribed figure is both equilateral 
and equiangular, which was to be shown. 

Corof. The inscribed circle touches the middle of |he ndes 
of the polygon. 


PROBLEM XXXTl. 

To inscribe a circle in a regular polygoi 

Bisect any two sides of the polygon 
by the perpendiculars go, fo, and their 
intersection o will be the centre oi the 
inscribed circle, and oo or OF^will be 
the sadius. 

For the perpendiculars to the tangents 
AF, AG, pass through the centre (cor. 
th. 47) ; and the inscribed circle touches 
the middle points f, g, by th# last corollary. Also, the two 
sides, AG, AO, of the right-angled triangle aog, being equal 
to the two sides af, ao, of the right-angled triangle aof, the 
third sides of, og, will also be equal (cor. th. 45). There¬ 
fore the circle described with the centre o* and radius og, 
will pass through F, and will touch the sides in the points g 
and F. And the same for all the other sides of the figure. 

'Vboblem xxxul 

To describe a circle about a regular polygon. 

Bisect any two of the angles, c and d, 
with the lines co, do; then their inter¬ 
section o will be the centre of the circum¬ 
scribing circle; and oc, or oo, will be the 
radius. 

For, draw ob, oa, oe, &c. to the an¬ 
gular points of the given polygon. Then 
the tnangle oco is isosceles,liaving the angles at c and o 
equal, being the halves of the equal angles of the polygon 
Bco, CUE ; therefore their opposite sides co, do, are equal, 
(th. 4). But the two triangles oco, ocb, having the two 
^des oc, co, equal to the two oc, cS, and the induded an- 
^es oco, OCB, also ^ual, will be identical (th. 1), and have 
Hieir third sides bo,' go, equal. In like manner it is shown, 
that all the lines oa, ob, oc, oo, oe, are equal. Conse¬ 
quently a circle des^ilied with the Centre o and radius oa, 
%viH pass through all the j^ther angular points, Bf c,^o, &c. 
and will circumscribe the polygon. 


A 
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PROBLEM XXXIV. 

To make a square equal to the sum of two or more ’|^ven 
* squares. 

Let ab and ac be the sides of two 
pven^^uares. Draw two indefinite 
lines AP, AQ, at right angles to each 
other; in which place the sides ab, ac, 
of the given squares; join bc ; then a 
square dcscrib^ on Bearill be equal to 
the sum of thetwo|squares uesmbed on 
AB fnd AC (th. 34). 

In the same manner, a square may be made equal to the 
sum of three or more given squares. For, if ab, ac, ad, 
be taken as the sides of thq given squares, then, making 
AE ~ BC, AD = ad, and drawing de, it is evident that the 
square on de will be equal to the sum of the three squares 
on ab, AC, AD. And so on for more squares. 



PBOBLEM XXXV. 

To make a square equal to the difference of two given 

squares. ^ 

Let ab and ac, taken in the same 
straight line, be equal to the sides of the 
two given squares.—From the centre a, 
with the distance ab, describe a circle; and 
make cd perpendicular to ab, meeting the 
circumference in d : so shall a square descrilied on cd bc 
equal to ad* — ac% or AS* — ac*, as required (cor. th. 34). 





PROBLEM XXXVI. 

To make a Uiangle equal to a given quadrangle abcd. 

P&AW the diagonal ac, and pandlel 
to it DE, meeting BA produced at E, and 
join CE; then will the*triangle ceb be 
equal to the given quadrilateral abcd. 

For, the two triangles ace, acd, 
being on the same base ac, and between 
die same parallels AC,^nB, are equal* (tb. 25); therefore, 
if ABC bet added to each, it wil|||inake bce equal to abcd 
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PROBLEM XXXVII. 

To make a triangle equal to a given pentagon abode. 

Draw da and db, and also ef, co, 
parallel to them, meeting ab produced 
at F and c; then draw DF and dg ; so 
shall the triangle dfg be equal to the 
given pentagon abode. 

For the triangle dfa = dea, and 
the triangle dob = dob (th. ^ 5 ); 
thcrciorc, by adding dab to the equals, 
the sums are equal (ax. 2 ), that is, DAB + DAT + dbg 
= dab + DAE + DBC, or the triangle dfo n to the pen¬ 
tagon ABODE. 

i 

PROBLEM XXXVIII. 

To make a rectangle equal to a given triangle abo. 

Bisect the base ao in d: then raise 
DE and BF perpendicular to a%, and 
meeting of parallel to ab, at E and f : 
so shall DF be the recUngle equal to the 
given triangle abc (ty cor, 2, th. 26). 


FBOBLEM XXXIX. 

To make a square equal to a given rectangle abod. 

Produce one side ab, till be be 
equal to the other side bc. On ae as 
a diameter describe a circle, meeting 
BC produced at f : then will bf be the 
side of the square bfgu, equal to the 
given rectangle bd, as re^iredf as ap- 
|)ear8 by cor. th. 87, and th. 77. ' 
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TO 

GEOMETRY. 

When it is proposed to resolve a gef>mctrical problem 
algebraically, or by al^bta, it is proper, in the first ))Iace, 
to draw a figure tliat shall represent the several parts cr con¬ 
ditions of the problem, and to suppose that figure to be the 
true one. Then, having considered attentively the nature 
of the problem, the figure is next to be prepared for a solu¬ 
tion, if necessary, by producing or drawing such lines in it as 
appear most conducive to that end. This done, the usual 
8yml)o]s or letters, for known and unknown quantities, are 
employed to denote the several parts of the figure, both the 
known and unknown parts, or as many of them as necessary, 
as also such unknown line or lines as may be easiest found, 
whether r^uired or not. Then proceed to the operation, 
by observing the relations that the several parts of tne figure 
have to each other; from which, and the proper theorems 
in the for^;oing elements of geometry, make out as many 
equations independent of each other, as there are unknown 
quantities employed in them: the resolution of which equa¬ 
tions, in the same manner as in arithmetic^ problems, will 
determine the unknown quantities, and resolve the problem 
proposed. 

As no general rule can be given for drawing the lines, and 
selecting the httest quantities to substitute for, so as always 
to bring out the most simple conclusions, because different 
problems require diffo^ntTnodes of solution; the best way 
to gain experience, is to try the solution of the same problem 
in different ways, and then «pply4hat which success best, 
to other cases of the same kind, when they aflerwards occur. 
The following particuliur directions, however, may be of 
some use. 

Isf, In preparing the ^^re, by drawing lines, let them be 
either parallel or perpendicular to other Tines in the figure, 
or so as to fbrm similar triangles. An^if an angle be given, 
it will be proper to let the perpendicular be opposite to that 
angle^’and to fall from one ena of a given line, if possible. 
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2(i, In selecting the quantities proper to substitute for, 
tlujse are to be chosen, whether rccjuircd or not, which lie 
nearest the known or given parts of the figure, and by means 
of which the next adjacent parts may be expressed by addi¬ 
tion and subtraction only, without using surds. ^ 

3</, When two lines or quantities arealike related to other 
parts of the figure or problem, the best way is, not to make 
use of either of them separately, but to substitutJ^fo^their 
sum, or difference, or rectangle, or the sura of their alternate 
quotients, or for some line or lines, in the figure, to which 
they haveJbutli the same relation. 

4^//, When the area, or the perfhaeter, of a figure, is given, 
or such parts of it as have only a remote relation to the parts 
requirecl; it is sometimes of use to assume another figure 
similar to the proposed one, having one side equal to unity, 
or some other known quantity. For, hence the other parts 
of the figure may be found, by the known proportions of the 
like sides, or parts, and so an equation be obtained. For 
examples, take the following problems; and for the principles 
of their geometrical construction, see pa. 21^ vol. lii. 

PROBLEM 1. 


In a right-angled triangle, having given the base (8), and 
the sum of the hynothenuse and perpendicular {9); to find 
lioth phese two sides. 

Let ABC represent the proposed triangle 
right-angled at b. Put the base ab=:3=:6, 
and the sum ac+bc of the hypothenuse 
and perpendicular n 9 = «; also, let a: de¬ 
note the hypothenuse ac, and y the perpen¬ 
dicular BC. 



Then by the question - - - x rr s, 
and by theorem 34, - - - - =: j/* + 

By transpos.^^ in the 1st equ. gives x ■=: s — y. 

This value of X substi. ii\ the 
gives - - . - =y+ 6®, 

Takingawayyonboth sides leaves ~ 2^ = 6% 

By transpos. Stsy and b\ gives - s* — 6* = 

5 ^ 

And dividing by gives - - —= b'c. 


Hence x=:s — y = Sr=Ac. « 

N. B. In this solution, and the following ones,^he nota¬ 
tion is made by using as many unknown letters, x an^ y, as 
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there are unknown ^esof the triangle, a separate letter for 
each; in preference to uang only one unknown letter for 
one side, and expresnng the other unknown side in terms 
of that letter ana the given sum or difierence of the sides; 
though this latter wav would render the solution shorter and 
sooner; because the rormer way gives oct»sion for more and 
better |kactice in reducing equations; which is the very end 

and season for which these problems are given at all. 

* 

PROBLEM II. 

In a riglU^n^d triangigy having given the hypothcnusc 
(5); and the sum of the base ana perpendicular (<7); to 
both these tzeo sides. 

Let ABC represent the proposed triangle, right-angled at 
D. Put the given hypothenuse ac = 5 = o, and the sum 
An Bc of the base and perpendicular = 7 = s; also let x 
denote the base ab, and p the perpendicular Be. 

Then by the question - - - .r -1- y = s, 

and by theorem 34 _ - - j>sq- a». 

By transpos. ^ in the 1st, gives x zz s — 

By subsUtu. this value for x, gh'csa® — 2sy + 9.^ = a®, 

By transposing gives - - = o’* — s*. 

By dividing by % jpves - - if—syzz — 4^-*, 

By completing the square, gives y^-~ sy zz \a^’— \s^y 

By extracting the root, gives - y — zz 

By transposing -Js, gives - - y=z \s ± == 

4 and 3, the values of x and y. 

PROBLEM HI. 

In a rectangUy hevomg given the diagonal (10), and the 
perimetery or sum ^ Hie four sides (28); to fnd each 

of the sides severodiy. 

Let a BCD be the proposed rectangle; 
and put the diagonal AC = 10 r: d, and 
half the pmmeter ab + bc or ad “f" 

DC = 14 = a i also put one side ab zz x, 
and tlie other side pc =: y. Hence, by 
right-angled triangles, - - - * - x* + 3 /* = d*. 

And bv the question r*- - - - - x + y = a, 

Then 1^ transpewing y in die 2d, g^ves x sz a y^ 
Thiswolhe substituted in the 1st, gives — 2ay-\-9f sid\ 
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Transposing a\ g^vcs - - 2^-^itay 
And dividing by 2, gives - =* 

By completing tne square, it is — ®y H" i®* — 

And extracting the root, gives 1 / 

And transposing 4<i, ^ves - y == ^a± |a^=: 8, 

or 6, the values of j: and v. 

Wt 

PftOBLEM IV. 



Having given the hose any perpendicular of any triangle ; 
to find the side of a square inscribed in the same. 

Let ABC represent the given tilangle, 
and EFou its insciibed square. Put the 
base AD = &, the perpendicular cd r: a, 
and the side of the square gf or oh = 

Di = ar; then will cf = cd — di = 
a—x. 

Then, because the like lines in the 
similar triangles abc, gfc, are ''propor¬ 
tional (by theor. 84, Geom.), ab : cd : : OE rci, that 
iSf b : a :: X : a—x. Hence, by raultiplying extremes and 
means, ab — hx = axy and transposing oar,^ives ab ax 

-1- bx ; then dividing by a -f- 6, gives x = - gp or gb 

the side of the inscribed square: which*therefore is of the 
same magnitude, whatever the species or the angles of the 
triangles may be. 


PROBLEM v. 


In an equilateral trian^^ having given ihe lengths of the 
three perpendicidars, drawn from a certam point within^ 
on tfw three sides ; to determine the sides^ 


Let ABC represent the equila^ral tri¬ 
angle, and DB, DF, DG, the given per¬ 
pendiculars from the point D. Draw the 
lines DA, DB, DC, to the three angular 
points; and let fall the perpendicular pH 
on the base ab. Put the three given per¬ 
pendiculars, DE = a, DF = b, DO = c, 
and put or = AH or bh, half the side of 
the equilateral triangle. Then is At^ or Bc = 2 x, and by 

righ t-angled trianglel the perpendicular ch = \^ac®—ah* 
— ^/3x*=:x^/S. 
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Now, since the area or space of a rectangle, is expressed 
by the product of the Ixise and height (cor. th. 81, Geom.)« 
and that a triangle is equal to hau a rectangle of equal base 
and height (cur. 1, tli. 2(i), it foUowsthat, 

the whole triangle ABcisr: 4 .AB x CHz=z x x r y/S=x* 

the tragic ABD =: |ab X DO =: a: X c = eo;, 

the trangle bcd = |^nc x de =: ar x a = ax, 

the triafigle acd = ^ac x df = if’x bx. 

But the three last triangles make up, or are equal to, the 
whole former, or great triangle ; 

that is, X® v^S p: ax -b “b car; hence, dividing by x, gives 
Xv/3 = a ^ *4" dividing by ^/S, gives 

X =— - • t half the side of the triangle sought. 


Also, since the whole perpendicul^ cii is = x ^/3, it is 
therefore = o -f“ 6 -f- c. That is, the whole perpendicular 
cH, is just equal to the sum of all the three smaller perpen¬ 
diculars DK -f DF + DO taken together, wherever the point 
u is situated. 


PROBLEH VI. 

In aright-angled triangle, having given the base (3), and 
the difference between the hypothenuse and perpendicular 
(1); to find botli these two sides. 

# 

PROBLEM VII. 

In a right-angled triangle, having ^ven the hype^henuse 
(5), and the di&rence between the base and perj^ndicular 
(1); to determine both these two sides. 

PBOBLBlf Till. 

Having mven the area, or measure of the sp^, of a rect¬ 
angle, inscribed in a given triangle; to determine the sides 
of the rectangle. ^ 

PBOBLEM IX. 

In a triangle, having given the ratio of the two sides, 
together with ix>tb th^ segments of th4S base, made by a per¬ 
pendicular from the vertical angle; to determine the sides of 
the triangle. 

PROBLEM X. 

/♦ 

In a triangle, having given the bas^» the sum of the other 
twosklei, and the lengm of a.finedrawn from the vertical 
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angle to the middle of the base; to .find the sides of the 
triangle. 

PROBLEM XI. * 

In a triangle, having given the two sides about the ver¬ 
tical angle, with the line bisecting that angle, and teimiHat¬ 
ing in the base; to (iiid thedjasc. ^ 


PROBLEM XII. 


To determine a right-angled triangle; haying given the 
lengths of two lines drawn from the acute angles, to the 
middle of the opposite sides. 


PROBLEM Xlll. 




To determine a riglit-angled triangle; having given the 
perimeter, and the radius of its inscribed circle. 


PROBLEM XIV. 


w 

To determine a triangle; having given the base, the per¬ 
pendicular, and the ratio of the tM^ sides. 


PROBLEM XV. 

To determine a right-angled triangle; having given the 
hypothenuse, and the side of the inscribed square. 

PROBLEM XVI. 

To determine the radii of three equal circles, descrihc<l in 
a given circle, to touch each other and also the circum¬ 
ference of the given circle. 

PROBLEM xvii. 

In a right.^ng1ed triangle, having given the perimeter, or 
sum of all the sides, and the perpendicular let fall from the 
right angle on the hypothenuse; to determine the triangle, 
that is, its sides. 


PROBLEM XVIII. 

To determine n riglBi-anglcd triangle; having given the 
hypothenuse, and the difference of two lines drawn firon^the 
two acute angles to tlie centr^ of the inscribed circle. 
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PROBLEM XIX. 

Tf>determine a triangle; having given the base, tlic jier- 
pendicular, and the difference of the two other sides. 

PROBLEM XX. 

To determine a triangle; having given the base, the per¬ 
pendicular, and the rectangle or product of the two sides. 

PROBLEM XXI. 

t 

To^dikermine a triangle; having given the lengths of 
three lines drawn from the three angles, to the middle of 
the opposite rides. 

PROBLEM xxir. 

In a triangle, having given all the three sides; to hod 
the radius of the inscriwa circle. 

I PROBLEM xxiii. 

To determine a right-angled triangle; having given the 
ride of the inscribed square, and the radius of ttic inscribed 
circle. 


PROBLEM xxtv. 

To determine a triangle, and the radius of the inscribed 
circle; having given the lengths of three lines drawn from 
the three angles, to the centre of that circle. 

PROBLEM XXV. 

To determine a right-angled triangle; having given the 
hypotenuse, and the radius of the inscribed cirde. 

PROBLEM XXVI. * 

To determine a triangle; having given the base, the line 
bisecting the veitical angle, and the diameter of the circum¬ 
scribing circle. * * 
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LOGARITHMS 

. OF THE 

NUMBERS 

FROM 

1 to 1000. 


N. 

•Log. 

N. 

Log. 

N. 

Log. 

N. 

I.og. 

1 

0000000 

26 

1-414973 

51 

1-707570 

76 

1-880814 

a 

0-301030 

27 

1-431364 

52 

1-716003 

77 

1-886491 

3 

0-477121 

28 

1-447158 

53 

1-724276 

78 

1-892095 

4 

0-602060 

29 

1-462398 

54 

1-732394 

79 

1-897627 

5 

0-698970 

30 

1-477121 

55 

1-7403&3 

80 

1-903090 


0-778151 

SI 

1-491362 

56 

1-74818^ 

81 

1-908485 

■I 

0*845098 

32 

1-505150 

57 

1-755875 

82 

1-913814 

8 

0-903090 

S3 

i-518514 

58 

1-763428 

83 

1-919078 

9 

0954243 

34 

1-531479 

59 

1-770852 

84 

1*924279 

TO 

1-000000 

35 

1-544068 

60 

1-778151 

85 

1-929419 

11 

1-041393 

36 

1-556303 

61 

1-785330 

86 

1-934498 

U 

1079181 

37 

1-568202 

62 

1-792.392 

87 

1-939519 

13 

1-113943 

38 

1-579784 

63 

1-799341 

88 

1-944483 

14 

1-146128, 

39 

1-591065 

64 

I-806I80 

89 

1-949390 

15 

1-176091 

40 

1-602060 

65 

1-812913 

90 

1-954243 

16 

1-204120 

41 

1-612784 

66 

1-819544 

91 

1*959041 

17 

1-230449 

42 

i-623249 

67 

1-826075 

92 

1-963788 

18 

1-255273 

43 

1-63346$ 

68 

1-832509 

98 

1-968483 

19 

1-278754 

44 

1-6434S3 

69 

1-838849 

94 

1-973128 

20 

1-301030 

45 

1-653213 


1-846098 

96 

1-977724 

21 

1-322219 

46 

1-662758 

71 

1-851258 

96 

1*982271 

22 

1*342423 

47 

l-67a098 

72 

1-857333 

97 

1-986772 

23 

1-361728 

48 

1-681241- 

73 

1-863323 


1-991226 

24 

1-380211 

49 

1-690196 

74 

1-869232 

mm 

1-996635 

25 

1-397940 

50 

1-698970 

76 

14475061 

100 

2-000000 


N. B. In the follewing table, in the last oine fpluinas of each page, where the fint 
or leading figorea change ftom 9** to O’s^ urge dots are now tntiodaeed instead 
of the O's through the res^f the line, to cat^the eye, and to indicate diat from 
thence the oortespooding natural numtrar in the first odiuna stai^ In the next 
lower Une, and its annexed firiit two figures of the Logarithm in <!« second 
column, . 

















100:000000 0434 0868 1301 1734 2166 259813029! 3461 3891 
1011 4321[475115181 5609 6038 6466 68941732117748 8174 

102[' 8600 9026'9451 9876 •300 *724 1147 1570 1993 *2415 

103 012^37 3259 3680 4100 4521 4940 5360 5779 6197‘6616 

1104* 7033 7451,7868 8284 8700 911£ 9532 9947 •3611.775 

105*021189 1603i2016 2428 2841 3252 3664 4075 4486 4896 
106' 5306 5715{612516533 6942 7350 7757 8164 8571 8978 

1071 9384 9789 •195’#600 1004 1408 1812 2216 2619 3021 

108’035424P3826|4227‘4628i5029 5430 5830 6230'6629 7028 
109! 7426 7825'822318620'9017 9414 98ir.207>602 •OOS 

110 041393 1787j2l82 2576’2969J3362 3755 4148 4540 4932 i 
lllj 5323:5714:6105 649516885 7275!7664 8053 8442 8830 

112 9218 9606*19993 •380 •766 1153 1538 1924 2309 2691 , 

113 053078'3463; 3846'4230 *4613 j 4996 537S 5760 6142 6521', 

114 ; 6905*7286'7666*8046*84261880519185 9563 9^42 .320; 

115 060698;1075'l452:i829;2206|2582l2958 3333 3709 4083, 

116 4458'483215206'5580 595316326[6699 7071 7443 7815 

117 8186*8557*8928 9298 96681•.38;.407 •776 1145 1514 

118 071882 2250 2617:2985 3352[3718*4085 44514816 5182 

ll9i 554715912 6276!6640!7004[736817731 8094 8457 8819 
120 ' 9181*9543 9904'•266'•^26I•98711347 1707 2067 2426 

121 082785 *3144'3503 3861'421914576 4934 5291 56*47 6004 

122 6360!6716!7071*7426 7781j8436 8490 8815 9198;9552 

123 ; 9905>258! •611;•96^!1315 1667 2018 2370 2721'3071 

124;093422 3772j4122.4471,4820 5169 5518 5866 6215'6562 
1251 6910*7257 7604 7951'8298 8644 8990 9335 9G8l!^026 

126 100371i0715 1059;140311747 2091 2434 2777 3119;3462 

127 3804 4146 4487 4828 5169 5510 5851 6191'6531 6871 

128 721017549 7888 822718565 8903 9241 9579,9916 •253 

129 110590,0926 1263 1599; 1934 2270 2605^910 3275 3609 

130 3943 4277 4611 4944*5278 5611 5943 6276j6608 6940 

131 7271*7603 7934 8265|8595 8926 9256 9586 9915 ^245 

132 120574 0903 1231 1560'1888 2216 2544 2871 3198 3525 

133 3852 4178 4504 4830*5156 5481 5806 6131 6456 6781 

134 7105 7429 7753 8076 8399 8722 9045 9368 9690 ••12 

135 130334 0655 0977 1298!1619 1939 2260 2580 2900 3219 

136 3539 3858 4177 4496*4814 5133 5451 5769 6086 6403 

137 6721 7037 7354 7671j7987 8303 8618 8934 9249|9564 

138 9879 ml94 •508 *822 1136 1450 1763 2076 2389 2702 

139 143015 3327 3639 3951 4263 4574 4885 5196 5507 5818 

140 6128 6438 6748*] 7058 7367 7676 7985 8294 8603 8911 

141 9219 9527 9835 .142 ^449 •756 1063 1370 167611982 

142 152288 2594 2900 3205,3510 3815 4120 4424 4728 5032 

143 5336 5640 5943[6246'6549 6852 7154 7457 7759j8061 

144 8362 8664 8965 9266 9567 9868 .168 ^469 *769 1068 

145 li?i36C 1667 196712266 2564 2863 3161 3460 3758*4055 

146 4.853 4650 4947 5244 554,1 5838 6134 6430 6726 j 7022 

147 78 I 7 7613 7908 8203 8497 3792 9086 9380,9674 9968 

148 170‘262 0555 0848 1141 1434 1726 2019 2311 2603 2895 j 

149 3 M 86 3478 37 69 406 0 4351 46411^32 522215 512*5802] 






\dO 17C09I niJSI Gf)70 (i959 7248 7336 7823 81 l3 8401 8689 

151 8977 ;)264 9i32 9839 •126 *413 *699 *986 1272 1558 

152 181841. 2129 2415 2700 2985 3270 3555 3839 4123 4407 

153 4691 4975 5259 3542 5825 6108 6391 6674 0956 7239 

154 7521 7803 8084 8366 8647 8928 9209 9490 9771 ••5J 

155 190332 0612 0892 II7I 1451 1730 2C10 2289 2567 2846 

150 3125 3403 3681 3959 4237|4514 4792|5009 5346 5623 

157 5899 6170'6453 6729 70051728 I 7556 783« S107!8382 

158] 8657 8932 19206 9481 j 9755 ' ••2-* .303 *577 *85011124 

1591 201397 167011943 :22 I 6 • 2 188'2761 : SOSfl 3305 3577 ^-3848 

160 4120 1391;4663 1493415204:5475;5746 I 6016 0286|65^6 

161 6826 7096 7365 763417904 S17318441 :87JO'897919247, 

162 95 15 (9783: ••51 i •S I9I ^5861 *853 1121 j I3S8 i 16'54 1921 j 

1631 21218S i 245 1 J 272012086,3252 ! 35 I 8 3783 ! 4019 I 43 1 4 ' 4579 ! 
164: 4844!5 109,53“3 I 76 381 5902 616616430’6694'6957 722 I 
165! 7184:7717 8010 8273,8536j8798[9O0O 9323'9585 9846 

166:220108:0370,0631;0892;1153,1414;1675 1936|2l96j2456 
167i 2710:2976 3236 ; 3 190,37551401 s'4271- 4533 j 4792 : 5o51 

1681 5309 ! 5568 ■ 582t> 60S 11 6342'6600; 6858 I7 I 15,! 7372 7630 

169; 78«7'h 144 8JOO,8657:cS9l3 9 170. 9126'9682; 9938 • I 93 

170 230449 ;(t704 4)960 12 15; 1470^1721 1979^^ 2234 2488 12712 
171. 2990; 3250 350413757; 4011 j 4204145 17*! 4770'5023 1' 5276 

1721 552815781 :0O33'6285,6537-; 6789 7041 17292'7544,7795 

1731 804618297,8518 8799.9049;92991 9550;980o|••50 ,300 

174 210549.0799 1048 1297'1546 j 1795|2044 2293 2541 271)0 

175 303813286 3534 ^3782■4030j4277'4525 4772 5019 5266 

|J76 551315759 6006;6252'0499 6745|6991j7237 7482 7728 

177 7973i82l9,&lGt;8709|«954 9198|91-43 9687 9932 *170 

178 250420 0604,0908;1151:1395 1638;1881 2125 2368 2610 

179 2853 3096j333813580,3822 4004 4306 4518 4790 5031 

180 5273 5514>5755'5090 ;6237 6477 6718 6958 7198 7439 

181 7679 7918 8158 8398 8637 8877 9116 9355 9594 9833 

182 260071 0310 0548 0787 1025 1263 1501 1739 1976 2214 

183 2 451 2688 2925 3162 3399 3036 3873 4 IO 9 4346 4582 ► 

184 4818 5054 5290 5525 .*>761 5996 6232 0467 6702 6937 

185 7175^ 7406 7O4I 7875,8110 8344 8580 8812 9046 9279 

1S6 9513 9746 9980 •2l3 ^446 .679 •912 J144 1377 1609 

187 271842 2074 2306 ‘2538-2770 3001 3233 3464 3696 3927 

188 4158 4389 4620 4850 5081 5311 5542 .5772 6002 6232 

189 6462 6692 6921 7131 7380 760» 7838 8067 8296 85:5 

190 8754 8982 9211 9439 9667 9895 •12S •351 •578 #806 

191 281033 1261 1488 J7I5 1942 2169 2396 2622 2849 3075 

192 3301 3527 3753 3979 4205 4431 4656 4882 5107 5332 

193 5537 5782 6007 6232 6456* b6M 6905 7130 7354 7578 

194 7802 8026 8249 %473 8696 8920 9143 9366, 9589 9812, 

195 290035 0257 0480 0702 0925 1147 1369 1591 1813 2034 

196 2256 2478 2099 2920 *3141 3363 .•3584 3801. 4025 4246 

197 4466 4687 1907 5127 5347 5567 .5787 6007 6226 6446 

198 6665 0881- 7101 7323 7542 7761 7979 8198 8416 8635 

199 8853 9071 0289,9^07 9725 9943 •16ll«378 •595 •SIS 
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7513 

7574 

7634 

7691 

775 7 

7815 

7875 

.721. 

7935 

7995 

8056 

8116 

8176 

8236 

8297 

8357 

8H7,8t7;, 

722 

8537 

8597 

8657 

8718 

8778 

8838 8898 

8958 

9018. 

9078 

i723 

9138 

9198 

9258 

9318 

9379 9439 

9t99 

9559 

9619, 

9679 

!72t 

9730 

9799.9859 

9918 

9978’ 

• t38 

• •98 

.158 

• 218 

• 278' 

728 

8(K)338 0398 , 

0458 

0518 

0578 

0637 

0697 

0757 

0817! 

0.877; 

! < 

0<)37 0996* 

1056 

1116 

1176 

1236 

1295 

1355 

1 tl5l 

1 175' 

1727, 

1534 

1594; 

1654 i 

1714* 

1773 

1833 

1893' 

1952 

2012i2i)72' 

728 

2131 

2191 

2251 

2310 2370, 

2430;2489 

2549 

2608, 

2(;68 ' 

720 

2728 

2787; 

2847 

2906 

2966: 

302513085 

314t 

3204. 

3263: 

,730' 

3323 

3382' 

3442 3501; 

3561' 

3620*3680 

37.39 

37991 

.38,58 ; 

731 i 

3917 

3977;4036 

4096; 

4155;421414274'4333 

4392 

44.52; 

732 

4511,4570, 

463014689 

4748 

4808 

4867 ( 

4926 

4985 

.5045: 

a33; 

5101- 

5163 

5222» 

5282 

5341 

5400 

5459 

.5.519 

5578 

563; 1 

73H 

5696 

5755 

5814 5874 

5933 

5992 

6051 

6110 

6169 

6228 1 

735. 

6287, 

6346, 

6405'6465 

6524 

6583 

6642 

6701 

6760 

6819 

7361 

6878 

6937 

6996; 

7055 

7114 

7173 

7232 

7291 

7350 

74(>S* 

737; 

7467 

7526 

758517644 

7703 

7762 

7821 

7880 

7939 

7998 

738. 

8056' 

8115 817+ 8233 

8292 

8350 

8409 

8468 

8527 

8586 

739 

„ 8644,8703 

8762.8821 

8879 

8938 

8997 

9056 

9114 

9173 

740 

0232 

9290 

9.349 

9408 

9466 

952.T 

9584 

9642 

9701 

9760 

741 

0818, 

9S77 

9935 

9994 

• •.53 

• 111 

• 170 

•228 

.287 

• 345 

742 

870404 

0462 

0521 

0579 

0638 

0696 

075.5 

0813 

0872 

0930 

743 

0089 

1047 

1106 

1154 

1223 

1281 

13.39 

1398 

1456 

151.5 

744 

1573 

1631 

1690 

1748 

1806 

186.5^192.3 

1981 

2040 

2098 

745 

2186 

12215 

2273 

2331 

2389 

[2448 

2506 

2564 

2622 

2681 

746 

2739 

2797 

2855 

2913 

2972 

3030 

3088 

3146 

.3204 

3262' 

747 

3321 

3379 

34.3'/ 

3495 

3553 

3611 

3669 

3727 

3785 

384+' 

748 

3902 

3960 

14-018 

,4076 

4134 

4192 

4250 

4308 

4366 

4421 

749 

4482 

4540 

! 4598 

14656 

4714 

4772 

4830 

4888 

4915 

50031 




OF NUMBERS 


S97 


N. 


1 

2 

3 

+ 

5 

6 

7 

8 

9 

750 

875061 

5119 

5177 

5235 

5293 

5.351 

5409 

5466 

5.524 

5582 

751 

5640 

5698 

5756 

5813 

5871 

5929 

5987 

6045 

6102 

6160| 

i752 

621816276 

6333 

6391 

6449 

6507 

6564 

6622 

6680 

6737' 

75:i 

6795 

6853 

6910 

6968 

7026 

7083 

7141 

7199 

7256 

7314 

7.H 

7371 

17429 

7487 

7544 

7602 

7659 

7717 

7774 

78.'?2 

7889 

755 

7947 

8004 

8062 

8119 

8177 

8234 

8292 

8349 

8407 

8464 

75G 

8522:8579 

8637 

8694 

8752 

8809 

8866 

8924 

8981 

9039 

|757 

0096 

9153 

92! 1 

9268 

9.325 

9383 

9440 

9437 

9555 

9612 

758 

966919726 

9784 

9841 

9898 

9956 

• • 13 

••70 

• 127 

• 18.5 

759 

880242 

0299 

0356; 041.3 

0471 

0528 

0585 

0642 

0699 

0756 

TOO 

0814 

0871 

0928:'098 5 

1042 

1099 

1156 

1213 

1271 

1328 

761 

1385 

1442 

1499 

1556 

1613 

1670 

1787 

1784 

1841 

1898-1 

702 

1955 

2012 

2069 

2126 

2185 

2240 

2297 


2411 

2468 

768 

^523 

2581 

2638 

2695 

2752 

2809 

2866 

2923 

2980 

3037 

764 

8093 

3150 

.3207 

3264 

3321 

3377 

9434 

3491 

3548 

3605 

7651 3601 

3718 

3775 

.1832 

3888 

3945 

4002 

4059 

4115 

■1172 

766 

4229 

4285 

4342 

4399:4455 

4512 

4569 

4625 

4682 

4739 

|767 

4795 

4852 

4909 

•1965 

5022 

5078 

5135 

5192 

.5248 

530.5! 

j76S 

6 ' j(i 1 

5418 

5474 

.5531 

5587 

5644 

5700 

5757 

.5813 

.58/'O. 

*769 

592(; 

5983;6039 

6096 

6152 

6209 

6265 

6321 

6378 

61-34 

770 

6191 

6547 

660!- 

6660 

6716 

6773 

6829 

6885 

6912 

6998 

771 

7054 

7111 

7167:7223 

7280 

7336 

739*2 

7449 

7505 

7561 

772 

7617 

7674 

773017786 

7842 

7898 

79.55 

8011 

8067 

8123 

,778 

8179 

8236 

8292 

8348 

8-104 

8460 

8516 

8573 

8629 

868.5 

'774 

8741 

8797 

8853 8909 

8965 

9021 

9077 

9131 

9190 

9246 

1775 

9.302 

9358 9414 

9470 

9526 

9582 

9638 

9694 

9750 

9806 

;776 

9862 

9918 

9974 

• •30 

• •86 

• 141 

• 197 

• 253 

• 309 

•365 

,'777 

890^21 

0477 

053310589 

0645 

0700 

0756 

0812 

0868. 

092 4 

;77« 

0980 

1035 

1091 

1147 

1203 

1259 

1314 

1370 

1 126 

1432 

779 

1537 

1.593 

1649 

1705 

17C0 

1816 

1872 

1928 

1983 

2039 

780 

2095 

2130 

220612262 

2317 

2373 

2429 

2484 

2.540 

2.595 

781 

26.51 

2707 

2762 

2818 

2873 

2929 

298.5 

3040 

3096 

3151 

78'2 

3207 

3262 

S;i J 8 

3.i73 

3429 

3484 

35-10 

3595 

3651 

3706 

•783 

3702 

3817 

3873 

3928 

3984 

4039 

4094 

4150 

4205 

426J 

7H4 

4316 

437 1 

4427 

4482 

4538 

4593 

4648 

4704 

4759 

4814 

785 

4870 

4925 

4980 

5036 

5091 

5146 

5201 

5257 

5312 

.5367 

1786 

5423 

5478 

5533 

5588 

5644 

5699 

5754 

5809 

5864 

5920 

787 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

647 

!788 

6526 

6581 

6636 

6692 

6717 

6802 

68.57 

6912 

6967 

7022 

|78y 

7077 

7132 

7187 

72f2 

7297 

7352 

7407 

7462 

7517 

7572 

790 

7627 

7682 

7737 

7792 

78-17 

7902 

7957 

8012 

8067 

8122 

791 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8.561 

8615 

8670 

792 

8725 

8780 

8835 

8890 

8944 

8999 

9054 

9109 

9164 

9218 

798 

9273 

9328 

9383 

9437 

91^)2 

«547 

9602 

1)656 

9711 

9766 

794 

9321 

9873 

99.‘» 

9985 

• •39 

• •94 

• 149 

• 203 

•2.58 

•312 

|795 

900367 

0422 

0476 

0.531 

0.>.S6 

0640 

0693 

07^9 

4)804 

0859 

1796 

0913 

0968 

1022 

1017 

1131 

1186 

1240 

1295 

1349 

1404 

797 

M 5 1 

1513 

1.J67 

1622 

1676 

nsp 

17h5 

1340 

1891. 

1948 

798 

2003 120.57 

21 12 

2166 

2221 

2275 

2329 

2384 

2138 

2492 

799 

2547 

2601 

2655 

2710 

2764 

2818 

2873 

292712981 

3036! 





098 


LOCAaiTflMli 


800 

801 

802 

80J 

sot: 

805 

806 
8071 
808 

809 

810 
HU 
812 

813 

814 


‘6 7 I 8 [ 


8199 


4 
4 

6256 
6 


611741692716981 

-'" — 7519 

794918002 8056 
848518539 8592 
9128 
9663 
0197 
0731 
1261 
1797 
2343 


53!JJ307 
3819 
4391 
4932 
5472 
5958; GO 1,2 
6551 
7089 
7626 
816,1 
8 
9 
9 
0 
0 
1 


3470 
4012 

4563 4607 
5094 5148 
5634 6688 
6173 6227 
6604:6658167J2 6766 
7250 7304 
7787 7841 
8324 8378 
8860 8914 
9396 


83 

832 {920123 

833 0645 


3578 
4120 
4661 
5202 
5742 
6281 
6820 
7358 
7895 
8431 
8967 
9503 
• •37 
0571 
1104 
1637 
2169 
2700 
3231 
3761 
4290 


9 


6191 

666416717 6770 
7243 7295 
7768 7820 
8293 8345 
8816 8869 
9340 9392 
9862 99141991 
038410436 



6959 
7422 7473 
7935 7986 
8447 8498 
8491 890818959 9010 


1426 
189411946 

24661251812570 
2985 
3503 
4021 
4538 
5054 
5570 
6086 

6548! 

7062 
7676 
8088 
8601 

906119112191631921519266 


8450 
8973 
9496 
••19 ••71 

0541 0593 
1062 1114 
1582 1634 
2102 2154 
2622 2674 
3140 3192 
3658 3710 
4176 4228 
4693 4744 
5209 5261 
5725 5776 
6240 6291 
6764 6805 
7268 7319 
7781 7832 
8293 8345 
8805 8867 
) 1931719368 
















































OF NUMBEIIK 


399 


o^-j-i-|-a | a-'i -i n -s- I 6 I 7 I 8 I 


929419191-70 
9881 
0491 
1000 

1458 ]509ll5(i0 
1906 20J7 
2524 
3031 
3538 

3993140141409414145 


9623 
«134 
0643 
1153 
1661 
2169 
2677 j 
sia^l 


4195 


8019 3069 


9674 
• 185 
0694 
1204 
1712 
2220 
2727 
3234 
3740 
4246 
4751 
5255 
5759 
6262 
6765 
7267 
7769 
8269 
8770 
9270 


9725 

•236 

0745 

1254 

1763 

2271 

2778 

3285 

3791 

4296 

4801 


6313 


1710 1760 


3760 


99 

354413593I3643 


4581 4631 


6501 
6992 
7483 
7973 
8462 
8951 8999 9048 
9439 9488 9536 
9926 9975 ^^24 
0414 0462 0511 
0900 0949 
1386 1435 
1872 1920 
2356 2405 
1811 2889 
3325 3373 
3808 385613905 


9827 9879 
•338 ^389 
0847 0898 
1356 1407 
1865 1915 
2372 2423 
2879 2930 
3386 3437 
384f|3892 3943 
434714894 4448 
4953 
5457 
5960 
3 6463 
6 6966 
7418 7168 


8420 8470 


3297 


6649 6698 


2986 3034 


2J55 


13316 
3811 
4335 
4828 
5321 
5813 
6305 
6796 
7287 
7777 
8266 
8755 
9244 
9731 
•219 


141211462 
1909II958 
2455 
2950 
3145 
3939 
1433 
4927 
5419 


1726 1775 













































































l.OOAttlTllMS 


408 


N. j 


' 1 


3 

V 

5 

6 

7 


9 

9(H>| 

95124:1; 

1291 

1339 

4387 

4135 

1181 

1.532 

4580 

1628 

4677 

9011 

4725 i 

4773 

4821 

4869 

4918 

4963 

5014 

5062 

5110 

5158 

90v?| 

5207 


5303 

5351 

5399 

5417 

5195 

5543 

5592 

5610 

i)0Jj 

56as 

5TMi 

5784 

5832 

5880 

5928! 

5976 

6024 

6072 

6120 

904 

6168 

6216 

6265 

6313; 

6301 

6109 6157 

6505 

655,1 

6601 

1)05 

6644) 

6697 

6715 

6793! 

6840 

6888 

6936 

6981 

7032 

7080 

‘KWi 

7128 

7176 

7224 

72721 

7320 

7368 

7416 

7161 

7512 

7559 

iX)7 

7607 

7655 

7703 

7751 

7799 

7847 

7891 

7942 

799018038 

908 

8086 

8134 

8181 

8229i82771 

8325 

8,‘173 

8121 

8168 a516 

909 

8564j 

8612 

8659 

870718755* 

8803 

88;50 

8898 8916 

S(H)t 

910 

9041 i 

9089 

9137 

9185,9232! 

9280 

9328 

9375 

9123 

9471 

911 

9518 

9566 

0614 

9661!9709 

9757 

9801 

9852 

9900 9917 

912 

9995 

••42 

••90 

• 138' 

.185! 

.233 

.280 

.328 

.376 

• 123 

913 

960471 

0518 

05(2610613 

0661107(H) 

0756 

0801 

0851 

0899 

914 

0946 

0994 

1041 

1089 

113611181 

1231 

1279 

1.326 

1.371 

i915 

1422 

116;) 

1516 

1561 

1611 

1658 

1706 

1753 

1801 

1818 

!9ie 

1895 

1943 

1990 

2018 

208512132 

2180 

2227 

2275 

2322 

917 

2369 

2417 

2464 

2511 

255912606 

2653 

2701 

2748 

27f)5 

918 

2813 

2890 

2937 

2985 

3032 

J3079 

3126 

3174 

3221 

3268 

919 

3316 

3363 

3410 

34v57 

.‘3,501 

3552 

359.9 

.3616 

369.3 

3711 

920 

3788 

3835, 

3882 

3929 

3977 

4024 

1071 

4118 

1165 

1212 

f)21 

4260 

4307 

4354 

4101 

4448' 

4495 

4542 

1590 

46.37 

4681 

922 

4731 

4778 

4825 

4872 

4919 

1966 

5013 

5061 

5108 

5155 

923 

5202 

5249 

5296 

5313 

5390 

5137 

5484 

5531 

5578 

5()25 

924 

6672 

5719 

5766 

5813 

5860 

5907 

5954 

6001 

6018 

6095 

92,'3l 6142 

6189 

6236 

6283 

6329 

6376 

6423 

6170 

6517 

6561 

i92G 

6611 

6658 

6705 

6752 

6799 

6845 

6892 

6939 

6986 [70.33 

927 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7R)8 

7154:7501 

928 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922[7969 

929 

8016 

8062 

8109 

8156 

8203 

8249 

8296 

a343 

8390.81,36 

930 

8483 

8530 

8576 

8623 

8670 

8716 

876318810 

aS5()'8903 

931 

8950 

8996 

9043 

9090 

9136 

9183 

9229 9276 

9323:9.369 

932 

9116 

9463 

9509 

9556 

9602 

9649 

9695 

9742 

978919835 

933 

9882 

9928 

9975 

• •21 

• •68 

• 114 

• 161 

•207 

•25l!*.‘i00 

934 

970347 

0393 

0440 

0186 

0533 

0579 

0626 

0672 

0719!0765 

935 

0812 

0858 

0904 

0951 

0997 

1044 

1090 

1137 

1183[1229 

936 

1276 

1322 

1369 

1415 

1461 

1508 

1554 

1601 

1647 

169.3 

937 

1740 

1786 

1832 

1879 

1925 

1971 

2018 

2061 

2110 

2157 

938 

2203 

2249 

2295 

2^342 

2,388 

2131 

2481 

2527 

2573 

2619 

939' 

266(: 

2712 

2758 

2804 

2851 

2897 

2f)t3 

2989 

3035 

.i082 

940 

3128 

3174 

3220 

3266 

3313 

3359 

3405 

3451 

3497 

3513 

941 

3590 

3636 

3682 

3728 

3771 

3820 

3836 

3913 

3959 

4005 

942 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374 

4420 

1466 

1443 

4512 

4558 

4004 

4650 

'4696 

4742 

4788 

1834 

4880 

1926 

944 

4972 

^018 

5064 

6110 

51,56 

520l* 

5248 

5294 

5340 

5386 

915 

5432 

5478 

5624 

5570 

5616 

5662 

5707 

5753 

5799 

5845 

946 

5891 

5937 

5983 

(m) 

6075 

6121 

6167 

6212 

6258 

6304 

947 

6350 

(i39(> 

6142 

6188 

6533 

6579 

6625 

6671 

0717 

6763 

948 

6808 

6854 

6900 

6913 

6992 

7037 

7083 

7129 

7175 

7220 

94J) 

7266 

7312 

7358 

7403 

7449 

7495 

7541 

7586 

7632 

7678 





LOG. SINE6, TANGKNT.S &CC. 


950 977724 

951 8181 

952 8637 

953 9093 

954 9548 

955 980003 

956 0458 

957 0912 

958 1366 

959 1819 

960 2271 

961 2723 
3175 
3626 
4077 
4527 
4977 
5426 
5875 


7815 

8272 

8728 

9184 

9639 

0094 

0549 

1003 



978:990339103831 
9791 0783!0827 


0428 0472 
0871 0916 


2111 

2551 

2995 

3436 

3877 

4317 

4757 

5196 

5635 

6074 

6512 

6949 

7386 

7823 

8259 

8695 


7906 7952 7998 8043 8089 8135 
8363 814)9 8454 8500 8546 8591 
8819 8865 8911 8956 9022 9047 
9275 9321 9366 9412 9457 9503 
9730 9776 9821 9867 9912 9958 
0185 0231 0276 0322 0367 0412 
0640 0685 0730 0776 0821 0867 
1093 1139 1184 1229 1275 1320 
1547 1592 1637 1683 1728 1773 
2000 2045 2090 2135 2181 2226 
2452 2497 2543 2588 2633 2678 
2904 2949 2994 3040 3085 
3491 
3942 
4392 

4842 488714932 
5292 5337 
5741 5786 
6189 6234 
6637 6682 
7040 7085 7130 
7488 7532 7577 
7934 7979 8024 
8381 8425 8470I 
8826 8871 8916 8960 
9272 9316 9361 9405 
9717 9761 9806 9850 
•161 *206 •250 *294 
056i 0605 0650 0694 0738 
1004 1049 1093 1137 1182 
1448 1492 1536 1580 1625 
1890 1935 1979 2023 2067 
2333 2377 2421 2465 2509 


. ,2774 

3172 3216 


2907 2951 
3348 3392 


3613 3657 3701 3745 3789 3833 
39651400914053 4097 4141 4185 4229 4273 


4405 4449 4493 
4845 4889 4933 
5284 5328 5372 



4581 4625 4669 4713 
5021 5065 5108 5152 
5460 5504 5547 5591 


5723|5767|5S1 I 585415898 591'2 5986 6030 


956519609 


6249 

6687 

7124 

7561 

7998 

8434 

9305 


6337 6380 6424 6468 
677i 6818 6862 6906 
7212 7255 7299 7343 
7692 7736 7779 
8129 8172 8216 
8564 «6Qfj 8652 
9000 9043 9087 
9435 9474 9522 


9739 9783 9826 98701991319957 


VOL. L 














































10 LOW SIKES, TAKGEKTS, &C. 

-» , , -, 1 

Cosim- Tiuiif. t^»tan‘j.i Sine j Cui sine Tang.. Cotang . 
-1 |.7’,R()ir6 «0 

I .;.4f 37.>(; lO-OOOOOO S.4fi372u l3-336i74| d *2 | W 

. «.TG47 IH OOWMX' ti G7475f: l3-*A3..3n X. >r,(;<)!>-1 U.W'tXDA'i «-2 j61(,5 I I./43BJ.S .»H 

*7 K'-OOOUOli fi*94U)^4" ri-OMM5J} y'9999'2? H-26311 ^ 11-7)6886 67 

j7-0';573b 10 1)00000 7 0b-57afa- l-i-giliH 8..i69aHl <) !)0S)9->& sr 

.VT Jo.'ODV lO-OOOOOO 7 l6,i69ti |2.a37304! 8-2r(J01-l <»-9!W»'i2 8 £00 M .. 2.U09 3.. 
(,j7-2418;7 !) .9:)9f);)9 7 ‘i4l«78 I27a812v| H ‘J«3243|}) <'!»!>920 8-283323 I !-7 1067/ .*4 

”i7..iOR824 9 9999.99 7-30882.1 12-69117.■»j 8’28977.'t'9-.9!)99l8 8-‘289836|l 1-7 l(il44j.>3 
H7-.»:6HI6! !»-999i>;>;> 7-366817 12-G.0)I83; 8-2fl6207 9-99991 a | 

0:7 4179681 9-0')9999 7-417970 12 582030 8-;i02;.46 9-999913 8-302634,11-S;!/,36bj.* I 
’(il7-16 9-99999^' 7-463727il2-.536273 8-3()8794i9-999910 8-308884i I 1-6911 U!|.'iO 


u’rJoM 95:9999;; ::505;2; ;;494;;o |s-5Vi;>54 9-;;999o: 8-3.50.6.. 68.195.1199 

1-2 7.j42y06| 9 99.9997 7-54290,9 l2-45709r|8.32U)-7j!)-U9y90.S 8-32M22 1 l-b, x,<7«:48 

I i 7-5776681 9-999997 7-577672'12-422,328,j8-3270!i. ■)-,99.9.90-' 8 .1271 14'.M-672aK6 -i; 

I jiKooyHr,.*! 9.99.9.996 7-609857il2.39O14 l,j8.3 12924,9-999899(8-333025 
I'.'7-6198165 9 999996 7-619820:12-360180 (8-338/ii.l.')-999K97|8-.138856,11-(.61 N4,-l,< 
i Ii: 7-66V84:. 9-999995 7-667849| 12-5.12151 lj8-344 ■.(;4'9-999894!8-344610,1 1 -6..:,3,9U,44 
r'r.034l73 9-999995 7-694l79;r2-305«2l,l8.3;>01Mj9 999891 8 35028.9 1 1.1.49/ 11 4 i 
IS 7-718997 9-999994 7-7 1900l;l2-2809.97ij8-.155783't»-y!»98HH 8.3.-,589.'. 11-644105,42 

lo T-T 4247^ 9.99999 T-742484'12.257516,;B-161 31f..9-999H8:> 8-3(;i4,10 I 1-638.^0 -11 
.0--7647.-.1 9.9.999')3'7 '«-l‘fl>il2-2:i5239 8-366777 9-999882|8-.16089.) -Ki no.. -!! 
I'l 7-r8’.94l! 9.>)-)!l99,(i7-78.795l‘l2-2l4049 8-J72171 9-.9<)!m79|8.372292 1 l-o2/,08,l.* 
122 7-806146' 9 9999 :m 17-8061 5.', 12-19 >84:., 8-3774.99 9-999876;8. !77(i22 I -622,1/« .W 
!m 7-8 '‘.4511 i'-99!l99(.!7-«2:)l60;i2-I74540, 8--1-»2762 9-.9;).9H7.5 8-.1828H9 6 J I I I {• 

24 7 81:5.914! 9-9.99989 7-81;1944 12 156056 S-3l!7!)62<,9.y:»9870|8.7880.92 1 1-01 1 .)(»8 ,.6 

>-.‘7.861*662 ; 9.999989!7-86I674’i 2-138126 |8-303101:9-.9.99H67'8..1;.32,!1 1 [•60.;76.; 
'>67-8786') > ‘)-')'>9'9(ii<i7-870rf)8 12-121292 198179,9 9 ‘.‘t8(.4 •' 5.9831;, 1 34, 

/--S9508V •).9999^;7 H9,iIi 99 12-104901 (8.403 1.99 n.;).99-'6 i ■8-l0 13 irt 1 j-* 

>8'7.9'|('H79' 9..999981V -.9I0894 12 08.9.06 (8 408161 9.9998.,8*8.408.40 1 1 -,.;)I6,'6.>2. 
29 7-' 261 r'i 9-.9!)998:>‘‘ 926131 l2-073.:,66 ,8.41,1068 9-9.'-.'''l‘‘4;'<- J 

tiz-bloil'-i 9.y9998.4,^ £)408;,H 12059142 |8-417919 9..9;);M., ^ 118068 P-.,8 19 ,2 lOj 
ir? '•■i'.082 9.'>y9982',7-9;,5100 12-014900 ,8.-42'27 17'9..96;i> 46 8.42286;! I 41,-’*'; 

4./r.9(;8870 9 9<»9y9r-7..968«89;i2.U.;l 1 1 I ;8-427 l62.9-9''9845;8 1'2761< 1 I -./ 'f 
iTt '»8> >;4 1 H..9999»oi7 y82253;l2 017747 j'8-M2136 '>.!,y'J841 8.Hj,4i., I 1 ..8„ (.8., .,j 

! U r.9';Vl98 9..99y.979(7-9952l;» 12 004881,|8-4 '.68009..‘);i:,'38 8- 136;i(,.' I I .>i> 

{■ '8-‘iO"787 9-999977i8-0O7809 1 |.;)921.')1 j«-41I !94 '! <!;!,98 4.J 8 441;,61 * 

56:8-020021 y-999976j8 020014 I 1 .yr.Oyjb ,8-1459119 9.998 JI146 I 10,1 I 4r .)o,--l 


/651. 6^ S.46V98:;;o.99;h* 3 .-468172 ll.:.,..82« .9 

‘tSSa 8.47226319.999809.8.472 154 11 527446 18 


If- 8 126471 9-999961 8-126510 11-87 549(1 8-488963,9-.9.9.97f)4 '<•489170,11-51 iW.JOj 4 

i7 8 10 9-999959 8-13385111-864146 8-49.1040|9-999790 8-4.9 52.50 • ..067.,0, ; 

Jh ^14495? 9-999958 8-144996 II-8.55001' 8-497078 9-999786 8 .1972.9:5 11-502/0/ 12 

H 1 -.-WO? 9-999956 8-153.9*2 I 1.846048 8-3i)l080 9-999782 8 501298 I j-4.98702 11 
^ l oboiian 8-162727 11-83727 5' 8.50.'.045 9.99977^ 8-505267 I 1-494733 10 

8-162081 « »; ^ 8..S08974 9-99977; 8-509200 11.4.908(K) ,9 

8 1792 n 9-999950 8-179763 11-820237 8-512867 9-99976^ 8-5130.98 11 •4«6‘.9<*J< ^ 

S 9.9^88-108036 11.812.964 8-5167269-99.976^ 8-516961 

J IS 9-999946 3-196156’11-803844 8-520551 9-99976*; 8-520790 11-479216 

K 904070 ‘1-999944 8-204126 11-79.^874' 8-5241^43 9-999757 8-524586 11-475414 5 
o ^ 909942 8-211953 11-788047 8-528102 9-099753 8-528349 11.4716..1 4 

9-8? ;.99wd8.2 9641 -780359 3-5.31828 9-999748 8-532080 11-467920 :i 

9-Sh «-»’71.9.5 11-772805 8-535523 .9-9.99744 8-535779 11-464221 2 

tiVisli i -oi 936 8-234621 11.765.379 1 

9.9999 n 8-241921 11-758079 8-542819 9-9997:1.5 8 .54.1084 11-45^ 

' ■" Cosine Sine Cotaii. Tang. ' 










LOG. smES, TANGENTffi 6U. 


_ 2 I>eg. _ 

' Sine jL;usinc Tang. / C otang . 

OH.54'i!8iy y't)‘)y735 8-543084jl l•450■^l^ 
I rt-54G4 ja 3-.00973I 8-556691 I1-45330S 
l'H-54f)9;)4 9-9yf»7‘i6 H-550a68 11-46973^ 
■’ 8-553539 9-;)99TiV 8-553HI7 11-446183 
H-557054 9-999717 8-55733G 11-442661 
8-560540 9-999713 8-560828 1 1-439178 
8-56399.9 9-999708 8-564291 11-43570.9 


8-567431 9-999704 8-567727 

8 8-570836 9-9996.9.9 8-571137 

9 8-5742 N 9-999694 8-574520 
10 8-577566 9-999689 8-577877 
I 1 8-580892 9-999685 8-581208 
1 J 8-584 19 1 9-999680 8-584514 

13 8-587-16.9 9-9.99675 8-587795 

14 3-.5.9072I 9-9,99670 8-591051 
I'l 8-59,i948 9-99966'5 8-594283 

10 8-597i;'2 9-9.996b0 8-5974.92 
I 7 8 0()013:49 9.9.9655 8-600677 
18 8-603 189 .9-9.99650 8-603839 

1 9 8 606623 9-999645 8-606.978 

20 8 609734 .9 999640 8-610094 

21 8-612821 .9-999635 8-613189 

22 8 61.5891 9 999629 8-616262, 

2 ><-618.037 9-999624 8 619313' 
24 8-621962 9-999619 8-62234 1 

2.) 8-624965 9-999614 8-625352 

26 8 6279 18 9-‘'95)60H,8-628340 

27 61091 li.9-.9.')9601 8 631.108 
■jM 6 118.1 i|0 .99959718-631256 
_'■) 8.6 1677619 9;)9592i8-637I84 
idU 6:l96H()!9.99o.>80i8.610093 

1! 8.642.i6.i’ 9 l)0958lj8.6429821 
12 8 615428 9 99.957''|8.615853; 
m 8.6 j>i 27 l'0-ri9957o.8.648704 
.14 S-i ,M lo/'9‘999.'>6118.65 I 5.37 j 
■t:, 8.6:,:!'M i| 9..999558 H.654;152j 
.16 8-().''>6702 9 .99955 1 8-6.>7 149 

17!h.6-)9 17;..9-999547 8.659928 
8.66223(;'‘* 999541 H.662689 
8 661968 9-099535 8-607>433 
4018-667689 y-.990529j8-668160 

11 '8 ';70;193'9 9.').9524'8-670870 
8.07308019-09.9518 8-673563 

8-675751 i9-999512 8-676239 
8-678405 0.999506 8-678900 
8-681043 9-99.9500 8-681544 
8-68366;) 9-99940.3 8-684172 
8-686272 .9 999487 8-686784 
8.688863 0-99.9481 8-689381 

8-691438 9-999475 8-6.91963 
8-69:1.998 9-99946.9 8-691529 
8-6.96543 9-999463 8-697081 
8-699073 9-999456 8-699617 
8-701589 9-9.99450 8-7021.3.9 
8-701090 9-99944;} 8-704646 

8-706577 9-999437 8-707140 
8-7090499-9.99431 8-709618 
8-711507 9-9.9.9424 8-712083 
3-713952 9-999418 8-714.534 
8-716383 9-999411 8-716972 
8-718800 9-99.9404 8-719396 


Sine ICotaii. 


87 Deir. 


Cosine I '1 ang 


1-4.56916 8.718800 ,9-999404 8-71.9.196 
1 -453309 8-721201 9-999398 8-72180(- 
1-469731 8-723595 .9-999.191 8-724204 
1-446183 8-725.972 .9-999384 8-726588 
I -442661 8 728.3:17 9-999378 8-728959 
1-439179 8-730688 9-999371 8-731317 
1-435709 8-733027 9-999304 8-733663 

1-43227.1 8-735354 9.999;457 8-7.35996 
1-42886,3 8-737667 9-9.99350 8-738317 
1-425480 8-73.0969 9-999343 8-740626 
I-422123 8-742259 9-999336 8-742922 
I -4187.92 8-744536 9-99.9129 8-7452Ti7 
1-415486 8-746802 ‘).999,322 8-747479 

1-412205 8-74.9055 9-.9.99315 8-749740 
I -408949 8-751297 9-.999308 8-75198.0 
1-405717 8-753528 .0-999.30> 8-754227 
1-402508 8 - 7 . 1 S 747 9-999294 8-756453 
I -:i.q9;i23 8-757955 9-.0.0.9287 8-758668 
1.396161 8-760151 9-999279 8.760872 

1-391022 !8.762:1,17 9-99.0272 8-76306.') 
1-38.090.0 l8-76‘45l I 9-999265 8-76524(> 
I-.18681 1 '8.766675‘9-999257 8-767417 
1-383738 ;8-7f)8828'»-99.025() 8-76,0578 
1-380687 H.770y7o'9-999242 8-771727 
1-377657 8-77.1IOli9-99y2;i5 8-773866 

1-374648 18 775223 I 9-999227 8-77599.5 
1 -;17 16»>0 8-777J3:i;.0-.09.0220 ^-778 114 
1-368692 iK.77.9434l9'.0.09212 8-780222 
1-.365744 '«-7i4l5'24!9-99920.i 8-782320 
1-362816 {8-7836051.0-999197 8.7844(>8 
1-359.007 8-785675 9-999189 8-7S6486 

1-357018 8-7877:16 9-999181 8-788551 
I -.154 147| 8-789787 9'.09!) I 74;8-7906l :i 
1-351 296! 8-791828 9-9.0.0166 8-7.0'.’662 
1-348 163 8-7.0-1859 9 9.09158j8-79470l 
1 .345648 8 795881 9-9.59150:H-7967.1 1 


Cotang. 


I l-280«tO4 

I 1.278194 
11-275796 
11-273412 
11-271041 
U- 26868.1 55 
11-266337 54 

II -264004 5.1 
11-261683 52 
11-25.0374 .51 
1 1 -•srors 50 
I I-2.547.03 49 
1 1-252521 48 

11-250260 47 
I < 248011 46 
11-2457 7:1 45 
1 1-213547 44 
I l-24i;i;i2 4.! 
11-2391-28 42 

11-236935 41 

I 1-2:14754 40 

II -232583:39 
I I -230422138 
1 1-22827.-1 '37 
I 1-226i34|-'10 

11-224005135 
1 l-2'.’lKfi6Ul 
I I-219778,1.1 
I l-217680|:12 
11-2155.02 !.ll 
1 1.2135741.10 

I 1-211446 29 
ll-209387'28 
I 1-207338:27 
I I - 20.5299 26 
1 I -203269 25 


1-:142h 5I 8 7978.04 0-999N2j8-798r52 ll-201248j24 

1-340072 8-799897 9 999134 8-80076.1 11-199237 2.1 
1-337311 8-801892 9'.0.09126 8-S()276.-i 11-1972:15 22 
l-.3;i4567 8-803876 9-9.09118 8-804758 11-19524-221 
1-331840 8-80.5852 9-9991 10 8-806742 11-193258 20 
l-.3‘;91-J0 8-807819 9 .099102 8-808717 11-1.01283 19 
1-326437 8-80.9777 9-999094 8-81068.1 11-189317 18 * 

1-323761 8-811726.9-999086 8-812641 11-187359 17 
1-321100 8-813667 9-99.0077 8-814.589 11-185411 16 
1-318456 8.815599 9-999069 8-816529 11*183471 15 
1-315828 8-817522 .0-999061 8-818461 11*181539 14 
1*313216 8-8194;iG 9-999053 8-820384 11-179616 13 
1-310619 8-821:343 9-99.9044 8-8222.08 11-177702 12 

1-308037 8-823240 &-999036 8-824205 11-175795 11 
1.305471 8-825130 9-999027 8-826103 11-173897 10 
1-302919 8-827011 9-99.9010 8-8279.92 1 1-172008 9 
I-.300383 8-828884 9-999019 8-829874 11*170126 8 
1-297861 8-B3074i« 9-999002 8-831748 11-168252 7 
1 -296354 8*8S2607 9-998993 8-833613 11*166387 6 

1*292860 8-834456 9-998984 8*835441 1 1-164529 5 
1-290382 8-836297 9-9.98976 8-837321 ;ri62679 4 
1-2879*7 8-838130 9-998967 8-8.39163 11-160837 3 
1-285466 8*839956 9-99*958 8-840998 11-15.9003 2 
1*283028 8*841774 9-998960 8-8W825 11*157175 1 
1*280604 8*843585 9-998941 8-844644 11-15.5356 joj 

C;3o8ine Sine (’otan. 


.86 Oeg. 


Tang. 


Tang. 


























S1KB8, TANSRKTS, 6cc. 


( 't>8435)$5 
J 4-845387 
V S-847183 

3 8-8489; I 

4 8-850751 

5 8-85V525 
^8-85439l 


CoSHM* 


[9-99894 I 

9-y9893« 

9-9989i.l 

9-998914 

9-998905 

,9-99889C 

9-998887 


'I'aiig. I Cotang. 


8-844644 II-1553.56 M-940‘i98 
8 816456 11-155545 8-9417-58 
8-848960 11-151740 8-943174 
8-850057 11-149941 8-944(>(>(>' 
8-851846 11-1481.54 8-9460.14 
8-853628 11-146172 8-917456 
8-85540S 1 1-144597 8-948874 


I Cosine! Tang. 


9-998344 8-941953 
9.998333 8 943404 
9-99832V 8-944852 
9-998311 8-946295 
9-998300 8-.947734 
9-998289 8-949168 
9-998277 8-9505P7 


putaiig. 


1I-U5H048 60 
11-056.596 59 
11-055148 58 
II 053705 57 
11-0.5-2266 56 
11-0508.32 55 
11-049403 54 


7 8 856049 9-998878 8-85717111 

8 8-837801 9-998869 8-858932 11 

9 8-859546 9-998860 8-8606*86 11 

10 8-861283 9-998851 8-86-2433 11 

11 8-863014 9-998841 8-864173 II 

12 8-864738 9-998832 8-86-3906 11 


14 387.9 8.950287 9-904266 8-962021 II 
1410681 8-951696 9-998255 8-953441 11 
139114 8-953100 9-998243 «-9548.36 11 
137567 !8-954499i9-99fi232 8-956267 11 
135827 8-95589119-998220 8-967674 11 
1340941 8-95728419-998209 8-95907.1 11 


047J)7<> 53 
046559 52 
045144 hi 
043733 50 
042.326 49 
040925 48 


IS 8-866455 9 998823 8-867632 11 1323681 8 O5867(>^9-990197 8-960173111-0.59527 47 

14 8-868l6:> 9-998ai3 8-86935IIM-130649 t8 96o052i9-998l86 6-96ieGf;|l 1-038134 46 

15 8-869868 9-9.98804 8-B71064111-1289361 8-96l4-29'.9-998l74(8-.963255,11-036745 4.5 


I9 8-876615!9.998766 8-877849 11-122151118-96689 5 9 998128 8-9l'«766 110.31234 41 
‘i0 8-87«285!9-998757 8-879529 I M2047Ii!8-9a8249;9-998n6 8-970133.11-029H67 40 
l\ a-87.994.9j9--998747 8-881202 «l-l 18798 |8-96960oi9-99810-» 8-97l49oll 1-0285114 .10 
22 8-881607,9-998738 8-882869!l 1-11713li‘8.970947j9-998092 8-972855[l 1-027145 .38 
•23 8-88.3258!9-998728 8-884530 11-115470 8.972‘289!9-9980S0 8-97420!»jl I-025791 37 

24 8-8e4903j9-998718 8-886185 11-113815 !8-973628j9--99e068,8-975560|l 1-0.14440 36 

25 8 e86.=>42!9-99370a 8-8878:3.3 11-H2167 !K.974962!.‘>-99S0.56|a-976'9O6,1 1.023094 3.5 

26 8-8881741.9-998699 »J:889476 11-110524 ]n o7GJ{).i\^ 99^>044|3-97H248jl 1-021752 54 

27 8-88980ljO-998689 8-8.911 12 11-1088861.8 97:6l.9!9 f'.98032i8-y79.i86.1 l•(»204l I 3.3 
28'8-8,9142119-998679 8-892742 11-107268j‘«-9789 111^* 9981820 8-98<'.921jI 1-01.9079 32 
29 8-8.93035 9-998669 8-B94.'366 I I ■ l0,S6.34j'8-98025«l9-99800Mj8-y82251 j 11 01774.9 31 
30.8-894643 9-998659 8-8.95y84 11-104016L8-981573i9-998996i8-983.>77| 11-01612,3 30 


;.37|fi-90.57.36 9-998589 8-907147 M-09285.3 :8-990660j9-9979I0j«-.992750; 1 1-007250 23 
,38 8-907297 9-998.578 3-908719;11-091281 «-9.9194.3;9-9:)7ft.97|8-.9.9404.5| 11-005955 ‘22 
[39:8-.9088.5.3 9-9°f<5Gb 3-910285 11-089715 l8-99;3222i9-99788.5 8-995 337 I 1-00466,3 21 
40 8-910404 .9-.9985.''>8 S-911846 11-088164 i8-9944.97 9-997372 8-9.96624 1 l-()0 3.376 20 
41(8-91194.9 9-998548 8-91:1401 11-086599 8-9J1576H 9-9978608-9!)7903;l 1-002092 19 
8-913488 9-998537 8-914951 11-035049 !8-997036 9-9.07a47 8-999188 11-000812 18 

9-998527 8-916495 11-083505 8-9982.99 9-9978.35 9 00046.5 10-999535 17 
9-998316 8-918034 11-081966‘8-999.560 9-9.97822 .9-0017.3H 10-998262 16 
4.518-918073 9-998506 8-919568 ll OflOm 9-000816 9»997a0.9 9-003007 10 99699,3 1.5 
8-919591 .9-99849.5 8-.921096 M-078904 .9-002069 .9-9.97797i9-0'M272 10-9.95728 14 
8-921103 9-998485 8-922619 11-077381 9-003313 9-997784 9-005534|10-994466 1.3 
8-922610 9-998474 8-9*4136 11-075864 9-004563 9-997771 9-006792 10-993208 12 

8-924112 9-998464 8-925649 IH-074.35I 9-00.5805 9-997738 9-008047 10-991933 It 
8-925609 9-998453 8-927156 11-072844 9-007044 »-997745 9-009298 10-990702 10 
8.927100 9-998442 8-928651- ll•07l.312 94K)8‘278 9-997732 9-010546 10-989454 9 
8-920587 9-9984.31 8-930155 11-069345 9-009510 9-9977199-0117.90 10-988210 8 
8-930068 9-998421 8-931647 U-068353 9-010737 9-997706.9 013031 10-986969 7 
8-931544 9-998410 8-9:3.3134 11-066866 9-011962 9-997693 9-014268 10-985732 6 

8-933015 9-9.98399 8-.9.34616 11-065.384 9-013182 9-997630 9.015502 10-984498 5 
8-934484 9-998388 4-9.36093 11-063907 9-014400 9-997667 9-016732 10-983268 4 
8-9.35942 9-998377 8-937565 11-062435 9-015613 9-997654 9-017959 10-982041 3 
8-93739B 9-998366 8-939932 11-060968 9-016024 9-997641 9-019183 10-980817 2 
8-938850 9-998356 8-940494 11-059506 9-018031 9-997628 9-020403 10-979597 1 
940296 9-998344 3-9419.52 11-058048 9-019235 9-997614 9-021620 10-978380 0 

Cosine Sine Cotan. Tang. Cosine Sine Cotan. Tang. 
























































X.OO. 8 IMS»> TAN«E»« 8 , &C. 


Sine- 


(f !)-UI9'>^3b' 
I 9 0S2043!) 
'2y-02\6:iu 
3 9-0T2^‘Jb 
A 9 0‘i40l(> 
& 9 025203 

6 9 026386 

7 9-027567 

8 9-028744 

9 9 029918 
10 9-031089 
I I 9 032257 

12 9-033421 

13 9-034582 

14 9-035741 

15 9-036896 
I6!sM)3HU48 
I7|903yi9 

18 9-04034 

19 9 041485 
2oj9-04262o 
2119-043762 
22j9044«95 

23 9-046026 

24 9-047154 

25j9048277 

26 9-(’49400 

27 9-050519 

28 9-051635 

29 9-052749 
30|9-053859 

3119054966 
32:9 056071 
3.lj9-057l72 
34l90:.8271 
35!9-059367 


16 9.0U0460I9-997I 12 


37 9-06155 


9-997053 


4 119-06588519-997039 




Tang. 




9-997009 

9-071027 

9-996994 

9-072113 

. 9-996979 

9-073197 

9-996964 

9-074278 

9-096949 

9-07.S356 

9-996934 

9-076432 


4919-074424 9-996919 9-077505 
9-075480 9-996904 9-078576 


9-076533 9-996889 9-079644 
9-077583 9 .996874 9-080710 
9-078631 9-996858 9-081773 


907967619-99684.3 


9-080719|9-996828|9-083891 


9-081759 9-996812 9-084947 


9-08279719-996797 9-086000 


9-OB3832 9-996782|9-0870S0 


9-084864 9-996766 9-088098 


9-085894 9-996751 9-089144 


Cosine | Sine {Cotan. | Tong. 


9-085894 9-996751 9-089144 10-91085616 
9-086922 9-996735 9-090)87 lO-POOBia'^ 
9-087947 9-996720 9-091228 10-908772 
9-088970 9-996704 9-092266 10-907734 
9 08999<: 9-996688 9-093302 10-906698 
9-091008 9-996673 9-094336 40-905664 S 
9-092024 9-996657 9-095367 10-904638 54 

9-093037 9-996641 9-096395 10-903605 
9-094047 9-996625 9-097422 10-902578 o_ 
9-095056 9-996610 9-098446 10-901554 51 
9-096062 9-996594 9-099468 10<900532 50 
9-097065 9-996578 9-090^87 10-899513 49 
9-098066 9-996562 9-091504 10-898496 48 

9-099065 .9-996546 9-102519 10-897481 47 
9-100062 9-9.96530 9-103532 10-896468 46 
9-101056 9-9965 l<t 9-104542 10-895458 45 
9-1(^048 9-996498 9.105550 10-894450 44 
9-103037 9-996482 9-106556 10-893444 43 
9-104025 9-996*65 9-107559 10-89244 1 42 

9-105010 9-996449 9-108560 10-891440 41! 
9-105992 9-996433 9-109559 10-890441 40 
9-106973 9-996417 9-110556 10-889444 39 
9-107951 9-996400 9-111551 10-888449 38 
9-108.927 9-996384 9-112543 10-887457 37 
9.109901 9-996368 9-113533 10-886467 36 

.9-110873 9-996351 9-114.521 I0.885479 35j 
9-111842 9-996335 9-115507 10-884493 34 
.9-112809 9-996318 9-116491 10-883509 33 
9-1 j 3774 9-996302 9-117472 10-882528 32 
9-114737 9-996285 9-118452 10-881548 31 
9-115698 9-996269 9-119429 10-880571 30 

«-l 16656 9-996252 9-120404 10-879596 29 
9-117613 9-99623.5 9-121377 10-878623 28 
9-118567 9-996219 9-122348 10-877652 27 
9-119.519 9-996202 9-123317 10-876683 26 
9-120469 9-996105 9-124284 10-875716 25 
9-121417 9-996168 9-125249 10-874751 24 

9-122362 9-996151 9-126211 10-873789 23 
9-123306 9-996134 9-127172 10-872828 22 
9-124248( 9-996117 9-128130 10-871870 21 
9-125187 9-996100 9-129087 10-870913 20 
9-126125 9.996083 9-13004] 10-869959 19 
9-127060 9-996066 9-130994 10-869006 18 


9-089144 
>9-090)87 
) 9-091228 
I 9-092266 
t 9-093302 
I 9-094336 
• 9-095367 


Cotang. 


110.91085616 
10-909813'“ 
il 0-908772 
10-907734 
10-906698 
40-905664 I 
10-904633 54 


127993 9-996049 9- 
128925 9-996038 9- 
1290.54 9-996015 9- 
130781 9-.995998 9- 
131706 9-995980 9- 
132630 9-995963 9- 

133551* 9-995946 9- 
134470 9-995928 9- 
135387 9-993911 9- 
136303 9-99S894 9 . 
137246 9-995876 9- 
f38128 9-995859 9- 


131944 10-868056 17 
132893 10-867107 16 
133839 10.866161 15 
I347R4 10-865216 14 
135726 10-864274 13 
136667 10-863333 12 

137605 10-862395 11 
138542 10-861458 10 
139476 10-860524 9 
140409 10-859591 8 
14134010-858660 7 
142269 10-857731 6 


39037 9-995841 9-1431#6 10-856804 
39944 9-995823 9-144121 t&855e79 
40850 9-995806 9-145044 10-854956 
41754 9-995788 .9-145966 10-864034 
42655 9:995771 9-146885 10-853115 
43555 9-995753 9-14780.1 10-852197 




























































































































































































































































414 


• LOG.VTXESy TAKOfiNTS, &C 


<Ji>8ine 


9-l4 J5i>5 9f>95;6.< 9 
9•I44^.5.^ o.9;i.S7.j5 5) 
'>-995717 

9 14624 9-99.S699 9- 
.9 I47I36'9.9956«I 9 
6i.9-148020 4-995664 9 
(.is-148915 9-993646 .9- 


147803 
148718 
149632 
I5t)544 
151454 
152 itiS 
1532691 


C-trtaiig. |j Sine j Cosine I’ang. jX'otang. 


10-852197 9-1943.12 !»-9946‘2<) 9- i 9'>7 13 
10-851282 9-195129 9-994600 9 200529 
10-850368 9-19592.5 9-994.580 9-20134.'. 
10-8494.50 '9-196719 9 994.S60 9 20215'. 
10-848546 9-J975I1 9-994540 9-20297 I 
10-847637 9-198302 9 99 4519 9-203782 
10-846731 9-H1909I 9-994499 9-204592 


7:9-149802 9 
8!9-150o8(> :>• 
9:9-151569 9- 
I0'9-I524'^1 9- 
lljS-1533.40 9 
12;.9-154*208 9- 

I3J9-155083 9- 
14*9-155957 .9- 
15*9-1568.10 9- 
16'9.157700 9- 
I7!9-I58569 9- 
18 9-159435 9- 

i 

19,9-160301 9- 
>0 9-161164i9- 
•21 9-l6202.i;9- 
229 I6288 ,’i:9- 

23 9-163743 ,“9- 

24 9-16460019- 

25 9-165454 9- 
269 166.3('7:9- 
•27 9-167159 9- 
28 9-168008 9- 
29g-l68856|9- 
i0 9-169702 9- 

31 9-170547 9- 
5-2 9-171389 9- 

33 9-172230 9- 

34 9-17 070 9- 

35 9-173.905 9- 

36 9-174744 9- 


99.5628.9-15417-1 10 
-995610 9-155077 10 
-995591 9-15.5978 10 
•995573 9-156877 10 
9Sf5555 9-l57775 10 
-995537.9-158671 10 

•995519 9-169565 10 
•995501 9-1604.57 10 
•995482.9<6I347 10 
•995464 9-162236110 
■995446 9-1631 23 ! 10 
■99.5427 9-164UU8|io 


■995409 9 
•995390 9 
•995372 9 
•995353 .9 
-995334 9 
•995316 9 

•995297 9 
•993278 9- 
•995260 9 
•99.524 9 
•995222 9- 
995203 9 

.‘>95184 9- 
995165 9 
995146:9- 
995I27|9- 
9.9500819- 
995089 9- 


•845826 i9 
-844923 '9 
•844022 :<> 
•84.11->3'9 
•842225| 9 
•84i;529i*9 

•84043.-.liM 
■83964 I;.'!- 
83865:i|'.9 
■837 764 !9 
•836877 f')- 
■835‘*92 .9- 

•8351 Of !9- 
■834226 !9- 
833346 Ig- 
•83246H '9- 
■531.59119- 
•8.}07I6!'.9- 


37 9-173578 9-995070 9- 
138 9-170411 9-995051 9- 
,39 9-177242 9-995032 9- 
'40 9-178072 9-995013 » 
419-178900 9 994993|9- 
*42 9-17*9726 9-994974 9- 

•I80551 9-994955 9- 
•181374 9-99493;.9- 
•I82|.9f)9-.9949I6 9- 
183016 9-994896 9- 
•1839.34 9-994877 .9- 
•184651 9-994857 


164892 10-835 1 Of j 
I65774'l0-834226i 
166654ltO-833346| 
167512;I0-83246h: 
168409; 10-531.591! 

169284110-8.307 16| 

l70l.57ll0-829843!:9- 
l71029*10-H-.'8!>7lj9- 

171899.10- 828103; ‘^ 
172767llO•8272.13:^'l• 
173634-lO-82636r.jj9. 

174499.10- 82550lj;9- 

175.362110-824638 |;i 
1762241 IO-K23776'i9. 
177084'IO-8229li'l;9- 
I77942'IO-«220.58:(.9- 
I78799lt0-82l20ll!;l- 
I79655’10-820345;i;)- 

180508110-819492 1.9- 
181360 10-8 18640 |9- 
18221) 10-817789 .9- 
18.1059 10-816941 19- 
183907 10-81609 lj9- 
184752 10-815248 |9- 

185597 10.814403 
186439 IU-8l356l| 
187280 10-812'? 20 ! 
188120 10-811880 
18895810-81 1042 
I89794 10-8102061 


1-19987919 
I 200666 9 
1-201451 9 
l•■202234 9 
1-20.3017 9 
1-203797 9 
i 

1-204577 9 

‘•‘20.j 154,9 
i-2t'6l3lj9- 
--206906)9 
•2‘'7(;7y'.9. 
••2084.52;9. 

-20922219- 

•209.992 9 

-210760,9- 

•2tl526'9- 

•21229119 

•2 130.5 5’•9- 


10-800287 60 
10-799471 .>9 
9-201345 10-798655 
994.S60'9 2021.5'. 10-7.97841 57 
, <u. .r ...I,. . 10.797029 .56 

10-796215 .5.5 
10-795408 .54 

•‘1944799-20540ojI0-794400 :>3 
•994459 9-206207| 10-793793 .5:^ 
•9944.18 9-20701.1! 10-792987 51 
•994418 9-207817| 10-792183 .50 
•994398 9-208619110-79138 I 19 
•99437 7 .9-209421)! 10-790580 If. 

•994357 9.2102-20 10-789780 47 
•9943.36 9-21 1018 10.7f8.'(HV 46 
•994310 9 211815 10-78818 .14,5 
■99429.5 9 2r26| 1' 10-78738:04 I 
•994274'')-2M4():' 10-786.5.9.-5 15 
•9942.54'9-2 14198 lO-7858< •-' ■I.' 


■2(02-20 10-789780 47 
■21 1018 10-7f8.'(HV 46 
211815 10-78818 > 4,5 
2r26| 1 !10-78738:04 I 
2M4():> IO-786.5.9.-5 1 5 
2 14198 lO-7858< •-' ■I.' 

■2149S9 10-78.501 l|4l 
21.5786 10-7842. 0 | 1(1 
216568 10-78 l.)! 

2173.56jlil-782644; 
2l8l4.ti-0 7Klf,58.3-;! 
21 8926{I0 7SI074 i(,! 


■21.'3S!h9- 

2 14.579 •'>■ 

'JI.5.3•389• 

216097 9 
2168,54 9- 
217609 -'•■ 

21836,5 9 
219116,9 
2I98(;8-9- 
22061K 9- 
2'2I 367 
2221 I5|9- 

222861 9- 
2'23606|9- 
2-24.34'69- 
?2.5092{9- 
2-2.58;3.‘3i9- 
226:>73i9- 


994233 9.'2149S9 10-78.501 l|4| 
994212 9-‘-'l.5T8<>'lO-7f42.0| l(i 
994 t.OI .'J.-216568 10-78 <4.5-_’; (yi 
994171 9-2173.56jlO-782644; 
9!>4l.'t0 9 . 2 1814.^1 (• 7818,58.3-;! 
9941'2.0 9.218926)10 7SI074 i),! 

‘J94 IOs| 9-2I971(> 10 780*2'Mi! 5 ;, 
9.04087'9-220492 10.779;.) f il! 
9940#;6|.9 22127;' !<> 7787.'--, 

99 I<i4.510 777.048'.)‘2. 
99402) 9.222-' 10 10 777I7 o';1I) 
994003 9 ■22 >607 IU-776 l)i t' )(,i 


99;3982|!) 
99.196ol!) 
■9 ‘i. 39.5<K<> 
99.3.018 ;0 
9938,05 i9 
9938 7 :. j.O 

99 88 i4 .0 
9:>.58,5-2 ')• 
99,18 1 I 
.‘19378.0 it- 
99376.S It- 
993746 9- 


2?43«7 

22;.1.5f. 

2'2,7.02;j 

226700t 

'2274711 

22H2.19 

i 

•229007 

22977.3 

2:30.539, 
23 I 302 
232065 
23'2826 


10 77.16 I f . 
10 7748 I I-. 
10.77)071,. 
10 77.1 0 0 ;.: 
10 772.5/9’j 
10-77 I 76 I 

io- 7709 ;i iL 
lo 770227 L 

IO-76<l w, I l.i 
J 

10-7679.3.. 1 
10-767 I 74 I 


185466 9-994838 9-190629 
186280 .9-9948 J 8 9-191462 
187092 9-9947.98 9-192294 
18790.1 9-994779 9-193124 
1887129-994759 9-19395.3 
-189519 9-994739 9-»94780 


9-22731 lj9-99.372.5 9-2.3.3.586 10-766)1 ) 
9-22804«!9-9937 o; 1 9-234345 I {)-76.565.5 
9-228784!9-99.168l 9-23ol0.3 I0-764K!I7 
9-229518;9-9‘l3(i60 9-2.1.58.59| 10-76414 I 
9-230'252!9-9936.38 9-2306)4110.763.186 
9-230984|’9-99;iGI6 9-237368! I0-762632 

9-231715 9-993594 9-238120' 10-761880 
.9-232444 9 . 993572 .‘1-238872; 10-761 128 
9-233172 9-99.3550 9-2,19622 10-760.178 
.9-233899 9-993528 .9-240371 10-7.59629 
.9-2346'25 9-993506 ,9 241118 10-758882 
9-2S5349 9-993484 9-241865 10-758l:3.<i 


55 9-190325 
569-191130 

57 9-1919.13 

58 9-192734 
59)9-193534 
609-194332 


Cosine 


9-9^4720 9-195606 
'9-994700 9-196430 
9-994680 9-197253 
9.994660 9-198064 
9-994640 9-198894 
9-994620 9-199713 


Sine 


HI Dee. 


lt)-809371 9-231715 9-993594j 
10-808538 9-232444!9-993572i 
10-807706 9-233172 
10-806876 .9-233899 
IO->»06047 9-2346'i5 
10-805 :Ao 9-2S5349 

F’ 

10-804.194 9-236073 9-993462 
10-803570 9-236795 9-993440 
10-802747 .9-2(17515 9-993418 
10-801926 9-238235 9-993-1.06 
10.801106 .9-2,ie.'»53 9-993374 
10-800287 9-239670 9-99.1351 


Cosine Sin e 


80 


9-24261 or. 0-757.190 
9-243364| 10-7.56646 
9-244097; 10-75.'>90,l 
9.-24483.qi 10-755161 
9-245.57!)ilO-75442l 
|9-2463I9||0-7.5.16B I 


Cotnn.j Tniig. 


Dee 













LOG. SINKS, TANGKIH'8, &C. 



Cotau^. 


10-753681 
10-752.943 
10-752200 
10-75147(1 
10-7507.^0 
10-750002 
10-749270 

10-748531) 

10-74780!) 

10-74708( 

10-746352 

IO-74562C 

10-744900 

10-744170 

10-743453 

10-742731 

10-742010 

10-74129(1 

10-740571 


Cotaii. 


7y Dt«r.. 


9-280599 9- 
9-281248 9- 
9-281897 9 ‘ 
9-282544 9 - 
9-283190 9 
9-283830' 9 
9-284480 9 


991947 

991922 

'991897 

991878 

-991848 

■991823 

■991799 


Deg. 


1 ang. 


9-288652 
9-289326 
9-289999 
9-290671 
9-291342 
9-292013 
9-292682 


Cotaiig. 


10-7113481 
10-710674 
10-710001 
10-709329 
10-708658 
10-707987 
10-707316 



9-2851'24 .0-991774 9-2933.50 10-706650 
9-285766 9-991749 9-294017 10-70.5983 
9-286408 9-991724 9-294684 10-705316 
9-287048 9 991699 9-295349 1»704651 
9-287688 9-991674 9-29dbl3 10-703987 
9-288326 9 991649 9-296677 10-703323 

9-288964 9'9916'24 9-297339 10-702661 
9-289600 9-991599 9-29800' :o-701999 
9-290236 9-.0915J4 9-298662 10-701338 
.9-»0870 9-991549 9-299322 10-700678 
9-291304 9-991524 9-299980 10-700020 
119-2921 ;i7 9-991498 9-300638 10-699362 


0-7355/2 
0-73486'2 
0-734 153 
0-7334 1.5 

0-7:(2r39 

0-7.32033 

0-731329 
O-7301V2.5 
0-72992.3! 
0-7'29221 
0-7'28521 
0-7278221 


j9-29G.53nj9 
9-297 164;9 
9-297788 9' 
9-2!)84 12.9' 
9-?I99034 9- 
9-‘2‘)9655 9 

9-30027(j|9 
9-300895i9 
9-301514,9 
,9-30'2 13'2;9 
9-.■10274m 9 
,9-303364i9 


9.91321 9-305218 
.99129^ 9-305869 
9.91270.9.306519 
991244 9-307168 
991218 9-307816 
991193 9-308463 

.091 167 9-309109 
991141 9-309754 
.9.911 1.5«)-300399 
■.9.9l090j9-.3l 1042 
■9.91064|9-3I1(>85 
■991038|9-312327 


Taug. 


0-739854 .9-2027C.8 9-.9.9I473 9-301295 10-698705 
0 739137 |.9-293399 9-.991448 9-3()I95I 10-6.98049 
0-7384'22 l.9-2.940i9;9-.99l422 9-302607 10-6.97393 
0-737708 '..9 '2946;iM .9-.99I397 9-,303261 10-6.96739 
0-73699--' :;)-2'l5'j.sf; 9-991372 9-303914 10-696086' 37 
(>•736283 ;.9-2‘.)5913 9-9.91346 9-304567 10-6954.33 36 

9-296.539 9-9.91321 9-305218 10-694782 35 
9-297 164 9-.99l29^ 9-305869 10-6941.31 34 
9-297788.9-9.9I270i)-3065l9 10-693481 3.3 
9-2984 12.9-.991244 9-307168 10-692832 32 
.9-?I99034 9-991218 9-307816 10-692184i 31 
9 ■299655 9-991193 9-308463 10-691537 -jO 

9-300276|9-.091 167 9-309109 10-690891 29 
9-300895i9-99ll41 9-309754 10-690246 28 
,9-.30|5l4,9-.9.‘)l I l5«)-300399 10-689601 27 
9-30'213'2;.9-99I090 9-.3I 1042 10-6889.>8 '26 
9-;1()274 m 9-991064 9-311685 10-688315 '25 
9-303364i9-99lO38 9-312327 10-687673 24 

9-3039r9'9-99I0I2 9-.312968 10-687032 '23 
.9-3()4.'.93|9-9.909S6 9-313608 10-686392 22 
9-'103-207;9-99096 o 9-314‘247 10-6H57.53 21 
9-.3058)919-990934 9-314885 10-68511.5 '20 
9-3064.30:9-990908 9-3I5523 10-684477 19 
.9-307041 9-990882 9-316159 10-683841 if 

.9-3076.50 9-9.00855 9-316795 10-G83'205 17 
9-308259 9-990829 9-317430 10-682570 16 
9-.508867 9-9908(>.> 9-318064 10-681936 15 
9-309474.0-990777 9-318697 10-681303 14 
.0-310080 9-9.00750 9 31.9.1.30 10-680670 13 
9-310685 9-990724 9-319961 10-6800;39 12 

9-311289.9-990697 9-32(15.02 10-679408 1 1 
9-311093 9-l'9067 1 9.32122'2 10-678778 10 
.0 .312495.0-990645 9-321851 10-678149 9 
9-31.3097 9-990618 9-322479 10-677.521 8 
9-313698 .9-990.591 9-,323106 10-676894 7 
9*314297 9-990565 9-32373.J 10 G76267 6 

9-314897 9-.99053H ,9-324358 10-675642 5 
9-315495 9-990511 9-32-^83 »0-G75() 17 4 
9-:3I609'2 ,9-99048r> 9-325(;07 10-67439,3 0 
9-.316689 .0-g00458 9-32(;231 10-673769 2 
9-317284 0-99043 I 9-:j26853 10-67.3147 I 
9-317879 9-990404 9-32747.5 1 (>-(^72525 0 


Cotan. I Tang. 


78 Deg. 


9-307650 9-9.00855 9-316795 
9-308259 9-.0.00829 9-317430 
9-.508867 9-.0908(>.> 9-318064 
9-309474.0-990777 9-318697 
.0-310080 9-9.0U750 9 .31.9.3.30 
9-310685 .0-990724 9-319961 


()-7271-2'l 9-303979,.0-991012 9-312968 
0-726127 9-304.'.93|9-9.009S6 9-313608 
0-725731 9-303-J07;9-990960 9-314‘247 
0-72.5036 9-.'1058)9I.O-990»34 9-314885 
0-724342 9-306430:9-990908 9-315523 
0-723649 .9-30704119-990882 9-316159 


0-722957 
0-7 ■22266 
0-721.576 
0-720887 
0-720199 
0-719512 

0-718826 

0-718142 

0-717458 

0-716775 

0-7160.9.1 

0-715412 

0-714732 
0-71405 
0-71^376 
0-71-’6.09 
0-712023 
i()-7l 1348 













































































































































































































416 


12 Deg. 


0 


»-S17«79 

jd-3ie473 

!l|9-3i9066’j 

»-3l96&8| 

9-320249 

9-330840 

9-331430 


>1 

13 ' 

Ui 

It^i 

17 

18 

19] 

> 0 ! 

>1 

fJ 

f;»! 

!4 

io 

1«1 

7 

: 8 | 

Oj 

Oi 


Sine 


C'osine 


7 9-333019! 

8 9-333807 

9 9-323194 
10 9-3'-t378k>i 


9-99040* 

9-99037»| 


9-337475 

9-338095 


9-990351 »-338715i 


9-990334 

9-990397 


9-99U343 

9-990315 


9-990181 

19-990134! 


1*00. C1MK9, TAMOKMTS, &C. 


Tang. 


9-329334! 

19-339953 


9-990370^9-330570 


9-331187 

9-.331803I 


9 99018519-3324181 


9-334366 9-9Jto 107 

9-334950 9-990079! 

9-325534 9-9900531 

9-336117 9-990035 

9-326700i9-989997l 

9-33738119.989970 

9-337863 9-9899431 


9 3330331 

9-333646| 

19-33435^ 

9-334871 

9-3354831 

9-336093 

9-386702] 

9-337311 

9-3179191 

9-388537 


‘>-328442 9-98991;. 

I I 

i9-329031 ■9-989887 9-339133| 

9-32959}»!9-9898t'.o 9-3397391 

.9-3J0I7ri‘9-9898 13!.'1-340344 

9-3J0751 9.98980419-340948 

9-3313‘i!9 9-989777i9-34l 553 I 

9-3 J1903 9-989749i9-34315S| 


9-33'34r8 .3-989731 

9-333051 9-989693 
9-3;$3534 9-989665I 

j9-334195 9 989637 

9-33476719*08961 uj 
9-3353 37 ti*-98»584 


;)-335906 


i>{9 


40| 

41 

M 


9-316475 

9-.'137(l4.=l! 

9-337611); 

!9-3 18176 9 

9-338742 9 


9-342757 

9-.143358I 

!9-343958 

9-344558j 

9-345157 

9-345755 


Cotang. 


10-6735351 

10.871905 

10-6712851 

ll)-67066(^! 

10-670047 

10-66943d 

10-66881 sf 

10-668197 

10-6675831 

10-666967 

10-666354 

10-665741 

10-6651391 


9-339307 

[9-339871 

340414 

9-340996! 

9-.34I558 

9-3421191 


19-3426791 

.9-343239 
9-343797 
9-344355 
>9-344912 
1 9-345469 


-98955 : 

■9895-35 

•989497 

•9H9469j9' 

989441 {9■ 

989413i9■ 


9-9893851.9 

9 
9 

9 

9 


■989356 

■989338 

'989.'H)0 

989371 

9893431 


9-346034 

9-346579 

9-347134 

9-347687 

9-3483401 

9-348793 

9-349 i43| 

9-3 19893 
9 350443 
9-350993 
9-3.5154" 
.9-35'308H 


9-989214 

9-989186' 

|9-989I57 

|9-989128 

I»-989I00 

9-9890711 

!9-g8.(>042| 

9-989014 

9.-98898.S 

|9-988956| 

9-988937 

9-988898 

9 


Cosine 


988R69 

988840 
98881 I 
988782 
988753 
968724 


Sine 


34635 

346‘949 
347545 

34814 

•3487351 

•349339 

•349932 

3.50514 
351106j 

351697 

353387 

35*876 

L9-35.346S 

;9-354053! 

9-354640I 

9-355227 

‘1-355813 

9-356398 

9-356982 

9-36756C 

9-358149 

|9-3587S1 

[9-359313 

9-359893 


9-360474 

19-361053 

1-361632 

4-3632IO 

.9-362787 

9*363.164| 


Cotan. 


10-664518 

10-663907 

I0.663‘J98! 

10-662689 

10-66’2081 

10-661473 

10-660867 

10-66U‘26I 

10-6596561 

IO-65905‘2 

10-658448 

10-657845 

10-6.57243 

10-656643 
10-656043 
10-655 44-2 
10-654843 
10-654345! 

10-653647 

lo-e.'taosi 

10-652455 

0-651839 

10-65126.5 

10-650671 


Sine 


^35*2088 

9-353635i 

9-35318 

19-353736] 

19-354271 

9-364815 

9-355358 

9-35590) 

9-35644.i| 

9-356984 

[9-357534 

9-358064 

9-358603! 


Cosine 

19^9^88734 

19-98869.51 

19-98866)^ 

9-988636] 

9-988607 

9-988678 

9-988548] 

19-988519 
9-988489 
9-988460 
9-988430 
9-988401 
9-988371 


10-650078 

10-649486 

10-648894 

10-648303] 

10-6477131 

10-647124 

10-646535 

10-645947 

10-645360 

10-644773 

10-644187 

10-643602 

10643018 

10-64*434 

10-641851 

10-641369 

10-^0687 

10-640167 


9-359141 

9-3.59678 

9-360315 

!i9-36u7;.2 

.9-;wr287 

9-361822 

9-363356| 

9-363889| 

9-363433 

9-363954 

9-364485 

9-365016 

9-36554Ci 

9-366075 

9-3'>66U4 

9-367131 

9-367659 

i9-368l86 


Tang. 


9-988.34V 
19-9883 !■.; 
9-988382 
9-988252 
19-988-2'23| 
9-98819.J 


jCutang. 


9-363364! 

9-363940| 

9-364515 

9-;i65090| 

9-365664 

9-366337 

9-3668101 

‘)-367382| 

9-367953 

9-3685341 

g-369<»4 

9-369663{ 

9-370333 


10-6366361 
10-636060 
104.35485 
10-634911) 
10-634336 
10-633763 
10-633190 54 


106.13618 

IO-63'2047 

10-6314761 

10-6.'{0.906 

10-630337 

10-639768 

10-639201 

10-6386.SS 

10-638067 

10-6'3750r 


60] 

5»i 

58 

57 

56 

55 


9-3707991 
9-371367 
9 371933 

9 - 373499 ] 

9-37,3O64jl0-6'269.16| 
9-373629 10-6'*26371 


53 

.53 

51 

50] 

49 

•48 

47 

46: 

45 

44 

43 

42 

41 


|9-988 16.) .‘>■374193!l()-63580r 
9-98813.l!9.374756il0-63.5‘244'10 
•O-DSa 10319-37531 9 ' 10-6'34f>8) ] 19] 
!9-98H073i9-375881 j 10-634119.11) 
9-98804.ll9-37644'2M 0.623 5.5 hI 17 
•9a801.Si9.J77O0.3jl0-632.').97 56 


I.9-368711 
9-36'‘)336 
9-369761 
9-370385, 
.9-370808 


98798319-377563 I 0-6234?7|J5 
|y-9«7.95.jl9-378l 23 10-63 IH78| 14 
9.98 7932i9-3786« 1 1 10-6'213 I ‘t'Mj 


9-987892|9-37933!) 10-6'20761 
!9-987862|9-37‘)7fl7 I O-O'iOJO;. 
9-9878‘33|9-380354,10-619646 


!9-98780 1 i ‘)-3«091 O' 10.61 !)09o]2t» 
9-98777 i; 9-"-8 1466 10-618.'. 14128 
•»B774()!93K3O20i 10-617980 
•9877l<)i9-382.-,7.5.|t)-61742:.LH- 
.9876799-383129,10-6 h;k 7 1125 
9-371330j9-98764.')|9.3836.82; 10-616318 24 


10-639526] 

10-638947 

10-638.)68[ 

10-6377.90 

10-637213 

IO-6.16636j 


Tang. 


77 Deg. 


(9-371852 
9-373373 
9-372894 
i 9 . 37 .i 4 14 
|9-37.193.1 
19-374453 

9-374970| 
9-375487 
.9-37600.3 
19-376519| 
9-37703.') 


9-377549] 

9-378063 

9-378577 

9-379039 

9-379601 

9-380113 

9-380624 

19-381134 

9-38I64.V 

9-3i(2IS2 

9-382661 

.9-.38316> 

9-38367.5 


987618 9 

987588(9 

98755719 

.9375261 

.9874961 

987465 


Cosine 


987434 
98740.1 
9»737i.’ 
987.341 
9873101 
987279 

9-987348 

9-987317 

9-987186 

9-987155 

9-987124 

9-987092 

9-98706 

J‘2-9870.J« 

|9-986.‘»98 

')-986967 

i9-986.93t 

•>-986904 


Sine 


.'1842.34 10-( 
384786; 10-1 
385337] lO-l 
3H.S888;iO-i 
38643«;iO.) 


6I576(. 
615214 
614663 
614112 
613.562 
386987,'10-613013; 


■•187536[ 

388084 

;i886'.31 

389178 

389724 

3902701 


9 
9 
9 

9' 

9 
9- 
9 
9- 
9- 

9-390815 

t)-39l360| 

9-391903 

9-.392447 

»-392989[ 

9-393531 

9-391073 

.')-.3.94614 

9-395154 

>•395694 

>■396233 

>•396771 


I 


Cotan. 


612464 
611916 
611369 
610822 
610276 
609730 


10-60918.51 
10-608640] 
10-608097 
10-60755.1! 
10-607011 
10-6064691 

10-605.927 

l0-6O538( 

10-6048461 

IO-G04306[ 

10-603767 

I0.60;i22'»| 


Tantr. 


76 Deg. 












































































































































































































































1,00. SiNrs, TAKO&KIS &C. 




9-;}84l8B9*»8e«7t9 

9*38-je«7 9-9868JI » 


9’38519'i 9-98680!) 


•.)-.'!85(i!)7 9-980778 9' 
9-38GB01 9-g««746 9 
619-386704 9-986714 9 


railir. 


)- /y()77i 
)-.;97.ia.) 
;-397846i 
.398.383 
)-3989l8 
)-393455 
»-399991) 


lo Deg. 


Cotni>g.|l 8iiie I Cusuie I i ang. 


IO-'»0)2/9 9-412996 
10-602691 ■i.+lO'JO” 

10-602154 9-413938 
10-601617 9-414408 9-984842 
10-601081 9-414878 9-981808|9 
i0-60054.‘t 9-415347 9-984774 9 
10-600010 9-41581.^ 9-984740 9- 


9-387207 9-986683 9 400524 10-599476 9-41628i9-984706 9- 
9-387709 9-986651 9-401038 lO-.S989iy 9-416751 9-984672 9- 
9-.l«821O!)-U866l99-401591 10-598409 9-417217 9-984638 
109-388711 9-980537 9-402124 I0-597S76 9-ri7684 9-9R4G0.1 

11 9-389211 9-980555 9-4026.S6 10-597344 9-1181.50 ■9-98456‘4 

12 9-38.97I1 9-986523 9-403187 10-596813 9-418615 9 984333. 


13 9-390210 9-986491 9-403718 
l4:9-3!)0708 9-f)86n9 9-404249 
I .'I'o-.tS1206 9-986427 9-404778 
16,9-391703 9 986.495 9 403308 
17;9 392l99l9-‘)8636.4 9-405836 
18:9-39269* .9-986331 9-406364 

19J9-.193 1 9 1 9-986299 9-40.>892 
20j 9-:)9.168.=> 9-9«62fi6 9-407419 
4lj9 .49 1179 9-986234 9-4i)7945 
22,9 3.9467 4 9 .986*202 9-10847 I 
23,!)-.49;> 166 9-986’l69 9-408.996 
21 9-.19S6 ,jH 9‘0S613~ ;)-409521 

2:J9-396I50 9-986104 9*41004.5 
26 9-39(>641 9-9H607-2 9-110560 
27i9-.407I32 9-9860.399-41 1092 

28 9-397)>21I,9 9K6'0:)7 9-4116l5 

29 9.39811 ija ,98.5974 9-412137 
.40 9-308600 >>.983942 0-412658 


10-596282 9-419079 9-984500 ! 
10-.59.57,il 9-41.954JO-984466 
II)-59>2-22 9-42O007 .>-98443« 
40-594692 9-4-.it) 170 '-98 1397 
10-594104 9-420r).‘43 9-9»436;4 
10-5936-36 9-42139,5 9-984.128 ! 

iO-59-4108 9-4218.57 .0-984294 
10.59-2581 9-42 2,418 f)-.0842.59| 
10-59-2055 ,9-422778 »-984224 ! 
)0-5ni.5V9 9-423-238 9-984190 
10-591004 9-4236.97 9-984155 
10-59047,9j 9-424156 9-984120 

10-5899.55! 9-424615 9 984085 £ 
10-.58.94311 -‘1-4-2505.3 9-984050, 
10-5889081.0.4-2.5630 9-98401.5*' 
10-588.38.5 .9-4'.j.S987 9-983981 
10 .58786,4 9-4 ?644.4 9-983946' 
10-587342 9-426899 9-983911 


•91 9-399388|.9' 
^2 9-3.09:>7.5|9 
-43'9-40()()62i9 
.44 9-40()54!)!9 
•4.5;9-4()1().45|9 
•4i!,9-4015-20I9- 


•98.5909 9 
•98.5876 9 
•.98.5843 9 
.08.581 I 9 
9H.577H 9 
985745 9 

985712 0 
;»8.5(;7!) 9 
98.56 46 9 
98 561.-4 9 
-‘'85.580,9 
985547 9 


•37 9- (02005 9-985712 9-416-?93 
•■48 9-4 02jl8i) 9-;»8.5(;7!) 9--1I68I0 

39 9-40>297 ..‘ 9-98.5646 9-417.426 

40 !)-40.'4455 9-98561.-4 9-41784? 
41|9-40.39-48 9-‘'8.>.580 ,9-418338 

42 s-404420 9-985547 9-418873 

43 .0.404901.0-DSSSN .9-1I.').387 

44 <1.405382 0-985480 ')-419901 
4.5 9-4058(42 9-98544 7 9-4-204 1 5 

46 .>)-406341 9-985414 9-4-20927 

47 9-406820 9-985381 9-421440 

48 9-407299 9-985347 9 421952 

49 9-407777 9-985314 9-422463 
30 9-408254 9-985280 9*4‘22974 

51 9-408731 9-985247 9-423484 

52 9-409207 ’>-98621.3 9 423993 
.53 9-409682 9-985180 >42450.1 
34 9-410157 9-985146 9-425011 

9-410632 9-985113 9-425519 
9-411106 .9 985079 9-42(>()27 
9-411679 9*985045 9-436534 
9-412062 9-985011 9-427011 
9-4l25'24 9-984978 9 427547 
9*412996 9-984944 9-428052 


Cotan. 


'7ft- TW. 


•413179 10.586821'9-427.354 9-983875 
•41369'.) 10-586.301 9-42780.9 9-983840 
•414219 10-58.5781 9-42826.i 9-983805 
•4147.38 10-585262 9-428717 9-981770 
•4 15257 I0..5H4743' 9-429170 9-.9837.15 „ 
■4 I 5775 10 684225' 9-4‘29623 9-9«3700 9 

•4I6?93 10-583707! 9-430075 9-9»3664 “ 
•116810 I0-5«.3I90! 9.4.305-27 9-.q83629 
•417326 10.58-2674 9-4.30978 9-98.3594,., 
•41784? 10-582158' >4.31429 .>.983568 9 
•418358 10-381642* 9-4.31879 9-98362.3'" 
•418873 10-581127,! 9-432329 9-983487 


10-580613 >432778 9-,983452 9 
10-580099' 9-43.3226 9-983416 9 
10-579585; 9-43367.5 9-983381 " 
10-579073' 9-4.34122 9-98.1.34 .S . 
I0-.'>r8.56o! 9-434569 9-})83309 9 
10-578048; 9-4.350*11 9-9«3273 9- 


10.577537 

10-577026 
10-676316 
10-576007 
: 0 575497 
Ij|)-5749a9 

10-574481 

10-573973 

IO-.5r34«9 

IO-5729.59 

10-572453 

10-571948 


9-4.35462! 

9.43590>! 

9-436353 

9-436798 

9-4372-^' 

9-4"7606 

>'•438129 

9-4.38.572 

9-4390)4 

9-439456 

>439897 

9-4403.38 


U-933238'‘' 
'>•-.983202 
9.983I61>|. 
9-983130" 
9-983094' 
9-083058.., 

9-98.3029 9- 
S-SSOBe*" 
9-982950 
9-90»9l4 I, 
9-9851878 9- 
9-982e4>2 9- 


Sine Cotan'. 


•74 


Cotang 


' 10-571948 60 
j 10871442 59 
10-670938 58 
; 10.570434 57 
I 10 669930 56 
i0-5S9427 55 
10-568925 54 

I0..36e4’23 6.3 
10.667921 62 
Kl.6674'20 51 
104')69ao SO 
10.6664.0 49 
10.565920 48 

10 566431 47 
if).5<i4‘)22 46 
10.664424 4.5 
10-56.3927 44 
10-5634.30 4.3 
10-562933 42 

10-5624.37 II 
10-661941 40 
10.661446 .19 
I0-56O35-2 18 
10-660457 .17 
10-559961 36 

10.569471 15 
10 55S978 34 
10 .5.58486.13 
10.557994 .32 
10-55750.131 
10-55701*2 30 

10-556.521 29 
10-566032 28 
10-555542 77 
10-535053 26 
10-554565 -25 
10-554077 24 

10-5.53589 23 
10-553102 22 
10-552616 21 
0-362130-20 
0.5£^I644 19 
0-551159 18 * 

0-550674 17 

0-550190 16 I 
0-549706 15' 
0-54922.3 14 
0-648740 1.3 
0-548257 12 

0-547775 11 
0-547294 10 
0-546813 9 
0-546.332 8 
0-545852 7 
0-545372 6 

>544893 5 
>544414 4 . 
0-543936 .3 ' 
0-54.3458 2 
0-542981 I ' 
0-54-2504 O 

































































































»Ill£S, TAKGKKTS, &C. 


Sine 


0 9<4403;it! »-9H2t)4 

1 9-44077K 

2 9-4412IP9-W827 . 
3»-44lb'5t) 9-9H J7 ' 

4 9-442096 aye**- 

S9-44253Sy-9S_ 

6 9-442973 9-982tfi4 


lung. 


9-45749G 
45797.1 
458449 
»-4.'i8925 
9-459400 
9-459875 
9.460i49 


Cutung. 


lU-54250-1 
10-54^027 
10-541551 
10-54107.‘ 
IO-540b'CK- 
10-540125 
10-539551 


9 405»3:i 
9-456948 
9-45676'l 
9-467173 
9-467.585 
9-467 9JK< 
9-458407 


9 98059(1 


9-9H0558 


980519 


9-980180 


9-980442 


9-980403 


y-980364 


lung. 


9-485339 


9-485791 


9-4ce2l2 


9-48659! 


9-487143 


9-487593 


9-488043 


Cotung 


10-514661 60 
10 514209 1.9 
10-5137.58 .’>8 
10-513307 i7 
IO-.M2857 56 
10-512407 
10-51 1957 :>4 


7 9-443410 9-982587 9-46082;» 10 58.9177 
8^443847 9 982551 9-4612.97 10-53870.- 
9 9-444284 9-982514 .9-461771' 10-.i38J3i 

10 9-444780 9-98247719-462242 lO-SO??^^ 

11 9-445155 9-9(12441 9-462715 10-537285 

12 9-445590 9-982404 .9-463186 10-536814 

13 9!446025 9-982367 9-463658 10-536342 S 

14 9-446459 9 982331 9-464198 10535872 9 

15 9.446893 9-982294 9*4645.99 10..5.354O1 9 
16(9-447.426 9.982257 9-465069 10-534911 .9 
17*9-447759 9-9822-20 9-46553.9 10-534461 9 
18 9-448191 9-981183 9-466008 10-533992 9 

I.9 9-4486-23|9-962I46 9 '166477 ’.0-j335-23 9 
9-14.9054l9'982109 9-466945 10-53305.5 9 
9-14!>48.sb-982072 9-467413 10-532587 9 
•2 9-449915|»-982035 9-467880 IO-,512120 9 
2:ii.9-450.345b-98I9.98 9-468347 10-531653 j9 
24i9-45077.519-981961 9 468814 10-531186 ;9 

25*9-451204:.9-98t924 9-46.9280 10-.>S()72r ;9 

26 9-451632j.9-981886 9-46.9746 10-5.3O-254 j!) 

27 .9-452060[9-98 1849 9-47021 ' 10-52978‘>}I» 

28 9-452488.9-981812 9-470676 10-.S2J1324 [9 
19-452.91.5 .9-981774 9*471141 IO-5288rj!>!i9 

30 9-453342 9-981737 9-471605 1 0-528395 

3li9-453768 9-981700 9-47‘20C9 10-527931 
.32L9-4.54I94 9-98l66‘. 9-472,532 tO-5'274t*i8 
3319-4,54619 9-981626 9-47-2,99S 10-52700.5 
.14|.9-45o044 9 981587p-47.'1457 10-526.54 ^ 
1.5|.9-4.55469 9-9ei549 9-473919 10-526081 
16^-45.5893 9-98151V 9-4 7438 1 10-525619 

.37(9-156316 9-981474 .9-474842 10-52,5151-' 

8 9-456739 9-981436 *-475303 10-524697 
99-457162 9-981399 9-475763 10-524237 

40l9-457.584 9-981361 9-47622'.! 10-523777 
119-4580069-981323 9-476681 10.5'23.3l7 
2 9-468427 9-981285 9-477142 10-522858 


9-468817 9 9803*25 9-4113492 10-511.508 .51 
9-46922 7 b-980286 9-488941 10-.511059 -’>2 
9-469637(9-980247 9-489390 10-510610 .51 
9-470046!9-980208 9-489838 10-510162 50 
9-470455 9-980169 9-490286 10-5(1071 I 4!t 
-7-470863!>-98OI30 9-4S073;ill0-:>0y267 4H 

S-4712719 980091 

9-471679^9-98005219-491627 j | o-.508;}r,1' II j 


9-472086 9- 

.9-472492I9 

9-472898 9 

9-473304 9 

1 

.9 473710 .9 
9-47411.5'.9 
9-47451.91.9 
9-4749-23!9' 
j9.475.327 .9 
;9-475r30j9 

i9-476133!.9 
j!)-47653'>’9 
|9-476938 9' 
t»-4;'734(v9 
19-477741 ly 


980091 9'49I IflO I0-j0H82(i|-1; 
980052 9 . 49 1627; 10-.508;}7,1' K 
.980012 9-49'2073ilO-5(i7!.27! I-’* 
979973 9-492.5 loj t0-.5074K I j4 I 
979934 ‘'-4.92965110-.>O70.i;,! 13 
979895 9-49341()jlO-5(K;.5yo 42 


10-5283951,9-47814219 


*;7985.5 
9798 16'9' 
97.9776 9 
97.9737 .9' 

.9796.97 9 

»7.96.‘>8|9 

97961 HjO 
.97.957.9;i» 
97 . 9 . 5 '19 9 
9“.94!>;)i9 

979459 9 

979420,9 


493H.54 

49429!)' 

4947431 

4951861 

4!) .56.30' 

4960731 

496.71.-I* 
■1!)69.'»7; 
•4.9739**1 
4.97841! 
4!>8.’8-2‘ 
198722: 


10-527931 Ijy 
tO-5274(*.('!i9 
10-527005 ;9 
10-526.54* 
IO- 526 O 8 I ;9 


478542j.9 
47H942|y 
47914.* 9 

4707411.9 

4feOI4o''.9 


IO-525Giyi;9-4e0539.9- 


10-52,5158 . 9 . 
10-524697 9- 
10-524237 i9- 
10-523777 
10-523.317 
10-522858 


3 .9-458848 9-981247 9-477601 
44 9-459268 9-981209 9-478059 
5 9-459688 9-98 M 71 .9-478517 
46 9-460108 9-931133 .9-478.97-5 
9-460527 9-98109.5 9-479432 

48 9-460946 9-981057 9-479889 

49 9-461364 9-981019 9-480345 

50 9-461782 9-980981 9-480801 

51 9-462199 9-980»4:< 9-4812.57 
•»2 9-462616 9-980904 9-4817 IS 
- ' 9-463032,9-980866 4-482167 

9-463448 9-980827 9-482621 

9-463864 9-9{»0789 4-48307.5 
: 9-46427^ 9-980750 9-483529 
9-464694 9-980712 4-481982 
9-465108 9-98067,: 4-4844BS 
5522 9-98063!' '*484887 
•465935l9-98059t »-48,5339 


10-522399 
10-521941 
10-521483 
10.52102.5 
l0-.52O.56i' 
10-5201 I I 

fb-5 19655 

10-519199 

10-518743 

10-518288 

10AI7833 

10-517179 

10-516925 
i0-5l647> 
10-516018 
10-515.56.5 
10-515113 
10-514661 



480937 9 
481.334 !) 
481731 i‘-' 
4821281.') 
482.52j|!» 
48292lb 


9-48.3316 9 
9-483712 9 
9-484107 9 
9-484.501 9 
9-484895 9 


.9-485289 


97.9380 9-49!) 16.1 
97.9 l l(i9- lyyo'O.i 
.97.930(1 !t-.5()IK)4.*' 
979260 9-500 181 
979220 9-5O09-2O 
9791 8(lj.9-501.159, 

.97,9I4o'!)-.50l797' 
97.9IOo9-.5022.35; 
!)79O:y%9-5OU07/ 
9790lj|^9-.50;iI09 
. 97897.9 9-->03546 
•9789.iy|9-5039fc'2 

-.978898 9-5014 18 
97«8.'>8;9-504851 
•978817(9-505289 
978777(9-505724 
.978737i9-.506l.59 
978696!9-5065.93 


9-485682 9-97865.5 9-507027 
9-486075 9-97t6l59-5074G0 
9-486407(9-978574 9-507893 
9-486860 9-978533 9-5O8;i20 
.9-487251 9-97g49.l9-508759 
9-487643 9-978452 9-509191 

.9.48803419-978411 9-509622 
.9-488424 .9-97«370 -O-S10054 
9.(188814 9-978329 9-510485 
9-489204 .9-978288 9-510916 
9-489693 9-978'247 9-511346 
9-489.982 9-978206 9-511776 


Sine I Cosine I Cotan. ( 




IO-.->06l 16 41 
IO-.',o:,7()l'lO 
IO-50j2.5r:i9 
I()-:<048I4 30 
lO-.5ni.l7i'i 17 
IO-:.03.927 I'l 

I 

10-50 14853.5 

10.. 50.104.1 14 
10.502601 3 1 

10.. 50-2l.7f(:.l2 
10-5 <I7IK 11 
I()-.V)127S 10 

10 .-.( 0*517 2!) 
10 .■>0;i‘5!).-' Jr- 

10 -ly'iy.'.H J7 
10 •l;);)-7l;) J'' 
IO-4!»;,()-'0 2.'i 
IO-4'.t864l 24 

!0.4.9H2O'l 2 ! 
10 1!I776.5 22 
10-497 128 
10-4!)(.8.91 20 
IO-496454'19 

10-4 96018! IH 

1 

10-493.58237 
10-495146 16 
10-491711 15 
10-494276'14 
I0-493H4I 13 
10-493407(12 

10-492973; I I 
10-492540 I'J 
10-492107 9 
10-491674 H 
10.4<JI24I 7 
10-490809 6 

10-490378 5 
10-489946 4 
10-489.115 3 
10-489084 2 
10488654 I 
10-488224 n 


Tung. 




















































LOC. SINES, TANGElJflPS, BlC. 41 


18 »eg. _ 

Cusinc Tang. Cotahg. Sine Cosine Tang . Cotang. 

bla -ieoye^ > y7B*20(j9-5l I77b 10-488224 .9-512642 9-975670 9-5.46y7 3 10-463028 6(1 
1 9-4y0371 9-978167)9-512206 10-4877.94 9-613009 9-97.’W27 9-537382 10-46261859 
9.49()759 9-978124 9-5li’63.') 10-487305 9-513S75 9-975583 9-537792 10-462208 58 
9-491147 9-978083 9-513064 10-4869.36 9-513741 9-9755399-538202 10-461798 57 
9-491535 9-978042 9-513193 10-486507 9-514107 9-9754969-538611 10-461389 .56 
9-491922 9-978001 9-513921 10-48607919-514472 9 975452 9-539020 40-460980 55 
o.o-i^nukin.MnRiii 9-514837 9-975408 9-539429 10-460571 54 


9-492308 9-9779599-514349 10-485651 

9-492695 9-977918 9-514777 10-485223 
9-493081 9-977877 9-515204 10-484796 
9 493466 9-977835 9-515631 10-484369 

110 9-493851 9-977794 9-616057 10-483943 

111 9.494236 9-977752 9-616484 10-483516 


.9-51520? 9-975365|9-539B37 10-460163: 
9-515566 9-975321 9-540245 10-459755' 
.9-5159309-975277 9-340653 10-459347 
9-516294 9-975233 9-541061 10^68939 
9- 516657 9-975189 9-541468 10-458532 


12 ;)-494621 9-97771 ipS16910 10-483090 9-517020|9-975l45 9-541875 10-458125 

13 9-49.5005 .9-977C69 9 517335 10-482665 .9-517.382.9-975101 9-542281 10-457719- 

14 9-495388 9'.977628l.9.5l7761 10-482239 9-517745 9-975057 9-542688 !d-457312- 
I5!9.49‘)772 9-977586:9-51 8186 10-481814 .9-518107 9-9750f39-649094 10-456906 

16 !l-49(il54 9-977544'9-5186l() 10-4813.90 9-5104689-9749699-543499 10-456501 

17 ‘>-4'96537|9'977r)03!9-51.90.34 10-480.966 9-618829 9-974925 9-.543905 10-456095-< 

18 9 4‘909)9:9-.97746lj9-519458 10-480542 9-519190 9-9748809-514310 10-455690-; 

1-1 9 49730i! 9-9774I9'9..519882 10-480118 9-519551 9-974836'9-544715 10-4.55285 41 
,'(i 9-4.97CB‘.>'9-977377j9-5203()5 10-479095 9-51.9911 9-974792^9-545119 10-454881 40 

21 9.498064'9-9773359-520728 10-479272 .9-.52027i!9 974748.9-545524 10-454476 39 

22 !).498444'9 977293I.9-521 151 10.47884.9 9-520631 j9-97470, 3, 9-545928 10-454072 38 
2'i 9-198825-9 97725ll9-521573 10-478427 .9.520990|9-.974659,.9-546.3.31 10-453669 37 
24'9-49!)204 •9-.97720<>|9-02I995 10-478005 9-521349 9-974614 9-546735 10-453265 36 

2 ;. 9-499.'.84'9..9771 ('.7 9-322-117 10-477583 9-52170719-974570 9-547138 10-452862 .35 
i(;.9 4}ji)96.3 9-97712519-5228.38 10 477162 .9.522066;9..97452*9-54754() 10-452460 34 
■j"; 9-.5()0;M2\9-977083V>-52'i259 10-476741 y-522424j9-974481 9-54794.3 10-452057 33 
•28 9 5O0r2l|9.9770.1lj.9-52,368O 10-476320 9-522781.9-974436'9-548345 10.451655 32 
2‘li9-.')01O.9.9;9-,97699.9i9-.524100 10-475900 9-.52:il38i9-97439I|9-548747 10-451253 31 


1(1 9-50147«i 9 97(;9:.7i9-524520 10-475480 9-52349.5j9-974347|9-549149 10.4.'!0851 .30 

(I 9 50185/9-9769l4lo-5249 40 10.47.5060 9-523852:9.974032i9-5495.50 10-450450' 

32 9-5022.31'9-976H7‘j'9 .52:)3()0 10-474641 ,9.524208'9-9742.57|9.549951 I0-4.';00.19 28 

33 9.;.()2607'9-9768:1(i! 9-525778 10-474222 9-.524504j9-9742l29-550352 10-449648 27 
Vl ri.,)i).’984 !)-<)7ij~y.j :9-526| 97 I0.4738C3 9-r)2.J!)2oj9 974 l67;9-550752 10-449248 26 
t.') 9-50 ','l0(' .'»-:»7(;74r)i9-5266'1.5 10-47.1.38.) 9-525275j‘) 974122 9-551153 10-448847 2 
,Uj y-.50373;.;9 976702 9.52703;i 10-472.967 9-52o630j9.974077!9-55l552 10-448448 24 

.t7i9.504 1 Io'"-97666o' 9-527451 iO-472549; .9.5-25.984 9 .974032|9-5519.52 10-448048 2.3 
I8'9-50448.79-9766I7!9.527868 10-472132 9-526339 9-97,1.987:9-552»51 10-447649 22 


42 9-.505.981 9-976446 9-5295j'5 10-470465 9-527753 9 973807 9-553946 10-446054 1 

43 9 - 506.354 9-976104 9 ..5299.51 10-470049 9-528105 9-973761 9-554344 10-445656 17 

44 9-506727 9-976361 9-530366 10-4696,34 9-528458 9.9737169.554741 10-445259 >6 
.9..976318 9-530781 10-46.0219 9-528810 9.9736719-555139 10-444861 l.S 
9-976275 9-531 196 10-468804 i9-52916l 9 97.3625 9-5565.36 10-444464 I 4 
9-976232 9-531611 10-468389 9-529513 9-973580 9-55.9933 10-444067 13 

9-508214 9-9761B9 9-532025 10-467875 9-529864 9-9735.S5 9-556329 10-443671 12 

9-508585 9-976146.9-5.32439 10-467561 O-SSOilS 9-973489.0-556725 10-443275 11 
9-508956 9-976103 9-53285,3 10-46^47 9-530566 9-97.3444 9-657121 10-442879 lO 
9-509326 9-970060 9-5332«6 10-4667.34 9-530915 9-973398 9-557517 ■' 

9-509690 9-976017 9-533679 10-466.321 .0-531265 9-973.352 9-55791.3 |0-‘J42OT7 8 
9-510065 9-975.074 9-534092 10-463905 9-53Iftl4 9-9733079-558308 10-44IC92 ( 
9-510434 0-975930 9-534504, JO-465496 9-531963 9-973261 9-558703 10-441297 i 


9-51080.3 9-975887 9-534916 10-465004 9-5.32.712 9-.073215 9-559p7 l£-440903 
9-511 172 .0-9758449-535328 10-464672 9-532661 9-97316.0 9-559491 10.440509 
0-511540 9-9758009-63.5739 I 0-464%61 .0-5.3.3009 9-973124 9-559885 10-440115 
0-511007 9-975757 9-5361.50 10-4638.50 .0-533357 9-.*f73078 9-560279 10-4.39721 
9-512275 9-975714 9-5.36561 10-463439 9-S337n4 9-973032 9-560673 lO 439327 
9-512642 9-9756709-536972 10-46.3028 9-534052 9-972986 9-561066 10-438934 

Cosine “Su»e“ Cotang.l Tang . Cosine Sine Cotang. Tang. 






















































































1,06. HKSA, TANOKNTSf «CC. 



Cotang. 


i IU'4^8934 
I IO-4:i854l 
10.4^8149 
I IO-4J775b 
I J 0-43736-1 
t 10-436l»7ii 
) IO-4365Bi 


Cosine 


9-&&43<ii»9-97UI6. 4 
<»-&546.'iS .9-970 IO.V 4' 
9-55488' 9-970055 3 
0-555315 9-970005 4 
’.>•555643 9-969957 9- 
9-555971 9-9ti99Uii 9- 
9-556499 9-969861 9- 


584177 

584.555 

58493’i 

58-1309 

58568b 

.58606. 

5864J9 


Cutong. 


10-415823 60 
10-415445 59 
10-415068 58 
10-414691 57j 
10-414314 .%b 
10-4r;938 .•.5 
10-413561 54| 


1 10-4.16189 9 5566969 969811 9-686815 10 41:1185-.S 
! I0-43579C. 9.556953|9-969768.9-58719O|l0-4l98i9 5'.' 
1 10-435407 9-5572809-9697i4 9-587566 10-41-^4.14 51 
1 I0-4350J7 9‘557606 9-969665.4.5«7941 IO-4I20.W .i(> 
1 JO-434687 9-557932;9-9696lfc9.5881U 10-411684 jy 
110-434237 9-558J58j9-969567 9-588691 iO-4U^(>.x 4,, 

I 10-433647 9-55858;1'9-96.9518 9.589066 10-410034 47 
! 10-43.1458 9-65890»‘9-9694fl9 9-589441'! 10-410561 jib 
I 10-43306 1 9-559334 9-.‘J0942o'9-.5h*-'rtl4ilO-4IOl8(> 45 
I 10-432680 9-5a9568|9-9b917i 9-.’901 k 8 10-40981144 
10.438291 9-559883 9-9693-.: i 9-59056y 10.409438,13 
iU.431»U2 9-560£0“'9 969272 y.590;i35 10-409065:42 

10-431514 9-5605319969223 .9-591308 10-408692 41 
10-431127 9-560855.9969175 9-591681 10-408-! I oUo 
10-430739 9-561178 9-969124 9-5920.S4 10-40794699 
10-430362 9-561501 9-.969075 9-5924‘.'6 10-107574j.‘IH 
10-429965 9-56l824 9-.96.9025 9-.5927y9 10-407201 It? 
10-429578 9-5621469-968976 ;;-59J 171 10-4! 682y!.16 

I . J 

10-429191 9-562468‘9-96ti9-(-9-59.1542 I0-4(M:458!.1 
10-428805 9.562790.9-968877 9 .5.93914 10-406086* j4 
10-428419 9-563112 9-908827 9-5.94285 10-405715 .!8 
10-423013 9-S634.13 9-96877; 9-5.94650 10-405341 12 
10-427648 .9-563755 9-968728 9 595027 10-404973 ■.! 
10-427262 19-564076 9-96H678 9-595398 10-404602; JO 


1-560531 .9 
1-560855 9 
6561178 9 
65615019 
65618249 
65621469 

65624689 
•562790 9 
•563112 9 
•563433 9- 
•563755 9- 
•564076 9- 


969223 .9 
969174.9 
•969124 9 . 
•969075 9- 
,96.902.5 9- 
968976 

9689-6 .*>• 
968877 9- 
9((88U7 9- 
968777 9- 
968728 9 
96H678 9- 


•591308 10- 
59 I 68 I10- 
5920.54 10- 
.■>924‘.'6 10- 
.*'92799 10- 
-'193171 10- 

59.1542 10- 
.■>.93914 lO- 
5.94285 10- 
5.94850 lO- 
595027 10- 
595398 10- 


•408692 41 
■408:-!l9l40 
■40794b‘39 
-10757 4L‘IH 
407201! 17 

4! 68Vy!.16 

. 1 

4(u:458!.i 
•tub’ooi,' >4 

40.5715 38 
405341 <2 
404973 1 ! 
4046021 JO 


10-426877 9-564396 9 068628j9-.595768 
10-426403 0-564716 9 968.578j9-5.96138 
10-426108 0-565036 9-968.52819 .5.06.508 
10-425724 9-565356 9-96847;,i9-59f,’878 
10-425340 9-565676 9-9684 ->9 9-5;>72 17 
10-424056 3-665905,9-968,17y y .5.97616 

10-424573 0-566314 9-9683‘-';j 9-5y7985 
10-424100 0-366632 9 968278 9-5983.54 
rO-423807 |9-.56695l 9-968228 9 598722 
10-423)24 |o-567269 9 968178 9-599091 
10-423041 »-567.587i> 968I‘:8 9-.5yn ir,!! 
I0.4226'5y .4-567904 9-96B07( y-;>99a27 

10-422277 9.568222'9-968027 9-b(KII94 
10-421896 9-568539 9-967.977 9-600.562 
86 10-421514 0-568856.0-967927 9-600929 
67 10-421133 9-369172 9-967876 9 601296 
48 10-420752 19-569488 9-967826 9 - 6 u 166. 
29 10-420371 9-569804|9-967775 9-602029 

lC(.4i999l 9-5701209-967725 .9-602.395 
10-419611 9-570435!9-967674 .9-602761 
10-419231 9-570761 j9-967624 9-60.1127 
10-418851 9-67IOe6;9.96757S 9-603493 
10-448472 0-5713809-967522 9-603858 
10-418093 9-571695 9^67471 9-60422.3 

10-417714 9-5 7'2009 9,96742) .9 604588 
10-41733.5 9-572323 9-967370 9-60495.3 
10-416956 ;1-57U636 9 967319 .9-605317 
10-416578 9-572950 9-.')67yeK ,9-60.5682 
10 - 416200 9-573263 9-9672 1 7 . 9-606046 
10-41.582.3 9.57357.i 9-967166 9-6‘064l( 


Cosine I nine jCotang. 


I0-404-i,12.2!» 
ti)-4038C2j28 
O-IO 14«»2;2 
IO-40;JI22j-26 
io-4o‘.*7;i;ji-2:. 
IO-4U.384j24 

; 0-40201 ;)i2! 
IO-401646i.'2 
lO-101278j.’l 
IO-4(ioyO;j|---)» 
III- 10054 11 
ilO-4C017 ijiS 

I0.399806in 
IO-.W.'»4.JHj!6 
IO-.39;i07l 1.5 
IO-.39H704jl 1 
I0.3}1«.J.17 l;J 
10-397071 12 

10-197605 I 
I0..J.«)72.!9 10 
10 396873 
10 396.507 
10.396142 

10-395777 

in..1.954l2 
10 395047 
10-394683 
•0-394.318 
10.m*)54 
'O .3,9.3590 









































































































































IjOg. sike 8« TAVdfeK’m* flee. • 


vz^ 


I ®eg. _ (1 


Sine 

Cosine 

1 ang. 

Cutang. 

( 

9 .57357.5 

.9'967"l6t 

9.606410 

10-393590 

1 

9-573888 

.9-967115 

9-606773 

10-393227 

u 

9-57420( 

9-967064 

9-607137 

10-39*2863 

u 

9-5745 Iv 

.9-907013 

9-6075(K) 

10-392500 

4 

') 574824 

9-966961 

,9-607863 

10-392137 

5 

9S7513C 

9-966910 

9-608225 

10-391775 

1 . 

9 575447 

9-9668.59 

9-608588 

10-391412 

7 

9-575758 

9-966805 

9-6089-50 

lO-.'tSlOSO 

t- 

.9 576069 

9-96f.75(, 

9-609312 

10-390688 

.1, 

9.57637B 

9-966705 

9-609674 

10-390326 

1(1 

9 576689 

9-966653 

9-610036 

10-389904 

11 

9-5769.99 

.9-966602 

9-610997 

I0.3H.9(;0J 

u 

9-5^7309 

.9-966550 

9 610759 

10-38924! 

1., 

'>-577618 

.9-966499 

9-611120 

10-388880 

i4 

9.377927 

.9966447 

9-611480 

IO-388S2d J 

l.'i 

9-578-236 

9-966 '95 

.9-61 1841 

10-38815'.) 

6 

9-57854 .'i 

.'>•906344 

.9-612201 

10-387799 £ 

17 

9-5788:^3 ;9-96G292 

.9-612561 

10-387439 ' 

18 

'>■57916.* 9-966240 

9-612921 

10-387079 £ 

19 

.9-.'.79470 9-966188 

9-613281 

10-386719 

>v 

9-5,79777 

9-966136 

9-613641 

10-386359 

21 

9-580065 

9-96608.'. 

.9-614000 

10-386000 

iU 

9-580392 

.990603 

9-614369 

10-385641 £ 

■lA 

9.580699 

9-965.')81 

.9-614718 

10-385282 £ 

24 

9-581005 

9-96592<4 

9-1115077 

10-384923 

25 

'>-,581312 

9-965870 

9-615435 

10-384565 f 

>( 

9-581618 

9 9658-44 

9-615793 

10-384*207 £ 

27 

.9-581924'y-';65*72 

9-616151 

10-383849 £ 

28 

9-5822-29 9-9657*2(; 

.'>•61650.9 

10-383491 £ 

29 

:)-58'2.5:l5 

9 96566b 

9-6168G7 

io-rJ8:ii3;( !£ 

id 

9-38284d|9-96561.S 

9-617224 

10-382776 |£ 

(1 

.•>■583145 9-96SS6J 

9-617 58V 

10-382418 !f 

.3. 

9.583449 9-965511 

9-617939 

10-382061 j£ 

».( 

9.58.(754,.9-96545e 

9-618295 

IO-.38170.5 |£ 

(4 

9.;>84d.',8 

9965406 

9-618(>52 

10-381348 f 

> • 

y..5H 1.J6I 

.9-905353 

9-619' 08 

I0..'58O99V |i 

.id 

')-o84(;6.i 

9-9flj30l 

9-619364! 10-380636 £ 

17 

9..'>849r;8 

9-965248 

9-619720 

10-380280 1.1 

,(8 

9.585272 

}»-y65l9,T 

9-6'2o076 

I0-.379924 !.1 

3.9 

9.58.557-i 

.9-.965M3 

9-620432 

10-379.568 {.1 

41. 

9-585877 

99(>509d 

'•620787 

10-3792l.'l 9 

41 

9-586179 

9-.96.)().(7 

9-6-21 142 

! 0-378858 fl 

1‘. 

9-586482 

‘-‘-96-1984 

9-621197 

10-37850.') is 

I.i 

9-586783 

9-964911 

9-621852 

10.378148 8 

44 

9-587085 

9 96487.9 

9-622207 

10-37 7 79.3 jS 

45 

9-587386 

9-96482(, 

9-622.561 

10.377439 -fl 

46 

9-587688 

9-964773 

>62291.5 

10..377085 |.1 

47 

9-587989 

9-964720 

9-6-23269 

10-376731 £ 

18 


9-964666 

9-6236^3 

10-376377 9 

49 

9-588590 

9-964613 

9-623976 

10-376024 ,9 

50 

9 588890 

9-964560 

9-624330 

10-375670 9 

5) 

9-589190 

9-964507 

9-624683 

10-376317 9 

52 

9-589489 

9-964454 

9-625036 

10-374964 9 

53 

9-589789 

9-964400 

9-625388 

10-374612 S 

r>4 

9-690088 

9-964347 

9-625741, 

j0-374259 9 

56 

9-590387 

9-9642.94 

9-626093 

10-373907 9 

hC 

'4-590686 

9.96-U40 

9-626445 

10-S735S.'i 9 

.17 

9-.^90984 

9-964187 

9-626797 

I0-373B03 S 

38 

9-591282 

.9-96418.1 

9-627149 

10-372851 S 

59 

9-591580 

9-964080 

.9-627501 

10-372499 S 

6( 

9-591878 

9-.964026 

9-627852 

10-372148 .1 


(/osine 

Sine 

Cotan. 

Tang. 


23 Deg 


Sine 


»-3Sl87« 

9-592176 


|9-9€4026 

9-968972 

9-963919 

.9-963865 

9-963811 

9-96375 

9-9637041 

19-963654 

9-963596 

9-9635421 

9-96S488 

1-963434 

19-963379 


ti7 DiPir. 


-j986‘60 


9-962672 
9-962615 
9-962562 
9-962508 
9-962453 
9-962398 

!9-6t0990l 9-962343 


9-6012801 


'ISO 


-603017 


5882 


Cosine 


ang. 


9-6303U6| 
19-630656; 
19-6310(3(5 
9-63135.5 
9-631^04 
19-638053 


9-9633151 
963271 
963297 
|g-963l6.( 
19-963 IO« 
p-963054 

9-96 »P99 
y-96294.i 
962800|9 
I9-96-.830 
|9-96278I 
9-962727 


9-632402110-3673981 
9-6327S(;!:0-367250i 


19-633099 

.9-633447 

i9-63379Sj 

9-634143 


9-962288 
9-962233 
9-962178 
9-962123 
19-962067 

9-962012 

'')-9619.i 

19-961902 

{ 9 - 9818-16 

y-f,‘6l79l 

|9-961735 

9-961680 
9-961624 
9-961569 
9-961513 
9-961+.58 
9-96140 

9-961346 
|9-96|290 
9-961235 
9-961179 
9-961123 
9-961067 

9-961011 

9-960955 

[9-960899 

|9-fS0843 

:9-9607«6 

19-960730 


9-627852 

9-628203| 

9-62855^ 

9-628905 

9-629255 

9'62960(4i 

9<629936 


Cutang. 


i0-37_-|48 

10.3717971 

10-371446 

10-371095 

10-370743 

0-370394 

10-370044 


! 0-369694 
10-369344 
10-368995 
1(W368645 
10-568296 
10-367947 


Cosine 


,9-634490| 
19-634838 
-635185 
|9-635532! 
;9-6U-879' 
9-636226 

9-636572 
9-636915- 
9-637 26;> 
9-637611 
9-637956 
9-63830i 

9-638647 
9-638992 
9.6393.17 
9-6396821 
9-640027 
9-640371 


9-640716 

9-641060 

9-641404 

9-641747 

19-6+2091 

9-6+2434 


Sme 


l9. 

t 

9 

9' 

9- 

9' 

9' 

9- 
9- 
9 
9 

19-64(^81 
9-647222 
9-647562 
9-64790.3 
9-648243 
9-648583 


•642777 
643120 
64346.'') 
64.380(j 
644148 
644490 

6+4832 

6*5174 

645516 

645857 

646199 

646640 


Coton. 


10-366901 

10-366553 

10-3662051 

10-365857 

10-3655101 

10.3651621 

10-3648151 

10-364468 

10-364121 

10-363774 

10-363428 

10-363081 

10-362735 

10-362389 

10-3620441 

10-361698 

10-361355 
10-361008 
10-360663 
10-360.118 
10-359973 
10-359629 

10-359284 

10-358940 

10-358596 

10-358253; 

10-3579091 

10-357506 

10-357223 

10-356880 

10-3565.(7 

10-356194 

10-35.58521 

10-355510 

10-355168 

10-3548261 

10-354484 

10-354143 

10-353801 

10-353460 

110.353119 

|To-352778 

10-352438 

10-352097 

10-351757 

10-351417 


1601 

\S^ 

581 

57 

56 

55 

54 


5» 

S‘Jl 

51 

a 

48 

47 

46 

45 

44 

43 

42 

41 

40j 

39l 

38 

37 

36 

35 

|34; 

133! 

|S2 

31 

301 

29 

28 

27 

26] 

25 

24 

23 
22 
21 
20 
I 


Tang. 


RR fWir. 



Tiixvj&ay M i ixv- 


8iiie 

U|p-60!)i't3l 
il-GU»597 
5»-6o.'>Kau 
'•■Gioirtj 
‘)&'104<I7 
9«l07jf»| 
9Gll0i'/ 


/ 

it 

9 

10 

il 

f3 

U 

I5| 

lt> 

17 

IK 

• 9; 


9>6'I2I4I 
i9-6lS4'il 
9-612702 

9-6i 298,1 
9-GI3.-64 
;9-6J35'15 
9-6l3825i 
9-614105 
!>-GI4.1»5! 


24 Deg. 


Cosine 


y-9ti07.»ti1 
9»fiOC74 
[9-90d6' 

9 960561 
9-960505 
S-9604iK 
9-960392 


19-611294 9-960.335 
9-611576 9 9602791 
;9-6l tg5H 9-960222 


9-960165 

19-9A»I09|9-6523I2| 

>•960052 


9-959995 
9 959938 
[9-959882 
9-9.59W25 
19-959768 
9957911 

9-6I4665|9-959654 


20,!/ 6'I4944 
21*9-61527.3 
2.'!9 o 15.502 

1 9-6l60(jt) 

•25.9.CI6,1.J8 
'26 9-6I65‘ 

27 9-616894 
■28; 

29 
.lOi 


9-6174501 

9-617727 

.0-618004 

.0-618281 

9-6185581 

.<>-6188,54 

9-6191 10 

!)- 6 19386 

9-61.9662 

1.9-6199.38 

19-62021 ;i 


■H)^9-65i0388p 95844.5 


41 

^2 

4,'> 

44 

45 
4ti| 

47 

48 

49 


9-620763 


9-62I038P-958.329 


1.0-9594891 
9-9-5942.‘. 
|9-959J(i8 

9-9593 loj 
|9-!>592.i3 
9-95919.5 
9 6171 7219-9.59138 


9 621313 

9-62158 


9-622135 


19-622682 

9.622056 
9-623229 
9-623502 
529-623774 
9-624047 
9-6?43ig! 


C osilM; 


tj-9590!10j 
9 959023 

9-958,<)65 

9-958908, 

9-9.58850 

9-9587921 

.<#-958734 

9-958677 

9-958619 
9-9.58501 
9-958503 




[9-6485831 
>•648923 
9-64999o| 
9 64960.’ 
9-649942 
9-65028. 
9-6506 70| 

9-650959 

9-651297 

9-651636 

9-651974 


Colnng. 


IO-.3514I' 

10-351077 

10-350737! 

I0-3:)0398! 

10-3500.581 

I0.;i497li) 

10-349380 

10-349041 

10-348703 

10-348364 

IO-34802t>l| 

10-347688 


25 ‘l)eg. 




9-625948 

9-626219 

J-626490 

;>621.760 

9-62703;> 


9-628109 
9-628378 
9-628647 
.9-628916 
.9-6526=0j 10-3 4735o!|9-699185 

9-652988 10-347012 19-629451 
9-653326 10-346674 '9-629721 
a-t’sjecsho .316337 :.9-629»89 
9-65400o| l0-346’000 :9-6l02:i7 
9-654317; 10-345663 .9-630524 
/•654674110-34532f.j>9'13079. 

9-65.501 I! 10..344989Vej 10.59 
9-6.->5348l 10-34 16 J2'\‘>-63n26 


Cosine 

1 '13 

laiig. 

1 lolling. 


9-957276 

' 9 - 66867.3 

10-331.327 


9-957217 

9-<;6yoo2 

10-330998 

.59 

9-957158 

9-6lii) 132 

10-330663 

oM 

.9-957099 

9-669661 

10-330,139 

57 

9-957040 

9 - 669.991 

10-3.30009 

ob 

9-95698 . 

9-670320 

10-3.9680 

55 

9-956921 

9-670649 

10-329351 

54 

9-956862 

9-670977 

10-328023 

.5,1 

9-956li0;i 

9-671.106 

10-323694 

.52 

9-956744 

.9-6716.15 

10-328365 

51 

9-956684 

9-671963 

I0-32BO.17 

50 

9-956625 

9-672291 

10-327709 

49 

9-95656() 

9-672619’10-327381 

-IH 

9-956506 

9-67-2947 

IU-.32705') 

47 

9 956447 

9-673274!iO-3-26726, 

4<> 

y-9>6.187 

9-67 J6u2 

10-326;198 

4.) 

9-956327 

9-67.1929 

If) l'2607li 

44 

9 956268 

.9-674-2.';7 

IO-1257-i 1* 

43 

.0-.9562U8j 

;»-674.')8 4 

10 .12.5116,42 


19-959.191), 

(9-9’>.9511>9-655684! 10-34 1.116 ;9-611. 59 1 
9-6.=)6a20j ia-31.1f>»r) 19-6M 1859 
9-6.jfl.l56| 10-;i4:i644 9 - 632 1 -2'. 
9-656692 10-343308 \9-632392 


;i95G14Ki<>-674911 


10 i,'5<).")|41 
0-.'l247t.:i;iO 


L<>-9.'>608.9j9-675-237 .. 

9-056029',‘>-67.'>:)64 10 ,lv44.1(,|:i!) 
9-9jj.‘)69!9 67.')890,IO .124 i IC 
|,9-95.S90!/!9-(;7(; ^ 17110-.l ’ 178 1 
9 9o5849 9-67(:54.t IO-;i2.}4;.7 


.9-6.57028:10 .3-12972 :9-632G.')8l9-9.'.5789 <>-67' 869jlO-.32;l 1:11 
94557364 10-,142636 :9-63-‘923j9-95.'»729|9-6;7 194 I0-,122«(«; 
9-6.)7699[ 10-.14230l!l9-63;l 189*9 955669i:>-67r.«2(i IO-;i2248(>i 

«■» /■•e Cl^.n - _tt.. . . . J _ _ J _ I 


1.9-658034' 10 .3-1 15 > 66 , 9-6;i.‘1454 
9-658;J69! 10-3416.31 !*9-6,3371.9 
9-6.58704* 10-3412.9t)|l9 63398-1 

.9-65903.9 IO- 340961 !'9-6.14249 
[9-659373;10-340l27:i.9-6M45l4 


9-958.387 


9-958271 
9.9.58213 


9-62I86IP-95SI54 


9-958096 


9-622409P-958038 


9-957979] 

»-9S792I 

^957863] 

9-957804 

9-9577461 

9-957687 

9-957628 


19-659708 

9-660042 

j9-66’Oi7ej 

9-6607lo| 

9-661043 
661377 
9-661710 
9-662043 
9-662376 
|9 662709 

9-663042 
.9-663.375 
9-663707 
|9 664039; 
9-664371 
9-66470.3 

j9-665035 

b-665366 

9-665698 


9-624591 9-955i570 
9-62486.3 9-».576 II 
9-62513.5 9-937452| 
9-625406 9-95739-? 
9-625677 9-957335 
9-625943 9-957276 


JSine 


9-666.36o| 

9-666691 

9-667021 
9-667355 
9-067682 
9-6680 M 
9-668343 
9-668673 


Cotan. 


10-3 10292'9-6,14778 
lO-3.3;/958i‘.')-‘>:55042| 
IO-3.19624!*.9-0.353<J(; 
IO-S39?90!:9-635570 

I0-3.38957!:9-6.>5834 
lO-SSKO'^.T '9-6360.')7 
■|0-3.38290i9-6.-16.36. 


,<> .<) )560.<J .'»-67784<' I<i-122154 
;)-9.>554S .')-(>78I7I 10- 1218 J!) 
9-95518('|.'>-<:78 l.')fi!lO .1-21 ;)04[;',ol 

1.9-9 55428 9 -6 78H21 j 10 - 121 17:» 
|9-9,'i.516" 67<»Moll (>-;j‘2()8 74 

9 ■ 9 5 .‘i. 1 11 7,• 6 7; > 17 1' I (»• .3 20 .•> -2 0 
9-95,7247''>-67<l7M5llO-32()20.') 
9-.<);)51 86 ''> 1.801 ;o,IO-,'ll<J-.- 1(1 


I0 3379.)7 
ia;i57024 
10-337291 

10-336958 
1()..'136625 
10-3 3629-3 
10-335961 
10-335629 
10-336297 

l0‘-334965 

103346.34 

10-334302 


9-666029] 10-33397 I 


>0-333C40{ 

10-333309 

10.332979 

10-'t32648 

I0-3.{2.'11H 

10-331987 

IO-.33I657 

10-331327 


Tani;. 


[9-6.’16«2.'1 

‘9-6.16886 

*9-637148 

!9-6J74n 

'9-637673 

:9-C379.3.5 

9-6.18197 

9-6.38458 

9-6387201 

,9-638.981 
9-639242 
9-639503 
9-639764 
19-640024 
i9-640284 

9-640544 
9-040804 
9-64ri064 
9-641.324 
9-641583 
,9-6418421 


Cosine 


■ 2 <» 
■Jit 
27 
'26 
2.) 
24 

.9 95‘.065 .‘)-650768 10.;iI92 lv]2;l 
9-955()l),‘. .'»-68 I0!>'2 10 ,11 8'I08 '22 
'-■'■yr)4</44.-''-6«I4 16 10 .5I8,)84'2I 
.9-95-I8 «:i|'>-68 1 740 ; 10-31826< 


9-95.') 126 :)-680444,10-31 !)556 


9-9548sr.l 

.9-9.54762 

.<)-9j 47011 
19-954640 


9-68206 )Uo-.ll7!(37 
.9-682.38;: 10-31761.3 


9-G82710 
9-68.10.33 
9-95 1579 ;9-68:}.15fi 


19-9.54.318 
9-954457 
19-954396 

9-954.334 

9954275 

9-954213 

9-954152 

9-9540.90 

9*954029 

.9-953968 

9-953906 

9-95.3845 

9-95.378.1 

9-953722 

9-9.5.3660 


Sine 


1.9-681679 
.9-684001 
»-684,124 

9-684646 

9-684968 

9-685290 

.9-685612 

9-685934 

9-686255 

9-636577 

9-686898 

1-687211 

9-687540 

9-687661 

9-688182 


Cotan, 


I0..3I7'290! 

I0-3I6<>67 

10-316644 

10-316.121 

I0.1l5.0<)n 

10-315676 

10-315354^ 
I0-SI50.32| 
I0-.1I47I0| 
IO-.1I4388 
10 314066; 
10-313745! 

IO-.U342.3| 

IO-.3i;il02| 

10-312781 

10-3124601 

10-31213.91 

10-3118181 


'J'ang. 



















































































1.00, S1:N£8, tanoeut*, &c. 


26JJc(r. 


9-ti4lli-4W)- 


!f-fH-410 ID¬ 


S’642300!)’ 


9’6426IH9’ 
U’64JH77 9’ 


9-64.1135 9- 


9-64339i9- 


9-S436509- 
9.643908 9- 
9.6'44165 9- 


9o3G6u <). 
933599 9- 
95J537 9. 
95347s 9< 
933413 9- 
95333V »■ 
953290 ». 


68818V 

68850V 

6888V3 

689143 

689463 

689783 

690103 


'•643650l9-953VV8 9-690423 
9-953 166 9-690742 
9-953104 9-691062 
lOLO-ea 1423|9-953042 9-691381 
I l,9-644G80i9-953980 9-69170(1 

1 2,9-644936|9-952918 9-692019 

■64519 Jj9-95285S 9-692338 
|•645450|9•^52793 9-6926.';6 
•r>4.5706|9.952731 9-692975 
• 64 5962,9- 952669 9-693293 
-646218 9-952606 9-693612 
•6464?4j!)-9525-14 9-693930 

19 9-61(^729:9-952481 9-694248 

20.9- 616984j9-952419 9-694566 
21 9-64724n'9-95'2356 9-694883 

22.9- 647 494,9-952294 9-695201 
23'£>- 64 7 7 49 [o • 952-V 31 9.6‘95.518 
24 9-648004|9-952 168 9-695836 

2 5,9- 648258,9.95 2106 9 • 69u 153 

26 9'648512|9-952.)43.9-696470 

27 9-648766,9•. 95 1980 9-696787 

28 9 - 01 9()'J(i '1-95 19 I 7^9-697 103 

•jy 9.049274 9-95 1854 ■.97420 

30 9-649527 9.951791 j9-697730 

31 9-049781 '9-9517J8,9-(.980jJ 
.12 9-65003 4 y.9;> 16r..-i,9-69«;>(.9 
339-6.30287 9-9;.l<iO i9.098f.'H,'. 

34.9- 6')0:)39 9-951539'y-(;.<'/»Ojl 

35."-6107929.9 ii i7(.'y-(;99.n(j 

36|y-6.5 104 4 9-.').31 4 l2[9-(;y9632' 

37 .1-651297 9-9.3l349,9-()y:»947 

38 9-6.S149 9-95 1286:9-700-203 
,19 9-6:. 1800 9-9512-22j9-700578 
40,.9-65 ‘-'():i 2 9-95 11.59 9-700893 
41 y-65'2301 9-9510,96 9-701208 
4 2 9-652555|9- 951032 9 - 701523 

4.1 9-65'28O0iy-9.5()908 9-701837 
44 9-653057 9-950905 9-702152 1 
45|.9-653308;9-95084I .9-702466 

411.9- 653558 9-9.50778 .9-702781 
47|9-0S'5«08j.9-9507 14 9- 703095 
48|^9-654059jS»-950650 9-703409 

49l9'C5 1.309 9.950580 9-703722 
50 9-654558 i9-9:.0522 9-704030 : 
.51,9-654808 9.9:, y.7043.50 
52 9-6550.58 9-9.50394 9-704663 I 
53j9-u.5.5307 9-9503S0 9-704976 I 
9-65555619-,950266 9-705290 i 

9-655805 9-950202 9-705603 1 
9-656054 9-950138 9-705916 I 
157 9-6.5630'l 9-9.50074 9-706228 
58 9-656561 9-950010 9-706541 
9-656799 9.949945 9-706854 
9-657047 9-949881 9-7071661 


Cosine I Sine 1 Cq;tan. 


950202 9-705603 
950138 9-705916 
9.50074 9-706228 
9500109-706541 
9499459-706854 
949881 9-7071661 


m Dee. 


27 D«g. 


' Sine t Cosine I Tang. I Cotang. 


Cotang. 


10-311818 9-657047 9-949881 9-707166 10-29,.834 6'C 
10-311498 ,9.657295 9-949816 9-707478 10.292582 59 
10-311177 9.657512 9-949752 9-707790 10-292210 6g 
10-310857 19-657790 9-949688 9-708102 10-291898 SJ 
10-310537 {9.658037 9-949623 9-708414 10-291586 56 
10-310217 .9 658284 9-94.9558 9-70872fi 10-291274 55 
10-309897 ,9-658531 9-949494 9-709037 10-290963 54 

10-309577 .9.6.58778 9-949429 9-709349 10-290651 ,53 
10..309258 ;9.959025 .9-949364 9-709660 10-290340 52 
10-308938 ,9.659271 9-949300 9-709971 10-290029 51 
10-308619 ,9-659517 9-949235 9-710282 l«-2897ie 50 
10.308 300 j9.G.59763 9-949170 9-71«593 10-289407 49 
10-307981 ;9.660009 9-949105 9-710904 10-289096 48 

10-307662 j».660255 9.949040 9-7l 1215 10-288785 47 
10-307344 |9.660.501 9-948975 9-71152.'- 10-283475 46 
10-307025 :9.660746 9-9488K 9-711836 10-288164 45 
10-306707 j9-B60991 9-948845.9.712146 10-2878.54 44 
10-306.588 ;9-661236 9-948780 .9-7 12456 10-287544 43 
10-306070 j9-661481 9-948715 9-712766 10-287234 42 

10-305752 19-661726 9-948650 9-713076 10-286924 41 
10-305434 ;.9-661970 9-948584 9-713386 10-286614 40 
10-3051 17 ,.9-6622l4 9-948519 9-7I3696 10-286304 39 
10-304799 ,9-662459 9-948454 9-714005 10-28.5995 38 
10-304482 ,9-(;62703y-94e3BS9-7)43l4 10-285686 37 
10-304164 ,9-66294(; 9-948323 9-7 14624 10-285376 30 

10-.30.1847 {,9-6631 9o| 9-948'257 ‘1-714933 10-28.5067 35 
0-.103.5,10 y.66,1433.y-94814f2 9-715242 10-284758 .'M 
0-.3032i.'l 9.663677-9-948126 y-715551 10-284449 33 
10-302897 ;9,;66.3"20 9-948060 9-715860 10-284140 32 
0-.302580 19*66416.} 9-947995 9-7l616‘8 10-2638.32 31 
0-3('2261 |9.GC4406 9-947929 9-716477 10-283523.10 

0..301947 9.664648 9-947863 9-716785 10-283215 29 
0-3016.11 9.664891 .9-947797 9-7170.93 10-282907 28 
O-JOlil.S 9 .66513,l!9-y47731 9-717401 10-282599 27 
0-300999 9.665375|9-947C6;. 9-717709 10-282291 26 
0-300684 9 665617 9-94; 60 ('9-718017 io-'28l9S3 25 
0-300368 9.66'58.59 9 - 947.733 9-7 18J->5)10-281672 24 


i0.3(A>0;>l 9-666 100 9-947167 9-7l8G33-io-28i;i67 V.'l 
0-299737 9-666.342 9-947401 9-7 189-10 10-281060 22 
10-299422 9.6’66583»-9‘17335 9-719-24« 10-'280752 21 
10-299107 9.666824 9-947*269 9-719555 10-280445‘20 ^ 
0-298792 9-667065 9-947203 9-7I9862 10-280138 19 
0-298477 9-667305 9*947136.9-720169 10-279831 l8 

0-298163 9.667546 9-947070 9-720476 10-2795*24 17 
0-297848 9.6677869-947004 9-720783 10-279217 16 
0-297534 9-668027 9-.‘146937 9-721089 10-278911 15 
0-297*219 .9.668267 9 946871 9-721396 10-278604 14 
0-29690.5 9.668506 9-946801 9-721702 10-278298 13 
0-296591 9.668746 9-94(;738 9-721*009 10-277991 12 

0-296*278 9.6689^6 9-946671 
0-295964 9.669225 9-9466U4 
0-295650 9.669464 9-946538 
0-2*15337 9.669703 9-946471 
0-295024 9-669942 9-946404 
0-294710 9-670181 9-946337 

0-294397 9-670419 9-946‘2709-7M149llO-275851 r> 
0-29 4084 ‘, 9.670658 9-946*203 9.7‘i%45l‘10-275646 4 
0-2!*il77*2 9.67O806 9-946I36 9-72476O 10-‘27524() 3 
0-293459 9-671134 .<*946069 9-725065 10-274935 *2 
0-293146 9.671372 9-946002 9-725370 10.274630 1 
0-292834 9.671609 9-945935 9-725674 10-274326 0 


Tang. Ij Cosine | Sine | Cotan. | Tang. 


9.6689^6 9 
9.669*225 9 
9.669464 9 
9.669703 9 
19-669942 9 

9-670181 9 


-946671 9-722315 1O.‘277605 II 
-946604 9-7*2*2621 10-277379 10 
•946538 9-72*2927 10-277073 9 
•946471 9-723232 10-276768 8 
-946404 9-723538 10-276462 7 
■946337 9-723841 10-276156 6 








































I.OO.A1KES, TAKOSKTS, fiZC. 


Cosine I Tong. 


0 d-67mv<9 9-945.').15 9-7il567-t 
I 9-&7I847 9-94M(>«* 9-7^5979 
9-67908-1 9-9468481 9-726984 
9-672821 9 94.’>783 9-726588 
9-672558 9-945666 9-72689^ 
9-672795 8-945598 9-727197 
•>-673082 9-945531 9-727501 


CotiUlg. 


H>-274:t2 

10-274021 

10-2787 ^6- 

10-273412 

10-273108 

10-272803 

10-272499 


9-68.5571 


9-685799 


9-686027 


9-C86254 


686482 


i‘»-686709 


9-686936 


719-673265 9-945464 9-727805 30-272195 


I Cosine 
9-941819 
9-941749 
9-941679 
9-941609 
9-941539 
9-941469 
9-941398 


I 'i'aog. 


9-74375^ 

9-744050 

9-744348 

9-744645 

9-744943 

>>-745240 

9-745.‘;38 


19 9-676094 

20 9-676328 

21 9-676562 

22 £>-676796f9 

23 9-677030S9 

24 9-677264:9 

25 9-C77498 9 
■Jti 9-67773119 
27 9-677964P 
'28»-678I97!9 


•29 9-678430i9 

30 9-67eS63;9' 

) 

31 9-678395il>- 

32 9-679128 9- 
f.i 9-679 460 9. 
14 9-679592 »■ 
>5 9-67y82-ljJ 
>6 9-680056 j9 

17 9-680288 jo 
>8 9-680519 9 
19 9-680730j9' 
40 9-680982 4 
n 9-681213 9 
lli 9-681443 9 


9446509-7 


94458219-7 


94451419-7 

944446;9-7 

944;>77j9-7 

9443i»>i9-7 

94424119-7 
94417219-7 
9 l4104;9-7 
94403(;;9-7 
943967:9-7 
9438999-7 

943e3o!9-7* 
943761 j9-7 
943693,9-7 
943624j9-7 
9»35Sj'9-7 
94348Gr->7 


731444 

731746' 

732048 

732351 

732653 

732955 

733257 

73355!^ 

73386'<l 

734162 

734463 

734764 

7*35066 
735367 
735668 
735969 
7J6269 
7 3 6570 


C'otaiig. 


10-25624^ 60 
I0-2559-5O 59 
I0-2556J-' Sit 
10-255.355 57 
10-255057 56 
IO-‘254760 55 
10-25446 ij54 

9-C87I6S 9-941328 9-74.>835 t0-264l65i53 
9-687389 9-941258 9-746132 10-253868 52 
9-687616 9-941187 9-746429 10-253571 jo I 
9-94 n 17 9-746726 10-253274 50 
9-.941046 9-747023 10-252977 19 
9-940975 9-747319 IO-25268l|4H 

9-940905 9 7476IC 10-252384 4; 
9-9408s34 9-747913 IO-'25VOrf7:46 
;1 940763 9-748209 10-251791 45 
10-269465 i9-689l98 9-940693 (>-74H50:i 10-251493 44 
10-269162 9-689423 9 940622 9-748801 10-/51199 4-1 
10-268859 9-689648 9-940551 9-749097 10 250y<)3 42 

I0.<268556 9-689873 9-940481 9-749r-9 > 10-250607 41 
10-268254 9-690098!9-9404O9 9-749689 10-250311 40 
10-267952 9-690323|9-940338 9-749985 10-250015 39 
10-26764919-690548W-S10267 9-750281 10-249719 38 
10-267 >47! “-69077-2 9-910196 9-750576 IO-24;)424 37 


8 9-673505 4-945396 9-728109 10-271891 

9 9-673741 9-945328!.9-728412 10-271588 
lo9-6739r7 9-945261j9-7287l6 10-27 1284 19-687843 9-941117 9-746726 

11 9-674213 9 94i>t93j9-729020 10-270980 i9-a88069 9-<>4l046 9-747023 

12 9-674448 9-945125 9-729323 10-270677 ‘9-688295 9-940975 9 747.319 

13 9-674684 9-94505e!9-729626 10-270374 9-940905 9 747616 

14 9-674919 9-944990!9.7299'29 10-270071 (9 688747 9-“408s34 9-747913 

15 9-6751S5 9-944922;9-7«02S3|I0--269767 !9-6889“V 9 940763 9-748209 

16 9-675390 9.944854*9-730535 10-269465 i9-689l98 9-940693 »>-74850:> 

17 9-675624 9-944786j9.730838 10-269162 !9-e89423 9-940622 9-748801 

18 9-675859 9-944718 9-731141 10-268859 9-689648 9-940551 9-7490971 


10-267045 9-690996 i>.94012.-.i9-750e72j 10 249128.36 


943417j9- 

943348!9- 

943279!9- 

943210 9. 
9431419 
943072 9 


73C870I 

7371711 

737471 ; 

737771^ 

738071 

738371 


10.266743*19 
10-26644219 
10.766140;|9 
IO-265a38!'9 
I0-263537!*9 
10-265236; 9 

10 - 264934 ' 9 

I0-3i;4633* 9 
10-264332 9 
10-264031:9 
10-261731119 
10-263430j:9 

10-26313()19 
10-262829!, 9 
U»-2rt2529"9 
10-262229! 9 
I0.e6l926|i9 


691220 9 
691444 ) 
691668 9 
691892 9 
692115 9 
692339,9 

G925G219, 
69 >7«5i9 
6**3008 9 
691-23 I 9 
6934:.3 9 
«i9.i676 ) 


940054 9 

939982 L 9 

“399! 1 [9 
939840'9 
939768 9 
939697.9 

939625(9 

939554'“ 
9394-^2“ 
9>94l(") 
■'393 “ 

9 }!'2'jr 9 


751167 10-248833: 
751462'10-24853k; 
751757,10-218243: 
752052,10.247.948: 
752.347; 10-217653 : 
752642:10-247338 ; 

752917110-247063' 
753‘23lll()-24676;>: 
753526'10 2 16 174 ! 
7.5.1820il0-24CIKu; 
;511 15,10-243885 : 
75410“|10-24;>391 


6938911 .“.go.') 195.9 75470.3.10.245297 1 
094I2(P 9.93912,1 9.75l997il0.24o00,l 
694342 9 939032 9-7552.91 10.24470;>: 
694564 ‘)-9.>Sn80 9-7535H5 10-2444 15 
694786 9-938908 .9-755878:10 244122 


10-261629li9-695007 9-938836 3-756172| 10 243828 


■-'9-681674 9-913003 9-738671 
9 681905 9-942934 9-738971 
5 9 682135 J-942864 9-739271 
46 9-682365 9-942795 9-739570 
17 9-682595 9 942726 9-739870 

48 9-682825 9-942656 9-740169 

49 9-683055 .9-942587 9-740468 
30 9-683284 9-942517 9-740767 
51 9.4183514 4-942448 9-74 1066 
»« 9-68374.3 “-942.378 9-74136.5 
53 9*683972 >-942308 9-741664 
->4 9'684201 9-942239 9-741962 


10-2613‘29||9 
10-261029 |9 
10-260729 9 
10-260430:9 
10-26013019 
I0.25983lj9 

10-259532|9- 
10-259233! 9. 
10-259834 9- 
10-258635 9. 
10-25833}> 9- 
10-258038 9- 


695229 9-9-38763.9 
69S450 9-938691 .<> 
■696671 9-938619 9. 
695892 9-938547 9' 
696113 9938475 9 
696334 9-938402 9' 


756465 10 
756759 10 
757052 10 
757345 10. 
757638 to 
757931 10. 


2435.J5 
243241 
242948 
242655 
242362 i 
242069'1 


696554 9-938;>S0 9-758224 10-241776 
695775 9-938258 9-758517 10-24148:1 
696995 9 9-38 ■ 85 9-7^9610 10-241190 
697215 9-938113.9-759102 10-240898 
6974.35 9-938040 9-75.9395 10-240605 
697654 9,937967 9-769687 10-240313 


\m 


-->il9-684430 9-912-169 
9-684658 ^-942099 

7 9-684887 > 942029 

8 9-683115 9-941959 

9 9-685347 .J-9H889 
9 9-685571 >-941819 


Cosine I Sine | 


9-742261 
9-742559 
9-742858 
9-7431 SU 
9-743454 
9-743752 


Cutaii. 


10-257739 9-697874 9-937895 9-75997.9 10-240021 
10-257441 9-698094 9-937822 9-760272 10-939728 
10 257142 9-6903 IS 9-937749 ,9-760564 10-2.39436 
10-256844 9-698532 9-937676 9-760856 10-239144 
10-2.56546 9-698751 .■4-937604 9-76114h 10-238852 
10-256248 9-698970 9-937^ 9-761 l.3£; 10-238561 


















































rOG. BINES, TAXOfeNTS, &C. 


30J>eg. 


O 9 (>9H0H! 
1 9-6991 
9-699407 
9-699626 
9-699844 
9-700062 
9-700280 


'J-937531 9 
9-937458 9 
9-937385 9 
9-93731V9 
9-937238 9 
y-937165 9 
9-937092 9 


761439 10-238561 
761731 10-238269 
762023 10-237977 
762314 10-237686 
762606 10-237394 
762807 10-237103 
763188 10-236812 


9-711839 
9-712060 
9-712260 
9-712469 
9-712679 
9-712889 
9-713098 


31 


Cosine 


9-933066 


9-n3299( 


9-932914 


9-93283 


9-93276 


0-932685 


9-932609 


Deg. 


Tang. 


9-778774 

9-779060 

9-779346 

9-779632 

9-779918 

9-700203 

9-780489 


10-221226 

10-22094 

10-22065 

10-22036 

10-2‘200ex 

40-219797 

10-21951 ]l 


719-700498 9-937019 9-763479 10-236621 19-713308 .)-932533 9-780775 10-219225 * 
819-700716 9-936940 9-763770 10-23623019-713517 9-912457 9-781060 10-218940 
yl9-7O0933 9-936872 9.764061 10-235939 ;9-713720 9-932,180 9-781346 10-21865451 
I0j9-701151 9-936799 9-764352 10-235648 ;9-713935 9-932304 9-701^1 I0-Si83^50 

11 970I366 9-936725|9-764643 10-235357'9-714 14-J 9-932228 9-78l^6 10-218084.19 

12 9-70I5H5 ')-936652j9-764933 10-234067 ;9-7l43S29-932151 9-7S2201 10-217799 48 

I 


13i9-7018O2 9 9.'1657«'9 
N|9-702019 .')'936505l9 
1519.702236 9.9;io’4:l I j9 
10|.9.7024.72 9-936357<9 
I 7i!).702669 9-9.16284j9 
If 9.702885 9-9362109 

ly'o.TO.'lIOl 9-9361,309 
.»oj9-70.1'l 17|9-93r)062;9 

21 9-70353,li»-9.15988iy 

22 9-70.17 i9'9-9S5914i9 
2.1 9-703 >.'64 ;9-935a40!9 
‘24 9-7041 7!)i9-935766!9 


25 9 r0139.V9 
26l9-7«Ht,lc9 

27 9 70482519 

28 9.70:.040 9 

29 9-7(15254 ,9 
10 9-705461*19 

.11 9-70568 1,9 
32 >*-705898 .* 
l i 9.7061 12'-* 
.14 !'-7()6.)26,9 
.15 '* 70653'*''* 
.iO 9-7067531 ) 

I 

17 >*-70(i967|9 
.18 9-707180i9 
39 9-707393 9 

40; 9-707 6061* 
!^7o7«19 9 
9-708032 9 


935692|9 

93561819 

9355431.9 

935469;9- 

93,»395]9- 

93.‘*320;9 


-765224 10-234776 9-714561 9-93207.5,9-782486 10-217514 4? 
•765514! 10-234486 9-714769 9-931998.9-782771 10-517*229 46 
•70.5805110-234195 9-714978 9-.9319^ .9-783036 10-216.944 451 
•76G095i 10-233905 9-7ftl86 9-9:11845 9-78.1341 10-216659 44 
7663«5| 10-23361.5 9-7153.94 .9-9.31768 9-783626 10-216374 4.3 
•76()675‘1».2333'25 9-715602 9-931691 9-783910 10-21C090 42 

-766965 10-23.3035 9-71580.9 9-93 1614 9-784195 10-21.5805^1 
•767255 10-232745 .9-7160179-931577 9.784479 I0-21652lj40 
•767545 10.232455(9-716224 9-931460 9-784764 10 215236,39 
•767834 10-232166 .9-71643V 9-911383 9-785048 10-2149.5238 
•768124 10-231 e76;i.9-71663.9 9-9 11 ;i06l9-7B5332 10-214668!37 
•7C8414 IO-2JI586li9-7l6846 9-!)3122.9;9-7856l6 I0-2I43S4 36 
!! I 

■768703 10 231297'j9-7170.5.3 9-931 152 9-785900 10-214100,35 
■768992 I0.23l008'!9-7l7'259 9-91l075j»-786l84 10-21381634 
769281 10-230719 "9-717466 9-i».i09.98'9 786468 10-213532 33 
7695? 1 10-230429: 9-717673i9-9.10921 |9-786752jlO-213248 32 
•769860 I 0-230l40i;9-717879;9-9;10n4jfe.787036 10-212964 3l 
770148 10-229852 ,9-718085‘9-.9J0766 9-787319,10-212681 30 


935246i9 
9.5.M71 9 
9 1.509 7 ,9 
935022;9 

914948.9 

9.14873.9 


■770437 10-22956 li 9-71829119-930688 9-787603 10-212397-29 
770726 10-229274 9-718497 9-9.3061 ll9-787886 10-212114,28 
•771015 I0-22K985 9-718703 9-93053.3i9-788l70 10-211830127 
•771303 IO-228697!!9-7l890y 9-930456|9-788453 10-21 I547|26 
■77I.'>'>2 I0.22840B::9-7I91 M 9-.9.30378 9-788736 10-211264I25 


•77188lH 10-228120 9-7l93m9 930300,9-789019 10-210981 j24| 


934798;9- 
9-3472 ^j9• 
9346499• 
931574 9- 
9.144999- 
934424 9- 


772168 10 2278321.9 719525.9-930223 9-789302 IO-2I0698'23 
772457 I0-227543''9-7I,97.309-9301459-789585 10-21041522 
77274:> 10-227255 |,9-719935 9-93' 067 9-789868 10-210132 21 
773033 IO-226967i:.9-72OI4O9-9299e9 9-790l51 10-209849:20 
7733-*l 10-2266791 9-720.345 9-929911 9-790434 10-209566119 
773608 10 22639219-7205499-929833 9-790716 10-209284 IB 


9-708245 9-9.34349i9-77S396j 


14 9-708458 ')-934274 9-774184 

45 9-708670 9-934199 9-774971 

46 9-708882 9-934123 9-774769 

47 l)-7O9094 9-934048 9-775046 

48 9.70930(> 9-933973 9-775333 

9-709518 9-933898 
9-709730 9-933822 
9-709941 9-933747 
9-710163 !)-.93.‘1671 
9-710364 .9-933596 
0-710575 9-93352( 


9-933445 9-777342 
.9-933.169 9-777628 
9-93329S 9-777915 
9-933217 9-778201 
9-933141 9-778488 
9-933066 9-778774 


9-710786 
9-710997 
9-711208 
9-711419 
9-711629 
9-711839 


Cosine 


9-775621 

9-77.5908 

9-776195 

9-776482 

9-776769 

9-777055 


10-226404 19 
10-2*25816 !9' 
10-285529 |9 
10-225*241 >.9- 
10-224954||.9- 
10-224667 9- 

I 

I0-*224.S79 1.9- 
I0-2'24092 |9- 
10-223805 j9- 
10-223518 1.9- 
10-22323*2 
lg.*222945 

10-222658 
10-222372 
I0-2220B5 
10-221799 
10-221512 
10*221226 


720754 
7'20958 
721162 
721366 
721570 
721774 


9-929755 

9-9-J9677 

9-929599 

9-929521 

9-9*2944*2 

9-929364 


Sine 

Cotan. 

Tang. 

1 Cosine 

Sine 1 


721.978^ 
7'22181 9 
722385 9 
722588 9 
7^2794 9 
722994 9 


9‘29286i 

929207 

9'2912.9i 

9‘29050i 

■928972 

■928853 


•723197 
•723400 
•7*23603 
•723805 
1-7*24007 
1-7*24210! 


9-928815 

9-9287361 

9-928657 

9-92f578 

9-928499 

.9-9*284*21 


19-790999 10-209001 17 
9-791281 10-2087 19 '16 
9-791563 10-208437 15 
9-791846 10-208 1541m 
j9-792l29 10-207872113 
9-792410 I0-‘207590jl2 

1.9-792692 10-207.308,11 
9-792974 10-207026 10 
9-793256 10-206744 9 
9-793538 10-206462 8 
9-793810 10-206181 7 
9-794101 10-205899 C 

9 . 7943 ^ 1(^05617 5 
.9-794664 10-205336 4 
9-794946 10-205054 3 
,9-795*227 10-20477.3 2 
9-795508 10-2044.92 1 
>*•795789 10-*204211 (' 

Cotan. Tang. 









































426 


LOO. MHSS, TANGSNTS, &C. 


Sioe 


9 ’ 7 ‘i 4 ‘jlO{ 
9-7344191 
^ 9-734614 
S 9 - 734816 j 
9 . 7 aM>l 7 
9.795319{ 
9-735430 


19-725632 

9-r25a3a! 

9-736034 

i 9 - 726 afe 

9.73«426 


33 Deg. 


Uosine 


12^9.736636 


^^•^ 38^30 
9-938J43 
9-93H36;J 
9-9281 B.l 
9-948101 
99380-3.'> 
9-937946 

[9-937867 

9-9-37787 

!9-93770«| 

9-92763.9 

9-937548 

9-937470 


Tang. 


19S9-;38037i9-9369l ijS-KO! \ 161 
20'9 738327 i9-9368.J 1 9-801396 
•31 '9 738 42719-93675 J ;9 -801675 
32';9 •738626’!9 9-36671 j9 -8019551 

33.9- 728835h-9265911.9 -8038.14 
34 j9-729024|9!l3651119-80351 .i 

2Sj9-72933.1 9-9264;l I |9-H0379-3! 

26.9- 7-394 3‘3!9-9-3615 1 ia»BCW0r2! 


39,9.730018 

30,9-730-317 


3119-7-7041519-93.5949 
32 9-730613 9-925868 
33u9-7J081 159-935788 
34-9-73100.919-935707 
35 9 . 7.3 1-306|9 9-356-36 
.*6b.73140415)-93554 h 


9-726827 
9 727027 
9-7372«8 
!»-727438 
9-7276-38 
9.727888 


9-79:.7B9| 
9-796070 
9-796'35l 
9-79663-^ 
9-7 96913 
9-797194 
19-797474 

9 797755 

9-7980.36 

9-798316 

9-7.985.96 

9-79887 

9-7991S7 


Cotang. 


9 93739«9-7994.37 


9-937310! 
9-937331 
9-937151 
9-93707 I 
i9-9369DI 


9-799717 
! 9-«».9997 
9 800377 
9-800557 
9-800836: 


IU- 20421 I 

10-3039,10 
l0.-303u45) 
ia203368 
10-203087 
IU-2U3806: 
IU-2U2526 

10-202245 

10-301964 

10-301684 

10-301404 

10--301 i-3 

IU-20084;i 

I (>-2O0563j 
10-300.’8.3| 
10-20000,1 
10-199733 
10-19944 { 
10-1991641 


15 T 


UiC 


9-73610.0 

i-73630.> 

9-736498 

.1-736692 

9-736886; 

9-7370801 

9-737374 

9-737467 

9-737661 

9-73."H5.‘> 

9-738048 

4-738241 

9-738434 

;9-7.18C37 
19-738820 
9-73901.5 
j9-7.'i.9.’06 


I u- j.- 

10-198604 9 - 73 : 
IO-19333.5||.9-74t 
10-1980 I5ji9-71035U 
I0-l9776(;:i9-74oj5ii 
IO-l97487|j.9-740742 

IO-l.9720«:l9-74()ft34 
10-1.96928 j9-74 113 


I w,;' -oujuw I 

9 - 9361 10)9-803909, :0 19609 1 i;9-741699 
19-9260391 


[9-731602! 
9-7.31799 
39 ( 9 - 73 1996i 


40,9.73219 i»l 935223' 


;9.733390 


9-732587 i9-925060| 


J 


43 

44 

45 

46 

47 

48 

49 

50 

'm 

52 

53 

54 

55 

isel 

57 

58| 

59 

1601; 


9-92.5465 
I9-935.584 
|9-» 25303 


9-925141 


9-80118 

9-8044661 
9-804745 
9-80502.1 
9-805302] 
9-8055801 
9-805859| 

9-8061.37 

9-806-1151 

9-80669.1 

9-806971 

;9-807249| 


9 7.32784] 
9-732980 
9-733177 
9-7.3337:ii 
9-7.33.569 
9-733765 

9-73.3961 

9-7.341.57 

9-7343.5.1 

9-7.14549 

9-734744 

9-734939 

9 . 7351^:5 

9-7353301 


|9-924979| 
:9-924897 
9-924816 
i9-92473.5 
9 9246.54 
j9 924572 

9-924491 
9-9 244091 
9-924328 
f-924246 
.9-924164 
19-924083 

9-Jt2400l 
1.9 02.1919 
9-736525fo'923837 


9-735719! 

•J-735DI4 

9-736109 


Co»ine 


.9-923755 

19-923673 

9-923591 


9-807527 

9-80780.5 
9-80808.11 
9-80836I 
9-808638 
9-80^916 
9 80919.3 

4.809471 
9-809748 
9-810025 
9 810302 
:I-8I058( 
9-810857 

9-B11134 
9-tfTt41( 
9-811687 
9-811^64 
9 812241 
9-812517 


Sine 

-M 


K).|95813;|974188y 


10-I93255i'9-74227I 


10 194141. 

10-1.938C1' 

10-19.158.5 

lO-193.107 

10-193029 

10-1927.511 

10-192473;] 

10-192195 


9-744171 
4 - 744,161 

10-191917 i9-7445:iO] 






Cutiinc 

■Jang. 

^'otaiig. 


9-923.591 

9-812.517 

10-187483 

60 

9-973509 

!4 812794 

10 1457200 

59 

9-92 5427 

<)-813070 

K)186930 

.HS 

9-9.13345 

9-813347 

10-186653 

57 

9-923263 

9-813621 

UH86 577 

56 

9-9'23181 

9 8138.99 

lo-lecioi 


9-923098 

9-814176 


.,4 

9-.92.l016 

9-81445V 

10-18.5548 

53 

!>-922933 

9-814728 

I0-I85‘272 

5’2 

9-922851 

9.8I5(M)4 

I0.181».y6 

51 

}>-5-22768. 

9-815'280 

lO-IH 1720 

.•TO 

*>•922686 

9 8155,'-i ■> 

10-18 141.', 

49 

9.92260J 

9-8158,51 

10-184169 

18 

•4-9225 .’0 

*> 8 16107 

10 1838*.) 5 

47 

;>-*2J24.5,* 

9 8 16 ,H2 

iO-18.56 IS 

4', 

;4!)223'>.7 

J) ■ K 1 s » t |1 T 1 < 

IO-IS7.'54'., 

1:, 

-922272 

9-8 t (,9 

M) Ik 506,- 

“1 

9.9.'21h9 

9-8 17 20.*) 

lO.lr^-2791 

•* '1 

9 .)2'2106 

9-817584 

10-18251(, 

I'-'l 

9 922021 

9-8I77.V) 

10 1 8-22 1 1 


19-921941' 

«i-8i8o,:;< 

!().!8]!)i„, 

10 

i»-92I«57 

9-8 183,0 

I0l8'6y0 

59! 

9 92177 1 

9-«l8.»K.'« 

10-181417 

(8. 

9-921691 

9 8I8''60 

Il' lSl Uo 

I" 

y-!421607 

9-81913., 

10-180865 

.56 

9 .'>21.72 4 

<>•8194 It 

• 0-180590 

(;> 

*>•921441 

‘J.kIH6-'4 

10 180.516 

34 

<4-92 1.1.57 

9 8I9!).>;/ 

10 180041 

>3 

[•.>•921274 

!)-8202,>4 

10-179766 

32 

9-‘>2 1 190 

}4-8‘-’U ,08 

10 17!)4‘>2 

51 

9-921 107 

y 82117 s 5 

lo 17;)2 1 7 

.:u 

9-.9210-3 

9-8210.77 

iu-i;8i): 5 

-'V 

y 9.09 :V 

9-82115 52 

10 178068 

28; 

;.9-9 .’08.’>6 

9-821606 

10 178(94 

•'i 

,9 920T72 

' 8218,0, 

I0-I7SI2O 

-■>•1 

;!>-9 21)68,' 

9 82-2 1:,4 

10-177840 

2 •'» *• 

ji>.92lCoO 5 

9-r,224 29 

10-17757 1 

21 

i‘>-,92052(, 

,9-82270.1 

10-177297 

2 5 

jo-,9-04.16 

j:i-822977 

IO-I77o.',5 

22 

j9-!l20.552 

9 8.3-2.->1 

10-17674;, 

21 

9-‘»2026fl 

9-823.524 

10-176470 

JO 

!'> 92UI84 

'9-823798 

10-176202 

19 

l!>-920j*>*- 

jy-824072 

10-175928 

18 


Cotan. 


10 - 1916 . 19 : 

10-191362 

10-191084! 

10-190807; 

ro.|« 05 - 29 ' 

10-1902521 
10-189975; 
10-18.9698; 
0»189jl20l 
10-189143 

I0-IH8866 
10-188.590 
10-18831.1 
10-1880.36 
•0-187769 
10-18748.3 


Tang. 


U«cr. 


>•74 17.19 
9-74492-' 
9-74-5117 
9745306 

9-745494 
9-74.568.1 
9745871 
9-746060 
9-746248 
9-74643^ 

>■746624 
0 746812 
9 ?46999 
9-747187 
9-747374 
9-747566 


Cosine 


9-920015 
‘>•. 91.9931 
!f>.9l984(i 
0-919762; 
9-919677' 
9.919595 

9-919508 
J-9iy425] 
9-919339 
9-919251 
9-019169 
9 919085 

9 . 919000 ] 

9-91891.5 
.9-91B83C 
.9-91874.', 
9-918659] 
j9-9l8574 


Sine 


824.14., 
9-8 24619 
9-8218.93 
9-8 J 5 I 6 I , 
9-825439 
9-8257 13 

.9-825986 

9-8262. S 9 

9-826532 

9-82680.5 

9-827078 

9-827361 

9-827624 
9-827897 
.9-828171 
9-8'28442 
.9-82871.S 
|9-82H987 


Cotan. 


10-1756.5.’, 
!0 175581 
10-175107 
10-174834 
10-174561 
10-174287 

10-174014 
• 0173741 
10 17.1468 
10-173195 
10-172922 
10-172649 

10-172376 

10-172103 

10-171830 

10-171558 

10-171285 

U)-l7iOIS 


Tang. 


50 Deg. 































































































































































































































































































































































































































































Sl^. alllJlS, fAK^fiSTTO, &C. 
















LOG. TAtTGliitlTA^ •Un. 




Sii)p 


d-78934:i >• 
9 789504 9- 
2|9-789666 9- 

3 9-789827 9- 

4 9-789988 9- 

5 9-790149 9- 
69-790JI0 9- 

9-7904"! I ,.9' 
9-790632 9 - 
9-790793 9' 
9-790934 9- 
9-791115 9 
9 791275 9' 

9-79I4J6 9 
9-791596 9- 
9-7917 57'9 
>■791917 9- 
9-71W077 9- 
9-'7922J7'9- 

9 792397'g- 
')-792557 9- 
9-792T169- 
0-792876 9- 
J > 9-793035 9- 


•896532 9- 
•896433 9- 
•896335 9- 
■896236 9- 
■896137 9- 


-896038 9- 


-8959399- 


-895840'9- 
■89574II9- 
•895641 9' 
•89554-2 9- 
-895443 9- 
•895343 9- 

■895244 9- 
-895145 9- 
■895045 9- 
-894945 9- 
•894846 9- 
■8947469- 

-894646*9- 
-894546 9- 
-8944469- 
-8943459- 
•894246 9- 


892810 
89307(1 
893331 
893591 
893851 
894111 
894372 


Cotang. 


10-107190 

10-106930 

10-106669 

10-106409 

IO-I06I49 

10-105889 

10-105628 


■793195,9-894146,9 


•894632 10- 
-894892 10- 
•895152 10- 
•895412 10- 
■895672:10- 
•895932jl0- 

-896192 10- 
■8964:i2‘l0- 
-896712,10- 
•896971 10• 
•fc972.■njl0• 
•89749riO- 

■e9775ljlO- 
■898010,10- 
■89‘'270,10- 
-898.530'IO- 
•898789 10- 
■899049 10- 


Cosine 


9-798872to-890503 


9-71>9028 9-09O4O() 


9-799184 9-890298 


9-799339 9-890195 


9-799495 9-890093 


9-799651 9-889.990 


9-799806 9-889888 


Tang. 


9-908369 


9-908628 


9-908886 


9-909144 


9-909402 


9-909960 


9-909918 


Cotang 


10-091631 60 


104191372 59 


10-091114 


10-090856 


10-090598 


10-090340 


10-090082 54 


105368 


I051U8 
l0484eiL9- 
104588 19- 
1(M328 19- 
104068 9 

103808 9- 


799962 9-889785 9-910177 «04)89823 53 


800117 9 889682 9-910435 10-089565 52 


800272(9-889579 9-910693110089;i07l51 
80042719-889477 9-9lO95mO.O89049 
800582'9-889374 9-91 1209 10-088791 
80073719-88927 l'9-9l 1467,10-088533 


•7.0 1354 9 
■793514 9 
•79367,$ 9 
•7.93832 9 
703.991 9 
■794150,9 

•794.108*9 
-794467,9 
■704626,9 
•704784'9 
•7f>-1042'9 
•7051019 


8040469 
893046 9 
803846 9 
8.91745 .9 
89364'. ,9 
893544.9 


•8.99108 10 
809.568 10 
•899827(10 
900087jl0 
900346 10 
900605 10 


103548 9- 
103288 b- 
1030-29 9- 
102760, 9- 
102509 .9- 

102240 9 
101990' 9- 
101730 9- 
10l47ol 9- 
10121119- 
100951! 9- 
I 

1006.92 9- 

10043219 .; 

100173 9-1 
0.99913i9-1 
O9065419-I 
09939.i|.9-l 


891414 9-900864 10-099136 9-80.16641.9 
8.9 M41 9-.9On24[l0-09887C| 9^0381719 
S9-J243;9-.901383110-098617| .9%03970|9 
80314‘.''.9-.901642 10 098358 9-TO41231.9 
89.104 1 i9-901 901 10-098099 9-804276 9 
8.92.940,9-902160 10-097840 9-80442h|9 


■800892 9 
•801047 9 
■8012019 
■801356,9 
-80151 1,9 
■80166.':'9 

80I8ig'9 

•80l973i9 

•80212819 

■8022829 

•80‘24.iel9 

•80258.99 

-80?743'9 
■80-.'897 9 
80.1050’9 

80.1204.9 
803357 9 
803511(9 

8 0.1 664 1 .9 
^0381719 
S03970|9 
■TO4123,9 
804276 9 


889168I9-9I172'. 10-088275 
88906419-91 198^110-088018 46 
8^961,9-91 2240| 10-087760 45 
888858 9-912498' 10-087502 44 
888755 9-912756 10-0H7244 43 
808651 9-91.1014.10-086986 42 


8885489-913271 
888444 9-9135-291 
888341 9-913787, 
888237,9-914044, 
888134 9-914302 
888030 9-914560 


$7 ‘>-795259,9 89‘28.in 9-902420 10-097580 
l^. .9-79541 7 }>-89273>'l9-902679 10 097321 
$9 9-79,i575 .9-892638.9 90'2918 10 097062 

40 9-79.')7.13 9-892536'9-90.1I97 10-0.96803 

41 9-7.95891 9-892432.9.903456 1009654-1 
4-2 .9 796049 f>-892334i9-903714 10-096286 


43 9-796-206 9-89221.i'9-90397,1 

44 9-796 $64 9-892132,9.;>042J2 

45 9-796521 9-892030 9-904491 

46 9-796679 9-891.929 9-904750 

47 9-796836 9-891827,9-905008 

48 9-796993 9-891726 9.905267 


49.9-7.971,50 9 
50 .9-7.97307 9 
J .9-797464 9 
52 9-7.97621 9 
.( 9-7.97777 .9 
4 .9-7.97934 .9 

55 9-798091 9 

56 9-798247 9 

57 9-798403 .9 

58 9-798560 9 
''o 9-7.98716 9' 

,9-7.98872 9- 


Cosine 


8.91624 9-905526 
891523 9-.905785 
891421 9-.906043 
8913199-906.102 
891217 9-906560 
8911159 9068^9 

891013 9-.907077 
890911 9-.907.136 
890809.9-907594 
890707 9-907853 
890605 9-.908111 
890503 9-908369 


Sine Cotan. I 


10-096027 

10-095768 

10-095509 

10-0952.50 

10-094.9.92 

10-094733 

10-094474 

10-094215 

10-093957 

10-093698 

10O9344q 

10-09318) 

10-092923 

10-092664 

I0-(I!)2406 

10-092147 

10-091809 

10-091631 


Tang. 


9-804734 9 
3-804886j9 
9-80.5039 9 
9-805191 9 
9-805343 9- 

9-805495 9 
9-805647 9 
.9-805799 9 
9-805951 9 
9-806103 9 
9-806253 9- 


■887926 9 
K8»22 9 
•887718 9 
■887614 9 
■887510'9 
•887406 9 

I 

■887302 9 
•887198 9' 
•887093 9 
■886989 9' 
■886085 9 . 
•0867eO|9' 

■88667 6 9 
-88657 I 9 
•886466'9- 
•886362 9- 
■8e62.>7'9- 
886152 9- 
I 

-806047,9- 
-88.5942(9- 
■«85837|.9- 
•885732:9- 
•885627 9- 
■8055229- 


914817, 

915075 

916332 

915590 

915847, 

916104, 

916362! 

916619 

916877, 

917134 

917,191j 

917648, 


10-086729 41 
10-086471 40 
10 086213,39 
10-085956 38 
10085698.37 
10-085440.16 

10 085183 35 
10.084925 34 
10-084668 .13 
10.084410 32 
ia08415331 
10.083896.30 

10-083638,29 
10-083381|28 
I0083123'27 
10-082866 26 
10-08260.9125 
I0082352I-24 


19-804.581 9-88667 6 9-917906 1 0-082094123 
.9-804734 .9-88657 I P-918163 10-081837 2S 
3-804886j.9.886466'9-91842o| 10 081580 21 , 
9-80.5039 9-886362 9-9(8677 10-081323 20 
9-805191 9-8e62.>7'9-.9l8934:i0-081O(^ 19 
.9-805343 9-e86152|9.91919l jl0-08080r> 18 

9-805495 9-806047,9-919448* 10 0805.52 17 
9-805647 9-88.5942)9-9I97O,5jl0-0B0295 16 
.9-805799 9-«85«37|.9-919962 10-080038 1.5 
9-805951 9-885732 9-9202I9 'io O79781 14 
9-806103 9-885627 9-920476! 10-079524 13 
9-806253 9-805522 9-920733 10-079267 12 

9-006406 9-805416 9-9^0990 10-079710 11 
9-806557 .9-885311 9-921247 10-07875.1 10 
9-806709.9-885205i-92)503 10-078497 9 
9-806860 9 885100 9-921760 10-078240 8 
.9-8e7M I 9-884994 9-922017 10-077988 7 
9-807163 9-884809 9-922274 10-077726 6 


9-807314 9-£^83 9-ai2.5;)A 10-077470 5 
9-807465 .iWRe?? 9-^2784 10-077213 4 
9-807615 9-884572 9-923044 10-076956 3 
9-80776d &.804466 9-923300 10-076700 2 
9-807917 9-8043609-923557 10-076443 1 
9-808067 9-884254.9-923614 10-076186 0 


Sine 




















































































































































































































































































































































































«g* . 1 


Cosine 1 

Tang. 

Cotang. 

Sine 

Cosine 

mm 


Ootang. 


•Hur>5ll 9-ti7l07M > KMUajna i>-U{>‘|lii7 !>-90'd656 I0>030344 

■8:7565 J y-870;>6’( y..«)54(j91 10-045:109 !l.8;iJ91!) 9-86101 (»9-969909 10-030091 
■ 8*75791 9-87081;, /■!J5494n J0-0-150j4 jJ-BSiOS*! 9-K63e9*.. 9-»70167 10-029838 
B7593I 9 87073/ 9-9:.5a00 10-0-1-«800 9-834189 9-86377-J 9-9704I6 10-029584 
-876071 9-870(; I 1-955454 10-044540 9-834325 9-86‘365t 9-970669 10-029331 
•826711 9-870 O. >955708 10 044797 !)-83446ii 9 863538 9-9709iJ7 10029078 
■876351 9-870396 l-y5596l 10-044139 9-83459:; 9-863419 >971175 10.028825 


•876491 .>)- 870 J 7 (i .'). 95 C 715 I 0 - 04.3785 
•876631 >870161 >956469 10-043531 
•876770 9-870047 > 96677.3 10-043277 
876910 9 -« 699;1 i 9 - 956!>77 lO -013073 
• 877 () I 9 9 - 869816 >95123 ij 10-047769 
- 87718 ii; 9-869704 9 - 937485 , 10-042515 


l3|9-827378 9 
14 >827467 9 

15.9- 827639- 9 

16 9.82771.‘>!9 

17 9-8278rf4'9 
l«Yh4^07.S 

I ‘•'9-87-i I 67 9 

20.9- 8.>: 101 9 
:i 9 878439 9 
77 9k;h.') 7S9 
23|9-8.'8r U.l*) 
7 I'o «2«855jy 

7.)j9-878993 
'.’6;y-879l3i;9 
77 9 H.’9269 9 
■'!!,9-87l)lor|9 
79 9-829:i irijy 
:0 9 W290'8;5 ;) 


86938,9 > 937739 ;io- 0422 C 1 9 
86.9474 9 -. 9.57993 10-047007 9 
869 16 (- . 9 - 9 .'> 8747 ' 10-041753 9 
869716 9 - 958 . 500 ' 10-041500 9 
86 »i:i() .>-y 5 b 754 |l 0 04 l 746 9 
869013 . 9.959008 10 040997 9 

868900 9 959262 ' 10 - 0407.38 9 
868785 9 - 95951610-040484 9 
868670 9 - 9.',9769 10-040731 9 
8685 . 5.5 9 -. 960 O 23 10-039977 9 
8684 Kt 9-960277 I 0 - 0 : 1977;1 9 
868324 9-960330 10-039470 i 9 


9-834730 9 - 86330 . 9 -S 7 l 4'79 10-028571 
9-834865 9 - 86318 .'. 9-97 1687 10-078318 
9-834999 9-863064 9-971935 l 0 - 02 b 065 : 
9 - 83;»134 9-862946 9-977188 * 0-027815 
9-835269 9-862827 >!P 72441 10-027559 
9-835403 9-862709 9 - 97*7695 10-027305 

9-835538 9-862590 9-972948 10-027052 
9-835677 9 - 86*7471 9 - 97320 . 10-026799 
9 - 8 ;i 5807 9 - 8 afc!;i 5 :i 9-973454 l 0-076546 
9-835941 9-862234 9-973707 10 - 0'76291 
9-836075 9 - 86 - 7115 9-973960 10-026040 


9-836209 9-861996 9-974213 10-075787 
9 - 836:143 9 861877 9-974466 10-025534 


8.36-177 9-861758 9-974720 
83661 Ii9 861638 9-974973 
836745 9-861519 9-975226 
836878 9-861400 9 975479 
837012 9-861280 9-9757 32 


-878993 -')- 86''‘709 9 
■879131 j 9 -, 968()9 1 9 
U.’HJliit <t Kt." 797 S 9 
■87l)lor|.‘Mi(;7862 9 
■ 87 ;t.‘. l.'ijy-serz-V/ 9 
W‘ 790 ' 8;5 ;)- 86763 I 9 

■829871 9 86751,5 9 


!7 9-H7;V1.';.( 9 
1 : ;) 
{ i ;>8 i02 I II.'J- 
I " 9 8.10.17 . h 
8 1()50:>|9- 

57,;».8 iOulo''')- 


‘' 67 : 59 ;.j 9 
8(1728,3 <) 
807167 ■) 
.86705 fr 
8669 l-> ,‘l 


960784 10 
9610.1b 10 
96129710 
961545 Mn 
961799,10 
967052 10 

962306 10 
967560 'I 0 
.967813 lO 
■961067 10 
963.370 10 
963574 , 10 - 


039216‘9 
038962 jfl 
0 . 3870 b i 9 
038455 19 
osa^uiip 
037948 9 


■837146 >861ICI 9 
837279 9-861^41 9 
8374I2 9-860»'72 9 97 
837546,9-860807i9-97 
837679 9-860687'9-97 
837817 9-86056'7 9-97 


975985 
976738 
976491 
976741 
976997 
977750 


10-025534 

10025280 

10-075027 

I 0024 V 74 

10-074521 

10-024268 

10-024015 

10-023767 

10-073509 

10-073756 

10-023003 

10-072750 


037694 19-837945 9-860442 9-977503 10-023497 
U 37440 { 9-838078 9 - 860372 |. 9-977756 10-022244 
037187 j 9«38211 9 . 86 ' 0702 ; 9-978009 10 - 0719.91 


036680 9-838477 . 1 B 5.9967 9-978515 10-071485 
0.16476 9-83861 o' 9-859847 9-978768 10-021732 


.-83078 l}') 
>•» 10.97 I i;j 
- 1-31058 9 

' 8.11 I 95 J 9 

■8 ll:13-.'i9 


-Ki; 6 J !19 9 - 9638:8 I 0 - 036 I 77 |> 8,'?3747 9 - 8,59721 9-979071 |l 0.070979 
■s 66 r <)5 .'>-961081 IO-(i.i.'> 9 l 9 j 9 - 8 .! 8875 ' 9 - 85960 l 9-979774 10-020726 72 


•oui/ •<■' J ,/ ^ I I «.#r# i ^ i' » w-i » i 

■ 866 ' 73 T 9 96509.5 10-034905 | 9 - 839404!>8591 19 >980786 10 - 01971 ^ 


4.1 9-8 1146'9 . 1 - 866120 9 .965349 10 014651 19-839536 a HSdOSH 9-980538 10-019167 
14 9 8 116 O 6 9 - 86 ' 6 <K )4 9-905602 10-034398 . 9-839668 9-858877 9-980791 10-019709 
(5 9 -H 11747 9-865887 9-965855 10 - 0.14145 | 9 - 8 ;i 980 O 9-858756 9-981044 10-018956 
469 - 83187 !) 9-865770 9-966109 10 - 0.33891 j> 8 . 3.9937 9-«.58635 9-981797 10-018703 14 

47 ;». 8 . 170 I.S 9 - 8 ;i 305.1 9 - 966367 'lO- 03 . 36‘38 .> 840 l >64 9 - 858.514 9-981550 I 0 -(II 8450 13 

48 9-837157 9-865535 ,> 965616 , 10-033354 9-840196 •»-858393 9-981803 10-018197 12 


I ')- 837 ' 7 Kfe 9-865419 
' 9 - 8 . 3747.5 9 - 865 . 1<)2 
9 - 832,561 

! 9 - 8.12697 9 - 86.5068 
I 9-837833 >)- 8649 . 5 (' 

I 9 - 8379 (:'. 9 - 864 S 33 j 


i 9-833105 9 
: '. 4 - 83^741 9 
)- 833 .J 77 9 ' 
9 - 8.13512 9 - 
' )- 8 :i 36489 - 
» 8.13783 9 - 


Cosine 


864716 

864598 

864481 

864363 

86424.' 

864127 


Sine 


9 - 966 RG 9 . 

>967173 

9-967376 

9-967629 

9 - 96788.3 

9-968136 

. 9 - 9683?9 

9-968643 

9-968396 

->969149 

: 1 - 969411 S 

9-969656 


Cotan. 


10 - 03-1131 
10 - 0.12877 
10-037624 
10 037371 
10-032117 
10 - 03186 -/ 

10-031611 
10 - 031.357 
I 0-«31104 
10 - 03085 ! 
10-030597 
l 0 - 030344 j 


Tang. 


9 . 84 <tl 28 . 9-853272 9-982056 10-017944 
>840459 9 - 8 .'> 8151 9 - 9823 (i 9 10-017691 
9 - 840.591 .>858079 9 - 982.567 10-017438 
9-840727 9 -B 5790 b 9-987614 10-017186 
9 - 8^(1854 >857786 9-983067 10-016933 
9-840985 9-857665 9-983320 10 - 0 I 668 C 


>841116 > 85^^43 9-983573 10-016427 
9 -B 4 l 247 H 0 i ^22 9 -K 389 (r 10-016174 
9-841378 9-857300 9-984079 10-015921 
1 -S 41508 9 - 8.57178 9-984332 10-015668 
. 9 - 841640 9-857056 >984584 10-015416 
.>841771 >856034 >984837 10-015163 


Cosine Sine 




























































At ' 


]ja«. aiKjRS, TANGEKYb, 


'* I sine jOo^iiK* Cotaog, 

jwis^Xi ^55t537 U>*Olbt6ol^ 

I 9‘B4t90!» 9‘B5&H‘J 9-9850!)O 10 014910 59 
'i 9-849035 9-8&6$90 9-985343 10-01455^ {>8 

3 9-849193 9-85(>568 9-98559(> 10-014404 &? 

4 9-849994 9-850446 9-985848 10-014159 56 
A S;-e424S4 9-85SJi3 9-9H610» 10 013*i9*>,55 

6 9-842555 9-856901 9-986554 I0 013t^6'54 

7 9 842685 9-8560?^WbSGO? in-OI 139.}!53 

8 9-842815 9-8 *i595(i}9 986860 10 0131 10'.52 
9»-»42946(9-8SS8t3y-9«7Ma lO-0U8«8'.S| 

'■0 9-843076 9-85571119-9 H7365 10 012635 50 

11 94111.206 9-855588i9-98?6I8 10 012182149 • 

12 9-843336 9-855465 9 987871 10 0121.9 18 

13 9-843466 9-853342 9-988123 10-011877*47 

14 9^843595 9-855219 9-988376 10-011621 46 

15 9-8f3m 9-»i4096t9-98862» 10 011371 45 

16 9-843835 »454.<i73|9-9888<(2 10-011)18 44 

17 9-843984 9'85485d9-989134 UK1I0866 13 

18 9-844114 9-854727 9-989387 10-010613 42 

19 9-844243 9-854603 9-989640 lO-OIOS* o' 11 

20 9-844372 9-85448(ll9-989h91 10-010107 40 

21 9-844502 9eSl356*;9-990l45jl0009K55,19 
- 22H»-844e3l 9-85423 ll9-99039« lO-OO.OCO^I^h 

23 9-844760 9 B54109'9-:)9065 I 10 00911') 17 
■24 9-844889 9-833986*9 990901 l0 0O9O')7 JO 

is'o-BlSO.H 9-833862}9-99I I5(' O OOmR-h' { . 
25 9 845147 9-fl.5 17389 99H09 lO-OOJ-aOl 14 
27,9-845276*9-853614 9-991662 10-008 I'lSil 1 
28 9 845405 9-8-5349U 9 991914 10 00808632 
2819 845533 9-«533«6*9-9921 u7 ■ 0-0078 11 1 1 


19 9-844243 9«54603 9 

20 9-844372 9-85448ol9 

21 9-844502 9-85i35&‘|9 
22l9-a4463t 9-85423119 
23 9-844760 9 B54109'9 
■24 9 B44B89 9 833986*9 


•989640 

•989591 

•990145 

-990398 

-;)8065l 

99090 1' 


10 9-B l56'62^y-«53242;9-992420 10 00758 


11,9 845790 9 
3-J.9 845919 9 
l.i;9-046O47 9' 
J4 5 846175 9 
35,9-846304 9 
-6 9-846432 9 

_ »*846S6f 9- 
.jBf}9-846688 9- 
j|9-846Blb 9- 
,-<« 9-846944 9 
Kf 9-B47071 9 
142 9-847199 J 


8531189-992672 
852994 9 992925 
’8528699-993', 78 
852745 

85S620’9 991681 
a52496p 993936 

-852.371*9-994189 
852247 9 994441 
8.52122 9 994694 
851997 9-994917 
851872 9-995199 
851747 9 995452 


10 007 128 29 
10-00707.5 -M 
IO.OOfeV22 271 
10 OO 1 .I 1.9 26* 
10-006.317 25| 
10.006064 24 



43.9-847.327 
44 9-847454 
45t9.847582 

46 9-847709 

47 9B47816 
18 9-847964 

49 9848091 

50 9 848218 
8) 9-848345 
52 9-848472 
.53 9-848599 
54 9 848726 


')-851622j9 
i> %^)497 y 
.9-851372 9 
9-851216p 
1851121 .9 
1.830996 9 

9-850870 9 
9-850745 9’ 
9-850619 9 
9-85049.19 
3-850368 9 
9-850242 9 


995705 

99 . 9.57 

■996210 

996463 

99671.3 

996958 

« 

9.47221 

997473 

.997720 

9.97979 

9982)1 

998484 


10-005811 211 

10-0050 59 22! 

10-005106 21 
lO OOSO^ 20 
IO-0O48i)l 19 
10-001541' 18 

10 00429 s 17 

10-01)404 3 
10-003790 ... 
10 0036.37 1 1 
10 00128:. 13 
10 00.30 12 ! 12 


10002779 11 

10-002.527 

10-002274 

10-002021 

10-00176.0 

10 001516 


55 0-848852 9-^116 9-99873; 10-001263 
84^79 9-«SUr;0 9-998989 10-001011 
■ 9-849106 9-849H64 9-999242 IO OO''758 
1 9-849232 9-84973L .9-99.0495 10-000505 
9-849.159 9-849611 9.999747 IO-0002&3 
9-849486 9-849485 lO-OOOOO 10-000000 


Sine I Cotsa 

















